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Bending of a Uniformly Loaded Semicircular 


Plate Simply Supported Around the Curved 
Edge and Free Along the Diameter 


Ry D. F. MUS 


Within the limits of classical plate theory, a solution is 
obtained in series form for the problem of a uniformly 
loaded, semicircular plate, simply supported around the 
curved edge and free along the diameter. The solution, 
although singular at the corners, is otherwise analytic and 
amenable to numerical evaluation by electronic calcula- 
tors. The solution results are compared to those obtained 
experimentally by Robinson and Huggenberger. The 
agreement is reasonable, when account is taken of the 
manner in which their empirical results were obtained. 


NOMENCLATURE 

The following nomenclature is used in the paper: 
(r, 6,2 cylindrical polar co-ordinates 
dimensionless radial co-ordinate 
radius of plate 
deflection 
bending moments per unit length 
twisting moment per unit length 
shear forces per unit length 
Kirchhoff shear force per unit length 
concentrated reaction at plate corners 
lateral load intensity 
Poisson’s ratio 
plate thickness 
Young’s moduuls 


INTRODUCTION 


In what follows we seek to obtain, within the classical theory of 
thin plates, the deflections, moments, and shears of a semicircular 
plate under the action of a uniform lateral load. The curved edge 
of the plate is simply supported and the diametral edge is free. 

The particular problem considered here is an idealization of 
one which occurs in the design of steam turbines. Turbine stages 
are separated by circular ‘‘diaphragms’’ split transversally along 
a horizontal diameter. Each of the semicircular sections con- 
tains a row of stator buckets and a concentric circular cutout 
which fits closely around the rotor shaft, Fig. 1. The curved 
edge of the diaphragm rests against a matching projection which 
is integral with the stator shell. 

In an attempt to develop a rational design basis for the dia- 
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Fig. 1 Typrcar Steam-Tursine DiapHRAGM 


phragms, several analytical and experimental investigations have 
been conducted. In some, the diaphragm is idealized by con- 
sidering it as a simply supported semicircular plate free along 
the diametral edge, but only approximate solutions have been re- 
ported 

In 1923 E. L. Robinson (1)* included in his unpublished ex- 
perimental study of steam-turbine diaphragms a case similar to 
Huggenberger (2) published in 1926 
Whe reas 


Robinson did not attempt an analysis of the idealized problem, 


that which we present here. 
the results of a similar, but more extensive study. 


Huggenberger essayed to find a solution by energy methods. 
However, in several attempts he was not able to obtain a solution 
which would corroborate his carefully obtained experimental re- 
sults. 

Wahl (3) developed an approximate solution for the bending 
of a semicircular plate with a central cutout by considering it as 
an initially curved bar bent out of its plane of initial curvature 
His analysis gave reasonable agreement with the experimental 
results only at the point of maximum stress; that is, at the inter- 


3 Numbers in parentheses refer to the Bibliography at the end of the 
paper. 
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section of the inner edge of the circular cutout and the line of 
symmetry of the plate. 

In a recent experimental study Taylor (4) used the results of 
Wahl’s analysis to compute the stresses and deflections of two 
diaphragms (with blading and central cutouts) subjected to 
loads distributed uniformly along a semicircular arc. The arc 
was located so that the center of gravity of the load along it 
coincided with that of the same total load distributed uniformly 
over the entire surface of the diaphragm. His calculated results 
(using Wahl’s analysis) agree well with his experimental results for 
maximum deflection and, after some adjustment, for the distribu- 
tion of the support reaction. 

Smith (5) published the results of another series of tests on dia- 
phragms loaded in the same manner as Taylor. However, he 
gives no analysis, only results (stresses and deflections). Maxi- 
mum stresses computed from his formulas agree very well with 
those of Huggenberger (2), but maximum deflections calculated 
from his results do not. 


STATEMENT OF THE PROBLEM 


According to the classical theory of thin plates, transverse de- 
flections of the middle surface of a plate are characterized by 


Viw = p/D 


where p and D = Eh*/12(1 — v*) are the load intensity and the 
flexural rigidity of the plate, respectively. The plate we consider 
here is oriented with reference to a cylindrical polar co-ordinate 
system as indicated in Fig. 2. The corners of the plate are located 
atr = a, 0 = +7/2 and the upper and lower surfaces are given by 
z = +h/2. The boundary conditions are characterized by the re- 


quirements that 


forr =a, —mw/2<60< 7/2: 


The Kirchhoff boundary conditions of the classical theory also 
produce concentrated reactions at supported corners of a polyg- 
At the corners r = a, 0 = +7°/2 we have then 


Fg 
Moir, +— 
oT ( 2 ) 


lim M,o(a, 6)...... [3] 


@—+— -0 


onal plate. 
R= lim M,a,6)+ lim 


6+ = -0 a 


PARTICULAR SOLUTIONS IN PLANE Po tar Co-ORDINATES 
Among the aggregates of solutions of the biharmonic equation 

in plane polar co-ordinates (6), we limit our attention to those 

which are even in the interval —1/2 < 6 < m/2 and regular at 


r=0. These aggregates are 

[An]:4 w = r™*2 cos (n + 2)6 | 
(Bn): w = r™*2 cos nO foo [4] 
fe = 61,3...) 


‘ Throughout this paper, capital letters in brackets denote the dis- 
placement, moment, and shear distributions associated with the 
corresponding solution. 
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SEMICIRCULAR PLATE REFERRED TO A CYLINDRICAL POLAR 
Co-OrpiNnaTe System 


Fig. 2 


Let us consider that portion of a uniformly loaded, simply sup- 
ported circular plate enclosed in the region 0 < r < a, —1/2 < 8 
< 4/2. Let [S,] denote the solution of the full circular plate (7), 


that is 
5 
. r(? ~ 3 ... 5] 


In the half-plate portion we have chosen, [S;] satisfies conditions 
[2a, 6} around the simply supported edge r = a and condition 
[2c] along the diameter 6 = +7/2. However, it yields for the 
diameter, the bending moment 


[Si]: 


Pp 
w = — (qa? 
64D 


Msg = = (3 + via? — (1 + 3p)r?} . [6] 

) 

From the aggregates [A,] and [B,,] we look for a linear com- 
bination to be added to the solution [S,] which will free the 
boundary 6 = +7/2 of the bending moment Mg given in Equa- 
tion [6], but will not violate conditions [2c]. In the aggregate 


—_ 


gop | [Aol + 21B6]} 


[2] = [Si] + 


- ] f it wal 
+ 192D { [Ae] - 4(B, j if] 
we have such a linear combination. However, on the curved 


boundary r = a, [R] yields 


= = (12 + 10 26 + 40 
w= —— € Os € ‘oO8 ) 
i 192D cos co 


—get 
M, = = [2.1 + v) + (5 — v) cos 20 


+ (1 — v) cos 40] 


If we are to satisfy conditions [2a, b] we must find a solution 
[U] for the residual problem characterized by Equation [8] which 
also will inelude the effect of rigid-body translation of the plate in 
the z-direction and rigid-body rotation about the axis @ = 
+7/2. The latter effects are given by the solutions 
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[As]: »= | 
[Ay]: = ap cos 6 


respectively. Thus the solution [U} takes the form 


[10] 


The 


| will clear the simply supported 


The solutions [A and [A_,]} 
|C,,] must be chosen so that [U 


satisfy conditions [2c, d}. 


edge of the residual bending moment M, and deflection w and not 
contribute to the value of Mg and Qs» along the free diameter. 
With this in mind we consider Mg and Qe, which are evaluated 
along the diameter 


for n 


An 


5 (2k + 1)y)|r2* 


must vanish for @ = +7/2. In view 
and [12], the aggregate [C,] 


The coefficients of r” in C. 
of this and Equations [11 
consist of two parts 


must 


Cx) oxt2 [Ar 2k | Doi [13] 
from Equations [11], 
c 


from Equations [12], where 


4/2 <0 < w/2, the set cos 240 used in Equa- 
The func- 
tions cos (2k + 1)@ used in Equation [14] consequently should be 


In the interval 
tions [13] is complete relative to even functions of 6. 


expanded as series in cos 2k@. We apply the relation 


BENDING OF A SEMICIRCULAR 


PLATE 


to Equation [14], which yields 


i(ap 2+ : ] 
‘ Qle+s + Zz: Borer cos 2p 


mk + 


p=1 - 


and becomes 
r 
19 


where the aggregates [A_»], [Cox], [Coes | are by Equations 


9}, [13], 


given 


17 |, respectively, and |A_,] is given by 


A 


| 7 P 
> > cos 2p0 
2 l ip* 


- p 1 


” | 


SOLUTION OF THE PROBLEM 


The solution to the problem characterized by the boundary con- 


ditions [2] is of the form 


[S] = [R] + [U] 21 


Solution [| cleared the diameter 6 = +7/2 of tractions, leaving 
a residual problem on the boundary r = a stated implicitly in 
Thus [U] the solution of the residual problem is 


characterized by the boundary conditions 


Equation [8 


for 4g 


pa . 


192D — 


vy) cos 46 d 


Since each of the solutions |Cy»| and [Co+:| was constructed so 


as to satisfy Equations (22a, b|, and since [|A_»| and [A do the 


same identically, then so must [UU], provided the series 
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oo 


bm C[Cx] and >: Coxti [Cet |} 
k=0 


k=0 


are suitably convergent. 
If we apply the boundary conditions [22] to [U’] in Equation 
[19] we obtain 


oo z [Qiox+2 cos (2k + 2)0 + Bu cos 2kO leu 


k=0 
— ~- 
. n+ 3 + p> Boxts cos 2p8 Crk 


a ee 
———_ = 


p=1 


=1 
= —12 — 10 cos 20 — cos 40 [23] 


¥. 21 — V) [Youre cos (2k + 2)6 + box cos 2k8 |ox 


k=0 
E + 2. S2x+1 COS 2p Conti 


—_— * p=1 
) + 12(5 — v) cos 20 + 12(1 — v) cos 46... . [24] 


( ~ je +1 


= 24(1 + 
where Q2+2, 8% are given by Equations [15]; aae+s, Bex+i are 
given by Equations [18], and 


Yur2 = K—1—(k + 1p 


by =k +1—(k—I1) 


a 811 — v) 
Yas = (ok + 12k + 3) 
b+, = (—)916(1 — v) 

(2k + 1(2k + 31 —v) + [2k +3 — (2k + 1) lp! | 


(2k + 1)? — 4p?][(2k + 3)? — 4p] 





If the boundary conditions [22] are to be satisfied, then Equations 
[23] and [24] must be identities in 6. We obtain from Equa- 
tions [23] and [24] an infinite system of linear equations in the 
coefficients of superposition c, 

wc, = @ 

Geet...) 

(s = —2, —1,0,1,2,... 


26) 


) | 


where column matrices w,"c, and e, represent the coefficients of the 
terms in cos 2k0. 

The values of the coefficients c, used in Equation [19] with 
Equations [9], [13], [15], [17], [18], and [20] constitute the solu- 
tion of the residual problem. This, added to the solution [R] 
given in Equation [7], comprises the complete solution of the 
problem [S]}. 

The solution [S] is analytic everywhere in the region 0 < r < 
a, —r/2 < 0 < m/2, except at the points r = a, where it is 
singular. In general, the isolation of a singularity in an individual 
term and application of the series expansions to the regular re- 
mainder of a solution is desirable. Preliminary investigations for 
possible solutions which would isolate the singularity, led in each 
case to residual problems with greatly increased computational 
difficulties. Under these conditions, it is felt that the present 
solution, which is amenable to numerical evaluation, is adequate. 
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EVALUATION OF DEFLECTIONS, MoMENTs, AND SHEARS—Discus- 
SION OF NUMERICAL RESULTS 


The numerical solution of Equation [26] for the coefficients of 
superposition c, was carried out for leading minors of the infinite 
matrix w,’ of orders 15, 20, 25, 30, and 40. In each case, the 
Gauss elimination method (8, 9) was used to obtain a solution. 
The results of these computations show that as the order of the 
leading minors used in Equation [26] increases, the resulting 
values of c, evidently approach asymptotic values. 

The complete set of values for c, obtained from the solution of 
Equation [26] for the leading minor of order 40 is shown in Table 
1. These values were used in subsequent calculation of the de- 
flections, moments, and shears. 
40TH 


NUMERICAL VALUES OF FROM 


cs (» = 0.3 
ORDER MATRIX 


TABLE 1 


ca 

015295 
614035 
523605 
19597221 
13212126 
095 160004 
071916055 
056341752 
045359209 
037359305 
031230487 
026661646 
022883763 
019933808 
017495709 
015469230 
013797344 
012369751 
011136245 
010097187 


Cs 

5886852 
0134271 
23470183 
46634303 
39226295 
32592533 
27495312 
23542071 
20390848 
17810880 
15639302 
13777202 
12138329 
10670159 
093257058 
080660535 
068557733 
056526898 
043972138 
030164126 
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Expressions for the deflection, moments, and shears of the plate 
are obtained from 


[S]: 


pat f5 


>= 3°>-— 


” 
~ 192) \1+yr 


Baas 
+ 6 (cos 26 — *) p? 


18 
4 1 ( P 
teateat E +2. ham igh 20 


T p=1 


+ (3 + 4 cos 29 + cos 40 p* 


18 


at y p**+2 [ass cos (2k + 2)0 + | 


k=0 


18 tps 18 ) 
m te (__. s& —_—. * aM rie} COS 2 4 Conti > 
2 | mk + 1) E 2d Bast: cos 2p | 7 


p=1 
where Qx+2, Bex are given by Equations [15]; aos, Ba: by 
Equations [18]; and the coefficients of superposition c; in Table 1. 
These expressions are evaluated for vy = 0.3 and the following 
grid in (p, 6) 


p = 0(0.15)0.90(0.02)1.00 
@ = 0(10°)80°(1°)90° 


The results of this computation are shown in Figs. 3 through 8. 

The computed values of w and M, serve as a check on the satis- 
faction of the Boundary Conditions (2a, b]. Within the number of 
terms considered in the numerical evaluation of the series solution 
established earlier, these values of w and M,, which should vanish, 
were both found to be less than +10. 
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CoMPARISON OF NumericaL Resutts Wit EXPpEeRIMENTAI 
ResvuLts oF RoBINSON AND HUGGENBERGER 


The variation of the Kirchhoff shear force Q, along the edge 
r = a is shown in Fig. 9. Unfortunately, the available experi- 
mental results do not permit direct comparison of this distribu- 
tion with that of an actual plate. Robinson (1) supported his 
test plates on springs arranged around the curved boundary. 
The springs were adjusted to exert sufficient force upward to 
bring the edge back to the original position it occupied before the 
plate was loaded. There was no provision to exert a similar down- 
ward force which is required on a part of the boundary if w = 0 
along the curved edge. However, the distribution of spring 
forces reported by Robinson is similar in shape to the negative 
portion of the curve in Fig. 9. Fic. 6 Variation or Twistina Moment M,g Wits @ ror Severat 

The variation of the deflection along the diameter 9 = +2/2 p-VALUES 
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measured by Robinson for his test plate is compared in Fig. 10 
with the deflections computed from our solution for a similar 
plate. The differences in edge conditions and method of loading 
the two plates can account for the discrepancy between the two 
curves. 

Among the series of tests conducted by Huggenberger were two 
of particular interest to us; one in which the curved edge of the 
plate simply rested on a support (this is identical to the edge 
condition in Robinson’s tests), another in which the curved 
edge was restrained by a true simple support. 

According to Huggenberger, the maximum deflection and bend- 
ing stress of a uniformly loaded, simply supported semicircular 
plate is given by (2) 


Wmax’ = 2.37 Wax” 
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Fic. 10 Variation oF DeFLecTION ALONG FREE DIAMETER OF A 
62-In-Diam, '/¢-IN-Toick Semicrrcutar Street Pirate From 
OrHeER Sources AND PRESENT SOLUTION 


Ormax’ = 1.54 Ormax” 29 | 


where the single and double primes refer to the half and full- 
circular plates, respectively.6 Equation [28] was used to deter- 
mine the maximum deflection of the same steel plate considered 
earlier with reference to Robinson’s results. The value from Equa- 
tion [28], which is 3 per cent greater than that calculated by our 
solution, is shown in Fig. 10. The expressions analogous to Equa- 
tions [28] and [29] obtained from our solution for r = 0, 
6 = +7/2 are 


5 These expressions appear in (10) in modified form. 
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[30] 


Ween’ = 2.31 Wmax” 


Crmax’ 1.49¢,max” [31 ] 


where the primes have the same significance as in the foregoing. 

Huggenberger also measured experimentally the magnitude of 
the concentrated force at each corner of the plate and reports 
that “. .. . it amounts to about one quarter of the entire pressure” 
(2). By Equation [3], with the appropriate value of M,¢ given in 
Fig. 6, we compute the magnitude of each force to be approxi- 
mately 22 per cent of the total load. 


SUMMARY 


In this paper, within the limits of classical thin-plate theory, a 
solution is obtained in series form for the problem of a uni- 


formly loaded semicircular plate, simply supported around the 


curved edge and free along the diameter. 

The principal conclusions may be summarized as follows: 

1 The numerical results agree reasonably well with the availa- 
ble evidence. 

2 The solution has singularities at the corners corresponding 
to concentrated forces 

3 The concentrated reactions at the corners each have magni- 
tude equal to about 22 per cent of the total load on the plate. 

4 The maximum deflection of the semicircular plate is 2.31 
times the maximum deflection of a uniformly loaded, simply 
supported circular plate. 

5 The maximum bending stress of the semicircular plate (at 
r = 0) is 1.49 times the maximum bending stress of a uniformly 
loaded, simply supported circular plate. 
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Stress Solutions for an Infinite Plate 
With Triangular Inlay 


By R. M. EVAN-IWANOWSKI,? SYRACUSE, N. Y. 


The method of solving two-dimensional problems in 
elasticity by means of the functions of complex varia- 
ble, essentially developed by £. Goursat (1),’ and N. I. 
Muskhelishvili (2-4), has been applied to the following 
cases: (a) An infinite plate with a rigid triangular inlay 
under uniform tension at infinity; (6) A concentrated 
force; and (c) a moment acting on a triangular inlay in 
an infinite plate. All these problems are second bound- 
ary-value problems; i.e., the displacements are prescribed 
on the boundary. The first boundary-value problem for a 
triangular opening in an infinite plate was treated by Hu- 
Nan Chu (7). The mapping function used in this paper is 


n 
z = w(f) = K(: + Fe , Kisreal, 0 < n < '/; and real, and 
it maps an exterior of a triangle with rounded corners, 
Fig. 1, in the z-plane into an exterior of a unit circle in 
the {-plane [for detailed discussion of this mapping refer 


to (4)4). 
NOMENCLATURE 
The following nomenclature is used in the paper: 
z=2r+ty 

t = re”? 
o = e® 

= constants 

= Young’s modulus 

= shear modulus 
Poisson’s ratio 
3—y 
l+yp 
principal stresses at infinity 
radial and tangential components of stress 
shear stress 
radial and tangential components of dispalcement 
components of displacements on boundary 
distributed load 
concentrated load 
moment 
angle between z-axis and given direction 
small angle of rotation 
Oo, + O2 


4 

} Results are based on a part of a doctorate thesis, Department of 
Engineering Mechanics and Materials, Cornell University, Ithaca, 
N. Y., 1954. 

2 Assistant Professor, Department of Mechanical Engineering, 
Syracuse University. 

* Numbers in parentheses refer to the Bibliography at end of paper. 

‘ Reference (4), pp. 177-178. 
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Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until October 10, 1956, for publication at a later date. Discussion 
received after the3l osing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, May 9, 1955. Paper No. 56—APM-44. 
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4 
angle of rotation at infinity 
rectangular components of resultant force 


INTRODUCTION 


Muskhelishvili’s method has been extensively applied to the 
problems of infinite plates with openings or inlays. In (4) several 
examples are given related to the general use of mapping functions 
of the type 


p= u(t) = K(¢+2) 


K > 0, 0 < n < 1/m, m positive integer, selected from various 
workers, among them G. N. Savin (1936), A. N. Dinnik and 
others (1938), and G. 8. Shapiro (1941). There is no need, there- 
fore, to publish another description of the method itself or to give 
a derivation of intermediate functions and expressions entering 
into these problems, It is sufficient to present the final] results for 
the specific cases treated in this paper. 
An Inrintre Piate Wits Ric TrRIANGuLaR INLay UNDER 
Action oF Untrorm TENSION AT INFINITY 

Consider the uniform stress p acting as shown in Fig. 1. X, Y, 
and C are zero, since there is no body force and no rotation at in- 
finity, i.e., €* = 0; also o, = p, a = 0, B = P/4, B’ = —P/2, 
C’ = 0 (for general relationships see reference 4). On the 
boundary of contact between the inlay and the plate 


1 =u —ye; 2 =v = ize 


("+ 5) 


The small angle of rotation ¢ is computed from the moment M, 
about the origin 


or Oo: + ig: = tez = 1€K 


2 2 
oo sreak+(1 + = = 
A 


€ is independent from the stresses at infinity. If M], is zero, as it 
is in this case, so ise. This is not generally true;* e.g., for an ellip- 
tic inlay € is treated in (3). 

Since the inlay remains rigid and is assumed rigidly attached to 
the plate, there is no relative displacement of adjacent points in 
the tangential direction (8). Thus on the boundary 


1 
eo = — (og—vo,) = 0; of = vo, . [2] 


E 


Hence the normal and tangential stresses on the boundary are 


found to be 


* Reference (4), p. 126. 
€ I.e., when angle a is different from zero. 
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Fic. 1 Srress Distrisvution Argounp THE Bounpary oF AN In- 


FINITE Pirate Wits a TriancutarR Intay Unper Action or UNt- 
FORM TENSION p aT INFINITY 





Fic. 2 Srresses on THE Bounpary or aN Inrinite Prate}Wirs 
TriaNnGuLaR Intay UnpeR Action or 4 ConcENTRATED Force P' 


4K s ‘ 
(1 + vie, > \ac5 an) [3nB + B’o + xBo?} 


The shear stress there is obtained from 


2ir.g = 2)(1 + no*)(6nB(K — 2) 
+ 2B'(K — 3n)o + 6xnBo?) 
+ o(4xn*B + 4nnBKo + 6nBB'(1 + 2n*)o? 
+ 8xnB(1l + n*)o* — xK(1 + 10n*)o* + 2xn*o* + 2xnKo’) 


+ «K(o? — 2n)(B’o — B(x + 2no*)}} /D(c) {4} 








where 
Dia) = xK(1 — 2ne*)(o* — 2n {5} 


A CoNcENTRATED Force ActinG on A Riaip INLAY IN AN 
INFINITE PLATE 


This situation is shown in Fig. 2. It is obvious that the inlay 
does not rotate in this case, hence ¢€ = 0, g: + ig; = 0, also 
C= B= B’ =C’=0; X =P, Y = 0, and thus the normal, 
tangential, and shear stresses on the boundary of the plate are 
given by 





l R ___2Po(n—xo) [ 1 
Ph OS Sem . axK(x + 1X o# — 2n) J} 


(1—v)e, + 2it. = Pa[(1 + no*)\(—2n* + 2xno — 2ne* + xo*) 


+ K(o* — 2n)* + 3(n — x1 + 2n*)o — ano Fic. 3 Srresses on THE Bounpary or AN Infinite Pirate Wits 
(o# — 2n)*]/D(c) (7] TrRiancuLaR Intay Unpver Action or a Moment My 


where Dic) = wxK(x + 1)(1 — 2ne*)(o* — 2n)?. (8] _ 
biGen 
A Moment Actine on a Riom TrianautarR INLAY IN AN oo + & = Ui + oie, = Be }_der_\ 
INFINITE PLATE 
- ‘ . (1 — v)o, + 2it~ = 41Gen[4n(1 — n?) — 4(2 + n*)o* + 3no* 
Consider a problem shown in Fig. 3. In this case clearly 


B = B’ = C’ =0; X = Y = 0. The normal, tangential, and ‘Ko) 10] 


shear stresses on the boundary of the plate are 7 More detailed graphs are available from the author. 
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where D(a) = xo(1 — 2no*)(o* — 2n).. .. [21] 


é in Equations [9] and [10] is given by [1]. 


NUMERICAL EXAMPLES 


The three problems enumerated in the Abstract and whose 
final solution is represented in the previous paragraphs, are now 
illustrated by numerical examples. The values n = 0.3, v = 
1/5, a = O are selected for this purpose.* 

Problem 1. Normal, tangential, and shear stresses on the 
boundary are 


[—0.59 + 0.3 cos 6 


0.5 cos 20 + 0.45 cos 30}/D(@) [12] 


7.6 = p(0.3 sin 6 + 0.5 sin 26 + 0.15 sin 30)/D(6) 
+ p[—0.09 sin 6 — 0.8 sin 26 + 0.31 sin 30 
+ 0.3 sin 56 — 0.14 sin 66)/D%(@) 
+ p[—1.28 sin 6 — 1.12 sin 20 + 0.41 sin 30 
+ 0.37 sin 46 — 0.16 sin 56 + 0.17 sin 66 — 0.27 sin 86 
- 0.19 sin 96]/D@) 


0.09 sin 46 


[13] 


D(6) = 1.36 — 1.2 cos 36. [14] 


where 
The results are shown in Fig. 1. 

Problem 2. The normal, tangential, and shear stresses on the 
boundary are 
l 
3 
T@ = P([3.64 sin 6 + 1.8 sin 20]/mKD(@) + P[—8.89 sin 6 

— 3.86 sin 20 + 7.87 sin 40 + 0.05 sin 50 — 2.24 sin 70 
+ 0.11 sin 860]/7KD*(6) 


09 = o, = P (—0.72 cos 6 + 0.5 cos 20)/mKD(@) . (15) 


5] 
[16] 


* Radius of curvature at the corners is R = 0.1 K; and the dis- 
tances from point 0 to the intersections of a triangle with the z-axis 
are 0.3 K and 1.7 K. 
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where D(@) is given by Equation [14]. The results are shown in 
Fig. 2. 
Problem 8. 


boundary are 


The normal, tangential, and shear stresses on the 


0.3M, sin 30 


‘ 17 
2.184"K?D(0) 17] 


tT = Mo—1 + 0.6 cos 30)/4.369rK2D(0) 


+ M,(1.0 1.41 cos 30 + 0.62 cos 68 — 0.36 cos 98)/- 


wK*D*@).. [18] 


where D(@) is given by Equation [14]. The results are represented 
in Fig. 3. 
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On the Stresses 


and Deflections 


of Rectangular Beams 


By B. A. BOLEY! anv I. S. TOLINS,? NEW YORK, N. Y. 


The stresses and deflections in rectangular beams and 
bars are calculated from the two-dimensional elasticity 
theory by an iterative procedure previously derived. The 
loading consists of either normal or shear forces varying 
smoothly along the span. The results are obtained in the 
form of infinite series, whose first terms represent the 
elementary solutions of strength of materials; the ac- 
curacy of the Mc/I and P/A formulas can thus be esti- 
mated. A comparison with the Timoshenko beam theory 
is included. 


INTRODUCTION 


HE remarkably wide range of practical applicability of the 
formulas of elementary beam theory stems from the fact 
that these formulas provide excellent approximations to the 
actual beam behavior even in a large number of problems in which 
they do not represent the true solution according to the theory of 
elasticity. 
an examination of the results of von Karman (1)* and Seewald 
(2), who were respectively concerned with the validity of the 


The reason for this is perhaps most clearly seen from 


familiar formulas 


M 
El 


[16] 


where (1/p) is the curvature, and the other symbols have the 
usual meanings. Taking, for example, Equation [la], it was shown 
by von Karman that a more general equation for a rectangular 


beam transversely loaded is 


1 -M 1 dM (* 
p EI EI dx? \5 
+ (terms containing higher derivatives of M with respect 
to x) [le] 


If the spanwise variation of the bending moment is smooth (that 
is, if M is expressible either as a polynomial or as a rapidly con- 


' Associate Professor of Civil Engineering, Institute of 
Structures, Columbia University. 

? Research Institute of Flight Structures, Depart- 
ment of Civil Engineering and Engineering Mechanics, Columbia 
University. 

+ Numbers in parentheses refer to the Bibliography at the end of 
the paper. 

Presented at the National Applied Mechanics Conference, Urbana. 
[ll., June 14-16, 1956, of Tue American Socrety oF MECHANICAL 
ENGINEERS. 

Discussion of this paper shdéuld be addressed to the Secretary. 
ASME, 29 West 39th Street, New York, N. Y., and will be ac- 
cepted until October 10, 1956, for publication at a later date. Dis- 
cussion received after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, September 6, 1955. Paper No. 56---APM-1. 


Flight 


Associate, 


339 


verging power series in z), then the series of Equation [lc} wil 
converge very rapidly, and, in fact, the first term of the right-hand 
side (and therefore also Equation [la]) will yield a good approxi- 


mation to the correct result. Seewald has shown that an expan- 


sion, similar to that of Equation [Ic], in terms of successively 
higher derivatives of the bending moment, also can be written for 
the stress o,; Equation [1] has therefore a range of validity 
similar to that of Equation [la}. 

The work of von Karman and Seewald is limited to rectangular 
beams under distributed loads perpendicular to the spanwise 
direction, i.e., to Case I of Fig. 1 


similar results hold in the case of beams under smoothly dis- 


The present work shows that 


tributed shear loads, parallel to the spanwise direction. It was 


found convenient to investigate this type of loading by considering 
the antisymmetric and symmetric loading conditions of Cases II 
and III of Fig. 1, respectively. 


CASE I 
y 

Q(x) 
bO,=9(*) On Yeec 
0,0 
Tyy* 0 on 








on Ye-c 


ys#c 





on ye#ec 


0,0 
bT, y= T(x) on y =4c 





OM o-2cTix); 
ax 


CASE © 


0,=0 
bTy=T(x) on yate 
bTy=-Tx) on y=-c 


on yeec 
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-T(x) 


M=0 GF =-2T(x) 


NomMENCLATURE, Bounpary Conp!Tions, AND Basic Reta- 
TIONS FOR Eacu or THe Taree Cases or LoapinG 


Fia. 1 


The stresses predicted by the elementary theory for Case III of 
Fig. 1 are given by the formula 


rather than by Equation [1b]. The present work shows that the 
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TABLE 1 SOLUTION FOR CASEI 
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TABLE 3 SOLUTION FOR CASE III 
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corresponding more accurate expression for tue stress can be 
written, analogously to Equation [lc], in terms of successively 
As above, therefore, 
Equation [2] is very accurate for smooth loadings. 

The results are collected in Tables 1, 2, and 3, respectively, for 
Cases I, II, and III of Fig. 1. The first of these is the same as was 
considered in references (1, 2), but is, nevertheless, included so as 


higher derivatives of P with respect to z. 


to correct some numerical inaccuracies present in the latter.‘ It 
also should be noted that the method of solution described in the 
following is different from that of references (1, 2). 


MeErtuHop or SOLUTION 


The results obtained by von Karman and Seewald were derived 
with the aid of an integral trensform technique, and by then ex- 
panding the bending-moment distribution in a Taylor series along 
the span. Such a technique has the advantage that it yields a 
solution not only in the case of smoothly varying loads, but it also 
can describe the behavior of the beam in the neighberhood of con- 
centrated loads. If the investigation is restricted to the former 
type of loading, however, it is desired to use a simpler procedure, 
such as that developed in reference (3). This procedure consists of 
a step-by-step solution of the governing linear partial differential 
equation and was found in reference (3) to be of wide applicability. 
I+ was, in fact, used there in the solution of the heat-conduction 
equation as well as for the equations of two-dimensional thermo- 
elasticity. It is interesting to note that in both of these applica- 
tions the results were expressible in terms of series of the same 
general nature as that of Equation [lc], and therefore could be 
used as the basis of approximate theories in those fields. 

The proposed method of solution was discussed in detail in 
reference (3); only the steps strictly necessary for the present 
solutions will be outlined here. It is desired to obtain an expres- 
sion for the Airy stress function ¢ (4), related to the stresses by 
the relations 


oy? 


and satisfying the differential equation 


re) ty B O49 


ort * ~ Or*0y? i [3a] 


as well as the boundary conditions listed in Fig. 1 for each loading 


considered. 
The solution is written in the form 


F$=GCFitrEr: TEs tr.. 


where the functions ¢; satisfy the following equations 
d*e._, 
i 


OM _ _ OYi-2, 


= —2 : j4a} 
oy* Or*dy? or‘ 


¢g, = Ofori <1 


The boundary conditions for the function ¢, are identical with 
those given in Fig. 1; those for the other functions ¢; state that 
the stresses 0, and 7,, must vanish at y = +c and can be shown 
to be reducible to 

mv 4 
Oy 


% = at y = +¢; i> [40] 


Inspection of Equations [3a], [4], [4a], and [4b] shows that the 
function ¢ obtained in this manner will satisfy all the conditions 


4 The authors wish to thank one of the reviewers of this paper for 
bringing to their attention reference (7) in which the inaccuracies of 
reference (2) are corrected. Some of the results of Table 1 are, in fact, 
the same (with a different sign convention) as those of reference 7. 
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of the problem. Furthermore, each function ¢; will contain 
derivatives with respect to z of a single order only, the order in- 
creasing with 7, so that the result is obtained in the desired form. 

The function ¢g, depends on the particular case considered; 
however, the relation between ¢,, ¢;-;, and ¢;-2 does not, and can 
be found readily by solving Equations [4a] under the boundary 


conditions [4b]. The final result is, after several integrations by 


"4 , dy ref 


IV) 
i 


parts, as follows 


~2 y dy - 


With the foregoing formulas, the results of Tables 1, 2, and 3 per- 


1 


taining to the stress function and the stresses are readily derived. 


CALCULATION OF DISPLACEMENTS 


The displacements u and v, in the z and y-directions, respec- 
tively, must satisfy the equations (4) 


E 
Oy 


fou ov 
E - = 21 + v)r,, | 
Oy ox 


where v is Poisson’s ratio and where the stresses are obtained from 
Tables 1, 2, or 3. 
the first and second of Equations [6] with respect to zx and y, 


The displacements are obtained by integrating 


respectively, and then adjusting the arbitrary functions which 
arise during this process so as to satisfy the third of Equations 
6]. The final results for Cases I, II, and III of Fig. 1 are col- 
lected in Tables 1, 2, and 3. It should be noted that in all cases 
rigid body displacements given by 
UnpB = (i + Coy; URB = 

have been omitted. 

For comparison with the deflection formulas of elementary 


and (0%/dz*) on the line y = 0 
Similar expressions 


theory, the expression for u, », 
have also been included in Tables 1, 2, and 3. 
could have been obtained on the basis of average displacements 


defined by 
Xx 1 
I u dy > ave ™ 2%, 


/-—c 
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IMPORTANCE OF CORRECTION TO ELEMENTARY FoRMULAS 


Discussions of the importance, for Case I of Fig. 1, of the cor- 
rection required to the elementary formulas have been given in the 
Introduction and in the works cited there. Briefly, it may be 
stated that the magnitude of the correction will be in the smaller, 
for a given beam, the smoother the bending-moment variation. 
Comparison of Tables 1, 2, and 3 shows that the results are of 
similar form in all three cases of loading considered in this paper 
and therefore the foregoing conclusion may be extended to apply 
to Cases IT and III as well. 

A different viewpoint may be obtained by considering the 
same loading distribution to be applied to beams of different di- 
mensions, and by comparing the magnitude of the correction to 
the elementary theory in these cases. This may be done by ex- 
pressing the results in nondimensional form. With the nondi- 
mensional variables 

gl M 2 y 


“i = -- M, = -u = ;u =. ons ae 

ada 2 oa 8] 
where M, is a constant reference moment, the stress function of 
Case II, for example, becomes 


yw? vi e\? dM, ( yi? yi? Yi 
a, = M,(=>— — —- : 
Hi (% i) (5) dr: \60 30 * 60 


c \* d*M, yi" 7yé 
+ aes eae ee + 
L dz,‘ 1680 3600 


Similar results hold for the other cases of loading. Inspection 
of Equation [8a] shows that the correction terms to the elementary 
theory are proportional to successively higher powers of the aspect 
ratio (c/L) of the beam. It may then be concluded that, for a 
given loading on a given span length, the importance of the correc- 
tion terms will be smaller for thinner beams. 


53y.3 


19y,_ 
25,200 25,200 sisi 


RELATION TO THE TIMOSHENKO THEORY OF BEAMS 


An improvement on the elementary beam theory was intro- 
duced by Timoshenko (5), who considered the shearing deforma- 
tions of the beam. Assuming the beam deflections to be made up 
of two parts, caused by bending and shear and denoted by », 
and v,, respectively (6), one may write the relation between bend- 
ing moment and curvature, analogous te Equation [la], as 

dy, M 


= — — 9 
dx* EI be 
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The governing equations of Timoshenko beams are, for static 


loadings 


in addition to Equation [9a]. V denotes the shear force at any 
cross section, G the shear modulus, v the total deflection (i.e., v = 
v, + v,), and primes, differentiation with respect tor. The terms 
q and rf again refer to the loadings for Cases I and II, respectively. 

Elimination of V and v", from Equations [9a] and [9b] gives 
the following relation between the total curvature v” and the 


bending moment M 
M N , 
v= — + (M" + 2cr’) [10 


gr GA 


Comparison with Case II of Fig. 1 shows that in this case the term 
in parentheses vanishes, and that therefore no improvement in 
the curvature results from Timoshenko’s theory. In Case I, 
however, the results of Table 1 and of Equation [10] are of a 
similar form. The coefficient of M” in Equation [10] is, in fact, 
identical with the coefficient of M” in the expression for the 
curvature of Table 1 if the value of N is taken to be 


z 24 + 15y 
N = {il 
20(1 + v) 


For v = 0 the familiar value N = 1.2 of course results. 


BIBLIOGRAPHY 


1 ‘Uber die Grundlagen der Balkentheorie,"’ by Th. von Karman, 
Abh. Aerodynam. Inst., Technische Hochschule, Aachen, Germany, 
vol. 7, 1927, pp. 3-10. 

2 “Die Spannungen und Forminderungen von Balken mit 
rechteckigem Querschnitt,’’ by F. Seewald, Abh. Aerodynam. Inst 
Technische Hochschule, Aachen, Germany, vol. 7, 1927, pp. 11-33 

3 “The Determination of Temperature, Stresses and Deflections 
in Two-Dimensional Thermo-Elastic Problems,’’ by B. A. Boley, 
Journal of the Aeronautical Sciences, vol. 23, no. 1, January, 1956, 
pp. 67-75. 

4 ‘Theory of Elasticity,”’ by S. Timoshenko and J. N. Goodier, 
McGraw-Hill Book Company, Inc., New York, N. Y., second edition, 
1951. 

5 “Vibration Problems in Engineering,’ by 8S. Timoshenko, D 
Van Nostrand Company, Inc., New York, N. Y., third edition, 1955 
p. 329. 

6 “An Approximate Theory of Lateral Impact on Beams,"’ by 
B. A. Boley, JounNAL or APPLIED Mecuanics, Trans. ASME, vol. 77, 
1955, pp. 69-76. 

7 “Bending of Rectangular Beams,’’ by L. H. Donnell, Journat 
or Appitiep Mecuanics, Trans. ASME, vol. 74, 1952, p. 123 





A Study of Orthogonally Stiffened Plates 


By W. H. HOPPMANN, 2np,' N. J. HUFFINGTON, JR 


A previous theory and method for the analysis of or- 
thogonally stiffened plates (1)‘ has been extended to include 
additional study of theoretical and experimentally de- 
termined frequencies of vibration and strain distributions. 
Some details of calculations based on the theory as well as 
experimental results are provided in curves and tables. 
Sufficient verification of the theory is obtained to warrant 
serious consideration of possible use of the method for 
design purposes. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


extensional strain 
shear strain 
extensional stress 
shear stress 


elastic constants (S;; = S,, 


l 
= Young’s modulus 


Young’s modulus 


= rigidity or shear modulus 

66 
E_Si: = Poisson’s ratio 
E. Si. = Poisson’s ratio 

bending couple per unit length on edges parallel to 
/-&X18 

bending couple per unit length on edges parallel to 
z-axis 

deflection of plate 

thickness of plate (equivalent orthotropic plate) 

width of plate 

length of plate 

co-ordinates of point on surface of plate 

constants in differential equations of plate and 
are expressions in terms of the elastic con- 
stants S;; 

force applied normally to face of plate 

mass density 

time 

circular frequency of m-, n-mode of vibration of 
rectangular plate 
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mode numbers corresponding to z-direction and 
y-direction, respectively 
amp‘itude of driving force 
w circular frequency of driving force 
D,, H elastic plate moduli in terms of A,, A,,, A, 


InrTR« IDUCTION 


The technological importance of the mechanics of stiffened 
plates is sufficiently well established to require no elaboration 
However, it may be worth while to emphasize the growing im- 
portance of panels with integrally attached stiffeners, especially 


in aeronautical engineering. The new industrial approaches to 
such design matters increases the need for fresh concepts and 
methods in analyzing the performance of stiffened structures sub- 
jected to static or dynamic loads. The principal methods of 
analysis of deformation of stiffened structures are generally stil! 
based on a treatment of the plate as separate from the stiffener 
system. As an exception, several technical papers have described 
analysis for treating the stiffened plate as an equivalent plate of 
homogeneous, uniformly thick, anisotropic material. However, 
the investigators who have done this work have invariably at- 
tempted to estimate the bending and twisting compliances for 
the stiffened plates on a theoretical basis, using beam theory as 
a guide. Ina recent paper (1) by one of the authors, a method of 
systematically determining elastic compliances of stiffened plates 
by a set of consistent experiments was proposed. Results of the 
analysis and experimentation were very encouraging. 

In the present paper further experimentation based on the 
method is described and discussed. In particular, the distribution 
of strain is studied along with frequency of flexural vibration 
For the purpose, two different designs of stiffened plates were in- 
vestigated. Proper determination of frequencies of vibration of 
the stiffened plates is essential for analysis of the dynamic re- 
sponse of such plates. Furthermore, strain studies are needed in 
order to evaluate properly the effect of strain concentration as- 


sociated with the stiffeners. 


rHeE THeory or ComMPpLIANCEsS oF A STIFFENED 


PLATE 


t£suME OF 


In a paper already mentioned (1) the theory and method for 
determining elastic compliances of stiffened plates have been de- 
scribed at some length. For the present purpose only a brief 
résumé will be given here. A stiffened plate is considered as if it 
were approximately a plate of homogeneous orthotropic material 
of some definite thickness. It is further assumed that the elastic 
constants of this equivalent orthotropic plate can be chosen in 
such a manner that it will have approximately the bending and 
twisting stiffnesses or compliances of the given orthogonally 
stiffened plate. 

Now suppose that conveniently sized but sufficiently represen- 
tative rectangular and square test plates are machined just like 
sections from the stiffened prototype. These test plates may 
themselves be looked upon as small orthotropic plates. The 
rectangular plates serve for bending tests and the square ones for 
twisting tests. The elastic constants determined from tests on 
these model plates will be assumed to be sufficiently close ap- 
proximations to those of the stiffened material of which the proto- 
type is made. It is assumed further that the plates are effectively 
homogeneous and orthotropic and therefore have three axes of 


symmetry for the elasticity at each point. The edges of the test 
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plates are paraliel to the stiffeners and hence parallel to the princi- 
pal directions of stiffness, respectively. 

The stress-strain relation in the usual notation of the equivalent 
orthotropic material may be written for strains in terms of the 
elastic constants and stresses as 


¢; = S,,0; 


j 
(i,j = 1,2) | 
, 


1 
gs! | (1) 


Three planes of symmetry are assumed and there are four inde- 
pendent constants of elasticity S,;;(Si2 = Sz). 

It may be recalled that the differential equation for forced 
flexural vibrations can be written as 


4 Ow 4op 
Ow 4 we a. O*u 


: i= ~of [2 
A, dr‘ * QxDy? fe oy* ot? @ uw). .[2] 


The constants A,, A,,, and A, can readily be put in terms of 
the elastic constants S,;; (see the nomenclature for definition of 
terms). Apparatus for determination of S;; is described in ref- 
erence (2). 

In order to determine the effective elastic constants S,; for the 
stiffened plates we take the acceleration and applied force F 
identically zero in Equation [2]. The equation can then be 
solved for certain simple boundary conditions which can be ap- 
proximated by bending and twisting experiments. 

Experiments for the purpose, as applied to our particular de- 
signs of stiffened steel plates, will be described shortly. 

If the driving force F is taken identically zero the resulting 
equation can be solved subject to given boundary conditions so 
that the frequency of flexural vibrations is determined. For the 
case of simply supported rectangular plates the circular frequen- 
cies p,,, are given as follows (1) 


x? | — enn mn? 
Pmn V ph* \ * a a%? 
BENDING STRAINS 


The extension of the previous work on the bending of orthog- 
onally stiffened plates (1) to include a study of flexural strains 
will now be considered. It is quite clear that stiffeners on a plate 
introduce stress concentrations in the regions where stiffener is 
attached to plate. This fact greatly complicates the problem of 
determining strain at every point of such a plate. In view of this, 
it seems useful to study the bending strains calculated for the 
equivalent homogeneous orthotropic plate and compare them with 
strains measured on actual plates. For the purpose of experi- 
mentation a force for producing the strain is required. This force 
may be useful both in the determination of natural frequencies of 
vibration as well as strain distribution. Consequently it should 
preferably be a driving force of the following type 


F(z, y, t) =0 


b 
(3 ') and 
b 
F (3 2’ ‘) = P, sin wt 
This force can be approximated by a magnetic drive and it is 

associated with a relatively simple solution to the differential 
equation of motion, Equation [2], for simple-supported boundary 
conditions. 


Such boundary conditions for a rectangular plate may be ex- 
pressed as follows 


at any point except 
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M, = 0 for boundary perpendicular to z-axis 
M, = 0 for boundary perpendicular to y-axis > ...[5] 
w=0 entire boundary 


The Lagrangian technique, illustrated by Timoshenko for the 
vibrations of a bar (7), may readily be used to obtain a solution to 
the plate equation assuming a force given by Equation [4]. 

The characteristic functions in the space variables are ob- 
viously sine functions and the solution may be written 


mmr . ny .- 
a —e & nga aeee 
b 


This equation obviously satisfies the boundary conditions. 
Using the Lagrangian equations of motion the functions 9, (¢) 
can be determined readily, and the final solution is 


> > 


hat ied 


4Pp . mr . nE . max. nwy 
—— gin — ain — sin —— ain — 
2 a b 


8 
pa*h* 2 
———— { sin wt — — ain p 7] 
Pan* — a Pn 13 

The frequencies p,,, turn out to be again those given by Equa- 
tion [3]. 

It may be noted that in the equation for the displacement w, 
thickness of the plate does not explicitly occur. The reason for 
this is clear when we appreciate the fact that the circular fre- 
quencies p,,, depend on the measured stiffnesses but are inde- 
pendent of the explicit thickness kh. The fact has been extensively 
discussed in a previous paper (1). 

The elastic bending strains may now be readily represented by 
(8) 

otw 

—z 
Ox? 
Ow 
Oy? 


=—g 


The strains depend on some z which it will be necessary to specify. 


EXPERIMENTS TO DETERMINE NATURAL FREQUENCIES OF VIBRA- 
TION AND BENDING STRAINS 


For the purpose of the investigation, two designs of stiffened 
plates were more or less arbitrarily chosen. No special significance 
attaches to these designs except that they are relatively eco- 
nomical to manufacture and do provide stiffeners machined onto 
the plates. A symmetrical design with stiffeners on both sides 
was decided upon partly to provide data for testing various 
methods of calculating rigidity factors proposed by one of the 
authors (3). Details of the stiffeners on these plates are shown in 
Table 1. 

For each design three plates are required for determination of 
elastic constants (1): Two rectangular plates for bending tests 
each 6 in. X 18 in., and one square plate for twisting test 12in. x 
12 in. The square plates were also used in vibration tests. The 
bending and twisting test apparatus is shown in Fig. 1 and Fig. 2, 
respectively. A set of the experimental plates is shown in Fig. 3. 
A schematic diagram of the actual loading of plates to determine 
S,; is shown in Fig. 4(a and 5). 

The vibration test stand on which the square plates were 
mounted for the study of natural frequencies and strain distribu- 
tion is shown in Fig. 5. It is solid steel and quite massive. As 
may be noted, a rigid holding frame with large bolts is used to 
clamp the periphery of test plate to the stand. Since the theoreti- 
cal solution derived is for simply supported plates, a method pre- 
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TABLE 1 DIMENSIONS OF REPEATING CROSS SECTIONS OF 
TEST SPECIMENS 
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viously described in the literature (4) was used to approximate 
this condition experimentally. Essentially it consists in machin- 
ing a deep groove around the boundary of the plate and close to 
the edge. The rim of the plate outside this groove is then rigidly 
attached to the frame of the test stand. 

Vibrations were excited in the test plate by an electromagnet 
located beneath the plate and attached rigidly to the supporting 
stand. It was necessary to design a special circuit to get the 
most effective use out of the magnetic drive. To do this the mag- 
netic circuit operating off an audio oscillator has variable capaci- 
tance and variable resistance for matching purposes. This 


Fic. 5 Visration Test APPARATUS 


Fie. 5(a) 


SEPTEMBER, 1956 


method was proposed by H. 8S. McDonald who constructed the 
The circuit was a very effective one in the 


circuit actually used. 
type of work in which resonance frequencies are actually excited 


in test structures. The practical effect of the design was to in- 
crease strains to easily measurable levels but also it amplified the 
acoustical power output of the vibrating plate to such a point as 
to create a noise problem. The measured sound level at a point 
about 6 in. above the vibrating plate was 125 decibels as meas- 
ured on the flat C scale of a General Radio sound-level meter 
Comparative noise levels characteristic of various human occupa- 
tions are given in the literature (6). 

To solve the noise problem it was necessary to build an acoustic 
hood which was essentially a three-sided box with a top made to 
fit over the test stand and sealing the fourth side against a fixed 
bulkhead. The bottom was fitted tightly against the floor. The 
resulting test cubicle was about 38 in. X 38 in. X 49 in. The 
hood was constructed of #/,-in. plywood with 6-in. X #/,-in. extra 
apron around the bottom. The inside was lined with 1-in-thick 
phenolic-base fiberglas faced with glass cloth. Air space of about 
1'/; in. was provided everywhere except on the fixed-end bulk- 
head and the bottom. 

The design principles for such soundproofed spaces are well 
known (5, 6) and will not be discussed here. It may be recalled, 
however, that the absorbent material reduces the sound in the 
enclosures and therefore less insulating material is necessary to re- 
duce transmission from the enclosure to the outside. It may be of 
interest to note that the hood gave an attenuation of about 28 
decibels as measured at a control point in the laboratory but out- 
side of the space covered by the hood. The level dropped from 
121 decibels to 93 decibels. Experimental apparatus is shown in 
Fig. 5(a). 

Strains were measured with standard equipment using re- 
sistance-type strain gages. The gages actually used were SR-4 
gages numbered C-5, A-7, and A-8. The shorter gages were es- 
sential in measuring strains on the surface of the stiffeners in a 
direction normal to length of stiffeners. The width of stiffener 
is only 0.250 in. 


EXPERIMENTAL APPARATUS 
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Resonances in the vibration tests used to determine natural 
frequencies of vibration were indicated by these strain measure- 
ments shown on a cathode-ray oscilloscope as well as by ecrystal- 
type pickup output which was also observed on the oscilloscope. 
The audio oscillator, feeding into a power amplifier, excited an 
electromagnet which vibrated the plate. In this manner the 
natural frequencies of the plate were determined at resonance. 

Amplitudes of vibration at the center of the plate were meas- 
ured with a sensitive displacement meter. 


EXPERIMENTAL RESULTS AND THEORETICAL CALCULATIONS 
The elastic compliances defined in this paper as load per unit 
deflection, were based on load-deflection curves such as those 
shown in Figs. 6-8. 
CONSTANTS 
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The calculated elastic constants S,;; based on the experi- 
mentally determined compliances are given in Table 2. In Table 


3 the corresponding elastic moduli and Poisson ratios are shown. 


TABLE 4 ELASTIC PLATE MODULI 
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Fic. 8 Twistine Test 
Elastic plate moduli, or more specifically, the constants D,, D,, 
and H occurring in the frequency equation are given in Table 4 
For the present purpose, strain measurements were limited to 
points along the two principal axes through the center of the plate 
One of these center lines is along the top of astiffener. The other 
center line is transverse to the direction of the stiffeners. Strain 
gages were placed atop the stiffeners (Fig. 9) as well as on the 
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TABLE 5 MEASURED STRAINS AT VARIOUS LOCATIONS ON 
PLATE WITH STIFFENERS ON BOTH SIDES 


Location Strain Location Strain 


oe > 


ne 25 
Negligible 


Negligible 
Negligible 
wa 178 


ne ee et 
a =O 


159 Sea Cae ae ee 98 
Negligible Pears . . Negligible 
° o« eae 169 


ver 
= 


Note: 1 Locations and direction of strain shown in Fig. 10. 
2 Strains are in units of microinches per inch. 
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Fic. 10 Scuematic ARRANGEMENT OF Strain GaGes ON STIFFENED PLATES 


plate between successive stiffeners. The locations of the strain 
gages are shown in Fig. 10. It may be observed that the meas- 
ured strains atop a stiffener in the direction normal to its length 
are relatively very small. All of the gages are recorded in Table 5 
with code letters corresponding to those in Fig. 10. The experi- 
mentally determined strains correspond to a measured amplitude 
of vibration at the center of the plate. The amplitude was 
0.0174 in. 

Curves of theoretically determined bending strains are shown in 


Fig. 11. These strains were calculated from Equations [8] using 
a value of the co-ordinate z equal to either one half the thickness 
of the plate between stiffeners or one half the thickness through 
plate and stiffener. The experimentally determined strains and 
calculated strains were limited to the case of plate with stiffeners 
on both sides. Consequently it is natural to choose the plane of 
symmetry as the middle surface and measure the z-co-ordinate 
as we have done. The corresponding measured strains are 
plotted for comparison with those given by the theoretical curves. 
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The agreement between measured strains and calculated strains 
is reasonably good. The strains measured at the top of a stiffener 
and in the direction of the stiffener agree excellently with the pre- 
dicted theoretical bending strains. Of course the strains at the 
top of stiffeners but in a direction normal to the length of the 
stiffener are negligible in magnitude. No doubt this should be 
expected. The strains measured on the surface of the plate be- 
tween stiffeners and parallel to the direction of the stiffeners agree 
well with theory. However, the strains measured at this surface 
and in a direction perpendicular to the length of stiffeners are 
considerably larger than the theoretical bending strains. It is 
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considered that ends of the strain gages are too close to stiffeners 
and in fields of relatively high stress gradients. The only sound 
theoretical approach to the prediction of these particular strains 
is to allow for strain concentrations on the basis of the general 
theory of elasticity. 

There is excellent agreement between the theoretically deter- 
mined frequencies of vibration and those determined by experi- 
ment. This can be seen clearly from the comparison given in 
Table 6 and Table 7. The reason for this, of course, is that the 
mass of the plate and the elastic compliances which are the con- 
trolling factors can be measured accurately. The frequencies are 
computed from Equation [3] in which all of the quantities are 
readily determined. It may be observed that the agreement ex- 
ists even though rotatory inertia and shear deformation have 
been neglected in the theory. Undoubtedly there will be greater 
discrepancy at higher frequencies and there must be restrictions 
in terms of stiffener-thickness-to-plate-thickness ratios 

It might be noted that since the air gap between magnet and 
driven plate varies sensibly during the vibrations, the driving force 
is somewhat space-dependent and hence nonlinear vibrations may 
be excited. During the experiment several subharmonics were 
identified as well as a few quasi-resonant frequencies above the 
fundamental frequency of the plate. These vibrations can be 
identified readily by wave form on the cathode-ray oscilloscope 
When the plate is driven at its natural frequencies corresponding 
to linear elasticity, these frequencies also are readily verifiable 


CONCLUSION 


The preliminary study described in this paper provides con- 
siderable grounds for expecting success with the proposed 
methods of determining strain and vibration characteristics of 
stiffened plates. 

Excellent predictions of frequencies of flexural vibrations based 
on theory seem possible at least for the lower frequencies. Knowl- 
edge of such physical characteristics is essential in any considera- 
tion of the dynamic response of stiffened plates in the elastic 
range 

Flexural strains apparently can be predicted with considerable 
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accuracy if one allows for certain understandable qualifying as- 
sumptions concerning strain concentrations at the connection be- 


tween stiffener and plate. 

Experiments should be made with general types of stiffened 
plate actually used in engineering design and over the full range 
of parameters which might be involved. In particular, it would 
be extremely interesting to know at what point rotatory inertia 
would become a significant influence. 
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Effects of Boundary Conditions and Initial 


Out-of-Roundness on the Strength of 
Thin- Walled Cylinders Subject to 


External Hydrostatic Pressure 


By G. D. GALLETLY' anv R. BART? 


Using classical small-deflection theory, an investigation 
was made of the effects of boundary conditions and initial 
out-of-roundness on the strength of cylinders subject to 
external hydrostatic pressure. The equations developed 
in this paper for initially out-of-round cylinders with 
clamped ends, and a slightly modified form of the equa- 
tions previously derived by Bodner and Berks for simply 
supported ends, were applied to some actual test results ob- 
tained from nine steel cylinders which had been subjected 
to external hydrostatic pressure. Three semiempirical 
methods for determir:ing the initial out-of-roundness of 
the cylinders also were investigated and these are described 
in the paper. The investigation indicates that if the 
initial out-of-roundness is determined in a manner similar 
to that suggested by Holt then the correlation between 
the experimental and theoretical results is quite good. 
The investigation also indicates that while the difference 
in collapse pressures for clamped-end and simply sup- 
ported perfect cylinders may be quite considerable, this 
does not appear to be the case when initial out-of-round- 
nesses of a practical magnitude are considered. 


INTRODUCTION 


EVERAL analyses have appeared in the literature for the 
elastic buckling of a thin cylindrical shell subject to external 
hydrostatic pressure (1).4 The majority of these analyses 
have been based upon the classical small-deformation theory of 
thin shells and have assumed a geometrically perfect, stress-free 
structure prior to loading. The correlation obtained between 
these theories and experimental results has been good for long 
Efforts are cur- 
rently being made by several investigators to explain the dis- 


cylinders but rather poor for short cylinders. 


crepancy between theory and experiment in the short-cylinder 
range by the use of large-deflection theory, At this date, how- 
ever, it is not known by how much this discrepancy will be re- 
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duced as all the final reports on their work have not been pub- 
lished 

One possible cause for the discre pancy between theoretical and 
experimental results can be ascribed to the initial out-of-round 
ness of the cylinders, and a number of investigations, using small- 
deflection theory, already have been made on the effect of initial 
irregularities on the collapse pressure of cylinders subject to ex- 
ternal hydrostatic pressure (2, 3,4). As was to be expected, these 
analyses showed that the initial irregularities reduced the failure 
pressures below those of the perfect cylinders. However, when 
these analy ses were applied to some models which had been tested 
experimentally, they predicted failure pressures which were less 
than three quarters of those observed experimentally. Since 
these analyses had assumed simple supports at the ends of the 
cy linders and it was probable that the boundary conditions of the 
models were somewhere between the extremes of simple supports 
and « lamped ends, it was ol interest to Inve stigate the reduction 
in collapse pressure of clamped-end cy linders due to initi al irre gu- 
larities, to see if the assumed boundary conditions would explain 
Also, the 


analyses assume that the initial out-of-roundness in the cylinders 


the discrepancy between experiment and theory 


is similar to one of the modes into which a pe rfectly circular 
cylinder of the same dimensions would buckle, and actual shells 
this condition It thus seemed desirable to in- 
hat 
gested for determining the initial out-of-roundness of the cylinders 


never satisfy 


vestigate the various simplified methods have been sug- 
to see what effect these had upon the computed failure pressure 
These methods are described in the paper, 

It is also of interest to note that there are other limitations in 


the existing linearized theories. These are 


(a) The fact that in these problems there usually exist other 


buckling pressures close to the minimum buckling 
that 


corresponds to the minimum buckling pressure is really only de- 


pressure 

Thus, use of only mode of initial out-of-roundness which 

fensible at pressures very close to the minimum buckling pressure 
b) The simple yield criterion used to predict failure 


This point is discussed under the section entitled ‘‘Assumptions 
Made in Analysis.” 

The authors have not investigated the foregoing factors but 
hope to do so in the future. 

The approach used in this paper is similar to that of Bodner and 
Berks (3), except that instead of using a Donnell type equation 
Galerkin’s method was employed in conjunction with a modified 
The initial out-of-roundness 


Donnell type equation. pattern 


assumed by Bodner and Berks was of the form 


Tz 


w= e sin m 6 cos 


(origin at mid-length) while that assumed by the present authors 
was 
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ei. 2rz 
We = 2 sin m@ [: — cos | 


(origin at one end of the cylinder). Thus, in both cases, the 
initial out-of-roundness satisfied the relevant boundary condi- 
tions and was also similar in form to one of the assumed buckling 
modes. The magnitude of the initial out-of-roundness at the ends 
and center of the cylinder was also the same in both cases. 

The Bodner-Berks solution and that presented herein thus 
represent lower and upper bounds for the effect of initial eccen- 
tricities on the collapse pressures of elastically supported un- 
stiffened cylinders, when the initial eccentricities have the same 
shape as one of the assumed buckling modes of the perfect 
cylinder. While the two solutions are not exact, they should 
provide good approximations to the exact solutions. One of the 
limitations of using Donnell’s equation is that the number of cir- 
cumferential lobes should be fairly high, and thus the results will 
be slightly in error for very long cylinders which buckle into two 
or three circumferential lobes. 

The final results of the investigation are given in Fig. 2 and in 
Tables 2, 4, and 5. It can be seen that the correlation between 
experiment and theory is quite good when method (c) is used to 
determine the initial out-of-roundness of the models. {Method 
(c) is similar to that suggested by Holt (5).] However, it is not 
claimed that the results give a complete answer to the problem 
and more work of both an experimental and theoretical nature is 
required. 


Meruop or ANALYsIS 


The modifications to Donnell’s equation brought about by 
initial eccentricities in the shell have been presented by Bodner 
and Berks (3) and, prior to them, by Cicala (6). The equations 
also have been derived by the authors in the Appendix, using a 
somewhat different approach to that adopted by the previously 
mentioned authors, For the case of uniform external hydrostatic 
pressure applied on all sides of an imperfect cylinder the relevant 
equations are, from Equations [19a], [196], [21], and [24] in the 
Appendix 


Eh 
DV ‘w + pe V “Wess + PR [1/2 + Wo): 


_ (w + wn |— a 


thickness of shell 

mean radius of shell 

applied hydrostatic pressure 

modulus of elasticity 

= Eh*/12(1 — v?) 

Poisson’s ratio 

stress function of the total membrane stresses 
°? 1 >? 2 
pe n AP. ee w-4 — 

(= +m): hf, Sag 

initial radial out-of-roundness (+ inwards) 


=~ O&Sw >> 


2 


§ 


SEPTEMBER, 1956 


u,v, w = elastic axial, tangential, and radial (+ inwards) 
displacements of the imperfect cylinder minus the 
uniform compression experienced by a perfect 
cylinder (see Equation [18] in the Appendix). 


The subscripts z and @ indicate partial differentiations with re- 
spect to those variables. 

The patterns assumed for w and wo, and which satisfy the 
boundary conditions for clamped-end cylinders, were as follows 


w = B sin m9 [1 — cos =| } 


| 


P csawesese [2] 

a. 2rz ‘ 
wy = — sin md| 1 — cos — 
2 L 


where 


B half amplitude of w-displacement 

é = maximum value of initial radial out-of-roundness 
m = number of circumferential waves 

L = unsupported length of shell 
0 


z, 9 = axial and angular co-ordinates 


If the Expressions [2] happen to be an exact solution of the prob- 
lem, then they will satisfy the differential equation of equilibrium, 
Equation [la], exactly. However, as both w and wo were chosen 
to satisfy the boundary conditions rather than the equilibrium 
equation, this, in general, will not be the case. The resulting ex- 
pression will be a function of z and @ which we shall denote by Q. 
Galerkin’s equation for determining the relations between the co- 
efficients B and e is then 


2r L or. 
Q sin 16 [1 — cos *| Rd@dz = 0 
0 0 L 


where 7 assumes the values 1, 2, 3 
For « # m Equation [3] will be found to be zero identically. 
For t = m the following relation between B and e, obtained from 
Equation [3], will be found to hold 

¢ >? 


2 Per — P 


where Por is given by the expression 


rat me 
g)® oe hae 


ee tc. we (nt + ant 


(3m? +1/2A) 


2rR 
A= L 


The smallest value of the buckling pressure of the perfect 
cylinder per is found by minimizing Equation [5] with respect to 
m. A relation similar to that expressed by Equation [5] has re- 
cently been presented by Nash (7) using an energy method. A re- 
lation similar to Equation [4] was also obtained by Bodner and 
Berks for simply supported imperfect cylinders. 

Thus, from Equations [2] and [4], we obtain the following ex- 
pression for w 


2r. 
@ @ 2s ke cin m 6[ 1 — cos =| sees (Bl 
2 Per — P L 


The bending moments in the shell can then be calculated from 
the relations 
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MU, 


v 
vee E ~ Re ww | 
D 1 
= — = " > pw | 
R? wee Weg J 


The maximum bending stresses are then given by 


Ms 


+ 


[8] 


6 
Oy = + .T) (Mo) max 


1, = = rT] (M, max; 


To obtain the total normal stresses we now have to add the 
membrane stresses to Equation [8]. To determine these latter we 
solve Equations [ld] and [6] for the stress function F (periodic 


terms only). The total membrane stresses are then given by 


PR 


pR Fee ~ r 
“a — % = + Ff, 9] 
h l 


Ee eee 

The total normal stresses are cbtained by adding algebraically 
Equations [8] and [9]. The greatest normal stresses occur at 
mid-length of the cylinder (x = L/2) and where sin m@ = +1 
(trough and crest points of the lobes). At these points the twist- 
ing moment M,, is zero and thus the normal stresses are principal 
stresses. The absolute maximum normal stresses occur at the 
outer shell wall for the trough points. 

Having obtained the maximum principal stresses ¢, and g¢ in 
terms of the initial out-of-roundness, the geometric parameters, 
and the applied external hydrostatic pressure, we now employ the 
octahedral shear-stress criterion of failure (which gives the same 
results as the Hencky-von Mises criterion of failure), viz. 

. {10} 


Co = 
¥ 


Ge? + 0,3? — one, 
where g, is the yield point of the material. Substitution of the 
maximum principal stresses 7, and og in Equation [10] then gives 
an equation relating the initial out-of-roundness, the geometric 
parameters of the shell, the yield point of the material, and the 
pressure at which the shell begins to yield p,. 


TABLE 1 
AN INITIAL OU 


= Simple supports 
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It should be noted that instead of using the yielding criterion 
given by Equation [10] where ¢, and gg are principal stresses, it 


is more accurate to use the expression 


g,? = o9? + o,? — o90, + 3T,6* [10a 


where now @,, 09, and 7, are the normal and shear stresses at any 
point and which are functions of z and 6. Yielding will first occur 
in the cylinder for those values of z and 6 which maximize the 
right-hand side of Equation [10a]. However, to compute these 
values of z and @ by differentiation of Equation [10a] involves 
more complications than seem warranted. Trials indicate that the 
stress condition at the outer shel! wall for trough points of a lobe is 
probably as unfavorable as anywhere else. As mentioned earlier, 
the twisting moment M,, is zero at these points and thus Equa- 
tion [10a] reduces to Equation [10). 

As we shall later present curves of p,, the pressure at which shell 
yielding commences, versus e/h, the initial eccentricity- 
shell thickness ratio, for both simply supported and clamped-end 
cylinders, we have summarized the results obtained in this paper 
and those obtained by Bodner and Berks in Tablel. (We have 
added a few terms to the latter solution, as Bodner and Berks 
neglected the periodic terms in Equation [9]). Also, we used 
the expression wgg/R* for the circumferential change in curva- 
ture instead of (twgg/R* + ve/R) which was used by Bodner 
and Berks when computing the bending stresses due to initial 
out-of-roundness. Our expression is consistent with the expres- 
sion used in deriving the approximate equations of equilibrium 
for an initially out-of-round cylinder (see Appendix) and also is the 
same as that used by Donnell in his work on perfect cylinders (8 
The effect of using we/R? instead of (wee/R* + ve/F) is to 
eliminate the quantity f which appears in the equations de- 
veloped by Bodner and Berks.) It can be seen that the final 
equation (Equation [12] in Table 1) relating the initia! out-of- 
roundness and the presvure to cause first vielding is essentially 
the same for both clamped-end and simply supported cylinders, 
except for the factor of 2 required by the definition of ¢ as the 
maximum initial out-of-roundness and the slight changes in 
definition of the quantities K and 6 appearing in that equation. 


COMPARISON OF EQUATIONS AND PARAMETERS FOR SIMPLY SUPPORTED AND CLAMPED-END CYLINDERS HAVING 
-OF-ROUNDNESS SIMILAR IN SH y 


SSUMED BUCKLING MODES 


Equa- 
tion 


Clamped ends 
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AssUMPTIONS MADE IN ANALYsIS 


Besides the approximate strain and change in curvature-dis- 
placement relations used in the derivation of the Donnell equa- 
tion for an initially out-of-round cylinder, and the assumption 
that it is initially stress free, it might be useful to list some of the 
other assumptions that have been made both in the analysis of 
this paper and that of Bodner and Berks. These are as follows: 


1 That the circumferential membrane stress in the shell is 
constant along its length and equal to —pR/h, whereas this is 
actually not the case. 

2 The assumption that the initial out-of-roundness is small 
(with an order of magnitude of one shell thickness) is symmetric 
with respect to the center line of the shell, and has the same form 
as one of the buckling modes of a perfect cylinder with the same 
shell dimensions. Actual shells rarely, if ever, satisfy the last two 
requirements and so the question arises as to how the initial out- 
of-roundness should be measured. 

3 The assumption that failure occurs (appearance of visible 
lobes) when the most highly stressed points in the cylinder start 
to yield. Actually, failure does not occur until plastic regions 
form at the trough and crest points of the lobes. The pressure re- 
quired to produce these yield zones is greater than that at which 
the most highly stressed points begin to yield, and neglect of this 
effect therefore underestimates the strength of the shells. An 
adequate theory to take this effect into account has not been de- 
veloped as yet, but, as for beams, presumably the ratio of the 
pressure to cause first yielding to the pressure required for the 
formation of plastic regions depends on the relative magnitudes 
of the direct stresses in the cylinder wall and the bending stresses 
resulting from initial out-of-roundness. 

4 The assumption that Poisson’s ratio is a constant and equals 
0.3. 

As it is intended to apply the analyses developed for unstiffened 
cylinders to stiffened cylinders which failed by buckling between 
ring stiffeners, it would be well if we enumerated the additional 
assumptions that were made. These are: 

5 That the stiffening rings at the ends of any bay are per- 
fectly circular; i.e., they do not have any initial out-of-roundness. 
This never occurs in practice, of course, but should not be too 
serious if the circularity of the stiffening rings is very much better 
than that of the shell, or if the predominant mode of initial out-of- 
roundness in the rings is very different from the predominant 
mode in the shell. 

6 As for unstiffened cylinders, the circumferential membrane 
stress in the perfect cylinder is assumed to be —pR/h, whereas 
it actually varies along the length of the shell. A more correct 
representation of the stress distribution would be obtained by 
using the unalysis of von Sanden and Giinther (9), or more ac- 
curately still, that of Salerno and Pulos (10). 


Metuops oF DETERMINING INITIAL OuT-OF-ROUNDNESS 


As mentioned hitherto, the analyses assume that the initial 
out-of-roundness is symmetrical about the mid-length of the shell 
and that its circumferential variation is in the shape of one of the 
buckling modes of a perfect cylinder. Actual shells do not meet 
either of these requirements. If we do not make a harmonic 
analysis of the initial out-of-roundness, and also extend the theory 
to account for the various harmonic components, the question 
arises as to how we shall measure the quantity e, which is defined 
in the analysis as the maximum initial out-of-roundness when its 
shape is similar to one of the buckling modes. As far as the 
authors are aware, three simplified, semiempirical methods for de- 
termining the initial out-of-roundness have been proposed in the 
literature so far. These are (see Fig. 1): 

(a) The centroid of the initial circularity contour is first deter- 
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mined. Then the angle /m, where m is the number of lobes into 
which the perfect cylinder would buckle, is calculated. A sector 
of a circle, subtending this angle 7 /m is then drawn on transparent 
paper and placed with its apex at the centroid of the initial circu- 
larity contour. The sector is then rotated so that it traverses the 
entire circumference of the circularity contour until the location is 
found at which the maximum difference between the two sector 
radii occurs. The initial out-of-roundness is then taken as this 
maximum difference. This method of determining the initial 
out-of-roundness is essentially that proposed by Saunders, Tril- 
ling, and Windenburg (11, 12). . 

(b) Both the centroid and the area of the initial circularity con- 
tour are determined. The radius R,, of the circle whose 
area is the same as that of the initial circularity contour 
is then determined. A circle, with center at the centroid of 
the initial circularity contour and of radius R,,, is then drawn 
The initial out-of-roundness is then taken as the maximum value 
of [R, — R,,] and [R,, — R;)], where R, and R; are the radius vec- 
tors from the centroid to points on the initial circularity contour 
which are exterior and interior, respectively, to the circle of radius 
R,,. A method for determining the initial out-of-roundness simi- 
lar to the foregoing has been suggested, among others, by Bodner 
and Berks (3). 

(c) As in (6) both the centroid of the initial circularity contour 
and the radius R,, of the mean circle are determined. Also, as in 
(a), the angle 4/m is calculated. The arc length of one half-lobe 
is then obtained as (7/m)R,,. This arc is then moved around the 
initial circularity contour with its end points always in contact 
with the contour. The initial out-of-roundness is then taken as 
the maximum radial distance between the circularity contour and 
the are. This method for determining the initial out-of-roundness 
is somewhat similar to the method proposed by Holt (5). 


NUMERICAL RESULTS 


In this section we present the results obtained by applying the 
analysis developed for simply supported imperfect cylinders (3), 
and its extension to clamped ends, to nine steel welded cylinders 
that have been tested at the Taylor Model Basin. At failure, all 
these models had lobes which partially covered the circumference 
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TABLE 2 GEOMETRIC RATIOS, YIELD POINTS, EXPERIMENTAL AND THEORETICAL COLLAPSE PRESSURES FOR STEEL CYLINDERS 
1) 2 3) 4 5 6) 7 YW 10 


ckling 


Expt. Maximum . 
11] of 


buckling 8 

of pressure ur le ps 
p r Clamped ends 

5 18 2tid 
14 oo0 


istaining 
Cy Number « 


stiffeners 


Model 4 . 
no 2R 2R 
50 0.125 0028 
33 0.250 0032 
a] 0.500 0048 

1 0.500 0065 
4 1.000 0033 
} 2.000 0040 
BR- 0.184 0024 
BR-4 0.250 0049 
BR-5 0.184 0023 


pei) ylinders 
39000 2 internal 
31000 2 internal 
40000 none 

44000 none 

43000 none 

39000 
61700 
50600 
54400 


none 
5 external 
5 external 
5 external 


* Numbers in parentheses are the number of lobes at failure. 
+ No distinction made in Windenburg's notes between buckling and maxim 
in the above table 
Calculated for 


im sustaining pre 


median surface of shell at mid-bay length using analysis of von Sanden and Ginther i 


rTABLE3 MAXIMUM e/h-VALUES OBTAINED BY DIFFERENT METHODS FOR DETERMININ( AL OUT-OF-ROUNDNESS 


1 2) 3 4 


Method (a i) Outward 

E 3.8 Method (6 C.E 8.8 
175 0.017 
0.078 
0.045 
0.011 


0.091 


0.016 
067 
041 
008 
080 
027 
31916 
063.4 
236(10 


0.1364 0.140 0 

0.097 0.104 0.098 0 

0.047 0.041 0 

0.143 0.118 0 

0.272 ¢ 0 

0.130 2 0 

0.61518 55 ) 0 

10) 414 0.17614 28(2 0 
é 


BR- 
BR-4 [4 


BR-5 /4 10} 741(4) 0.758(4 0 


Tabulated values accurate to approximately +5 ; 
+ Numbers in square 
tions at which the maximum e// 


-values occurred, acco 


COMPARISON OF PREDICTED PRESSURES (PSI 


DETERMINING 


TABLE 4 
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3.8 ( 


] 
Model 


4 
Method 
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(3) 
Method ( 
>E 8.8 
137 160 
128 120 
282 : . 230 
5 333 

46 
40 


of the shell. The geometric ratios, yield points, experimental and 
theoretical 
Table 2. 

years ago by Windenburg and Trilling 
not investigate theoretically the effect of initial out-of-roundness 
The last three models, which are multi- 


collapse pressures for these cylinders are given in 
The first six models in this table were tested some 20 


(12), although they did 


on the collapse pressure 
bay cylinders, have been tested recently at the Taylor Model 
Basin (13, 14 

{ comparison of columns 6 and 8 in Table 2 shows a considera- 
ble the theoretical 
buckling pressures for even the simply supported cylinders. For 


discrepancy between experimental and 
some models, it would also appear that axisymmetric yielding 
rather than buckling was the controlling mode of failure. This 
can be seen by comparing columns 8 and 10 in Table 2. However, 
it will be seen later when out-of-roundness is taken into account 
that the theoretical pressures for buckling-type failures are lower 
than the axisymmetric yield pressures. It is also of interest to 
note that Models 42 and 61 are the only mode!s for which the ex- 
perimental buckling pressures are higher than those predicted 
theoretically for simply supported cylinders, although the same 
supports were used for these two models as for the four models 
preceding them 

Using the geometric ratios and yield points shown in Table 2 
and Equations [11] and [12] in Table 1, it is possible to construct 
curves showing the relation between the pressure at which yielding 
first occurs in the cylinder wall p,, and the ratio of the initial out- 
of-roundness to the shell thickness e/h. Two such curves are 
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rding to the method used. 
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shown in Fig. 2 for illustrative purposes. In constructing these 


used in Equation [12] was the value of 
m which minimized Equation [11]in Table 1. These values of 

are listed in parentheses in columns 8 and 9 of Table 2. These 
values of m do not actually give the minimum p, for a given e// 
This point will be discussed later. It also should be noted that 


0 some of the curves in Fig. 2 do not attain the ¢ 


curves, the value of m 


fore/h = lastic 


buckling pressures tabulated in columns 8 and 9 of Table 2 
When this is found to occur it means that the pressure to cause 
axisymmetric yielding of the shell is lower than the elasti 
buckling pressure 

In Table 3 are h-values obtained 
using the different methods for determining the initial 
roundness described earlier. The e/h-values were determined at 
mid-length for the unstiffened cylinders and at mid-length of the 
Two values are listed for each 
the 


tabulated the maximum e¢ 
out-ol 


bays for the multibay cylinders. 
model under methods (a) and (c) because, in these methods 
number of lobes into which the perfect cylinder would buckle is 
used and this number is usually different for simply supported 
and clamped ends 

Now, selecting the experimental buckling pressures listed in 
column 6 of Table 2 in conjunction with their corresponding ec- 
centricities listed in columns 2, 3, and 6 of Table 3 in plot 
points on curves similar to Fig. 2 which represent values deter 
In Table 4 we also give a numerical com- 


one ¢ 


mined experimentally. 
parison of the theoretical and experimental pressures at which 
The theoretical values in this table 


visible lobes first occur 
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TABLE 5 AVERAGE VALUES OF COLUMNS (6), (7), AND (8) IN 
TABLE 4, CLASSIFIED ACCORDING TO CYLINDER TYPE 


Cylinder ae (a)— —Method (b)— —Method (c)— 

type 8.8. C.E. b 8. C.E. 8.5 
Uns‘ iffened ; o 0.85 0.89 1.18 0.91 
Stiffened 0.85 0.75 0.79 1.08 0.93 


1.12 
0.88 
were obtained from the e/h-values listed in Table 3 in conjunction 
with the theoretical p, versus e/h curves similar to Fig. 2. The 
last three columns in Table 4 show the ratios of theoretically pre- 
dicted pressures for the occurrence of a visible lobe to those ob- 
tained experimentally, according to the various methods used for 
determining the initial out-of-roundness. The average values of 
these last three columns, classified according to whether the 
cylinders were stiffened or not, are tabulated in Table 5. It can 
be seen from Tables 4 and 5 that use of method (a), with the 
assumption of simply supported ends, was the most conservative 
in most cases and predicted pressures which were always below 
those obtained experimentally. However, the best correlation 
between the experimental results and the simplified theories 
discussed in this paper appears to be obtained when method (c) is 
used for determining the initial out-of-roundness and the cylinders 
are assumed to be simply supported. 

It was mentioned earlier that for a given e/h the value of m that 
would give the lowest p, was not necessarily the value of m which 
minimized the expression for per (Equations [11] in Table 1). It 
was also noted at that time, however, that the error obtained by 
assuming this to be so was not very great and also greatly re- 
duced the computational labor. Some idea of the error involved 
can be obtained by referring to Fig. 3. The curves in this figure 
are plots of m which minimize e/h for agiven p,. Fora p, of 80 psi 
it can be seen that the minimum value of e/h is 0.34 at m = 18, 
while at m = 15 (the value which minimizes pr) the value of 
e/h is 0.4. However, if we now fix the value of e/h at 0.4, then 
the minimum value of p, is 75 psi and occurs at m = 19. Similar 
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results are obtained with the other curves and also with the m 
versus e/h curves for clamped-end cylinders which we have not 
included here. It is thus seen that assuming the value of m which 
minimizes p.r will also minimize p, for a given e/h is slightly on the 
unsafe side, the magnitude of the error depending on the value of 
e/h taken. However, owing to the fact that actual cylinders under 
hydrostatic pressure collapse in substantially the same number of 
lobes as is predicted by theory for the perfect cylinder, and also for 
simplicity in calculations, we have ignored this discrepancy. 

It also will be remembered that in applying the analyses to 
stiffened cylinders we made the assumption that the stiffening 
rings were perfectly circular. This, of course, never occurs in 
practice. Some idea of the degree of circularity actually present 
can be obtained by reference to Fig. 4. This figure shows the 
initial circularity contours of the stiffening rings bordering, and the 
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shell at the center of one of the bays in which lobes first appeared 
in Model BR-4. If we adopt method (c) described earlier as our 
criterion for initial out-of-roundness, then the stiffening rings of 
this model had about one tenth the out-of-roundness of the shell. 
Similar results also were obtained for the other models. Thus, for 
the problem of inter-ring collapse of stiffened cylinders, the as- 
sumption of zero initial out-of-roundness of the stiffening rings 
appears to be a reasonable one. 

It might be thought that a harmonic analysis of the initial out- 
of-roundness would show that the amplitude of the harmonic 
component corresponding to the value of m which minimized per 
(Equation [11] in Table 1) was many times that of the other com- 
ponents. To investigate this point a harmonic analysis, using 72 
subdivisions of the circumference, was made of the initial cireu- 
larity contour at Station 4 of Model BR-4 using Filon’s method 
(15). The number of waves into which a perfect cylinder with 
shell dimensions similar to BR-4 would buckle is, according to the 
linear theory used herein, 11 for simply supported ends and 12 for 
clamped ends. From the harmonic analysis it was found that 
there were nine harmonics with amplitudes greater than the 
eleventh and two greater than the twelfth. It also was found that 
the amplitude of the largest harmonic (m = 8) was more than 
twice that of the twelfth mode and more than five times that of 
the eleventh mode. Further, even this largest amplitude was 
much too small to effect a reasonable correlation between theory 
and experiment. Thus the harmonic analysis of the BR-4 initial 
out-of-roundness contour did not produce any results which 
might be useful in practice. 

In conclusion, it might be of interest to mention that some at- 
tempts have been made to determine experimentally the longi- 
tudinal form of the buckling displacemnts in the multibay cylin- 
The results of these few investigations are summarized in 
However, more experimental work still remains to 


ders. 
reference (14 
be done before any conclusions regarding the shape of the buckling 


displacement can be made. 
SUMMARY 


In the preceding sections an attempt has been made to explain 
some of the discrepancies that exist between experimental and 
theoretical results for cylinders subjected to external hydrostatic 
pressure. To do this it was assumed that (a) the actual boundary 
conditions were somewhere between the extremes of simple sup- 
ports and clamped ends; (6) the initial out-of-roundness was 
similar in form to one of the modes into which a perfect cylinder 
would buckle; (c) the stress distribution in the equilibrium prob- 
lem for the perfect cylinder could be represented by the membrane 
stresses; and (d) the linear small-defcrmation equations of equi- 
librium would describe the problem adequately. Any cold-work- 
ing, residual, or welding stresses, or any elastic nonhomogeneity 
that might have been present were neglected. It also was as- 
sumed that failure (formation of a lobe) would occur when the 
stresses at the most highly stressed point satisfied the octahedral 
shear-stress criterion. Three simplified methods of measuring the 
initial out-of-roundness were also investigated. The simplified 
analyses, together with the different methods of measuring out-of- 
roundness, were applied to nine steel welded cylinders with length- 
diameter ‘ratios of '/, to 2, thickness-diameter ratios of 0.0025 to 
0.0065, and yield points of the steel of 30,000 to 60,000 psi. The 
correlation between experimental and theoretical results was 
quite good, when method (c) was used for determining the initial 


out-of-roundness of the cylinders. 
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Appendix 


APPROXIMATE EQuaTIONS oF EQUILIBRIUM FOR AN INITIA 


Ovut-or-Rounp CYLINDER 

These equations have been derived previously by Bodner ar 
Berks (3) using a different approach. Our reason for this new 
derivation is to make clear what approximations and assumptions 
are involved in the simplified equations of equilibrium. 

Consider a cylinder of mean radius R which has a smal! radial 
initial out-of-roundness wp. Selecting z, 6, and z as co-ordinate 
axes and denoting the longitudinal, tangential, and radial elast 
V, and W, it is then possible to show that 


displacements by U, 
the strains at the middle surface are given by 
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For the changes in curvature, we shall use the quantities pre- 
viously used by Donnell (8) for perfect cylinders, viz. 
Wve W.6 
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The work done Wp by the uniform external pressure acting on 
all sides of the cylinder is given by the product of the pressure 
and thie change in volume of the cylinder. Thus there follows 


(16) 
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where 


We shall simplify this complicated expression for W p to the follow- 


ing 
dll li Ve RU 
Wp = »f I [ w —~— =| Rdzd@... [17] 
0 0 ? ” 


It is also convenient to consider the U, V, and W displacements 
to be made up of two parts 


T= O+u | 
7 = Pty , 
=W+w } 
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where U, V, and W are the displacements which would occur in 
the equilibrium problem of a perfectly circular cylinder under 
uniform external pressure. 

The total potential of the system U7 is then obtained by add- 
ing the extensional and bending-strain energies of the shell and 
subtracting the work done by the external pressure. In calculat- 
ing the extensional energy, we retained the terms in u, v, w, w 
through the second order and the terms in U, 7, W (directly pro- 
portional to the applied pressure) through the first order only 
also, we neglected the effect of the deflection of the shell between 
supports on the displacements and stresses of the perfect cylinder. 

Variation of Uy with respect to u, v, and w then gives the dif- 
ferential equations of the problem. Further manipulation of these 
equations results in the following 


Vu 


where &,, &, and 7, are the membrane stresses which would 
occur in a perfectly circular cylinder and which were assumed to 
be constant in deriving the foregoing equations. 

For the case of uniform external hydrostatic pressure applied 
on all sides of a perfectly circular cylinder, and neglecting the de- 
flection of the shell between supports, there results 
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Substituting the Relations [20] into Equation [19c] yields 
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Now define a stress function of the total membrane stresses 
F such that 
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Using Equation [14] and the stress-strain relations it is then 
easy to show that 
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As we are interested here in the linear problem, and as we have 
previously neglected the deflection of the shell between supports, 
Equation [23] reduces to 

VF = [24] 

Equations [19a], [19], [21], and [24] together with the appro- 

priate boundary conditions define the problem. 





Buckling of Rectangular Plates Uniformly 


Compressed in Two 


Perpendicular Direc- 


tions With One Free Edge and Opposite 
Edge Elastically Restrained 


By P. 


A short history of the buckling of elastic plates was 
considered by the author in previous papers (1, 2).2. The 
present paper deals with specific cases. Only those papers 
which directly concern this problem will be quoted. 


In TRODUCTION 


/ SSUME a rectangular thin elastic plate which has two 
opposite edges r = 0 and z = a simply supported, the 


edge y = > elastically built into a medium which is 
characterized by the coefficient r; (Fig. 1 
free. 


and the edge y = 0 
The plate 1s compressed in its middle plane by means of 
uniformly distributed forces of intensity P; along edges z = 0 


and z = a and P; along the edges y = 0 and y = b where 


P, =vP; and O<v< o@ 


By gradually increasing P, the condition will be reached at 
which the flat form of equilibrium of the compressed plate will 
become unstable and a slight lateral force will produce a lateral 
deflection which does not disappear when the lateral force is 
removed. Then the axial load which is sufficient to keep the 
plate in the slightly bent form is called the ‘‘critical load’’ or the 
“critical force’ P 
condition.”’ 

The critical 


- and such a condition of the plate, the “critical 


force P. 


r will be presented in the form 


m4r?D 
k 


Pe 


a* 
where 


k = nondimensional coefficient that depends upon conditions 
of edge restraint, loading, and shape of plate; 1.e., 


depends upon ratio mb/a and coefficients r; and v 
Eh* 


flexural rigidity of plate = 
12(1 pe? 
E modulus of elasticity in tension and compression 
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thickness of plate 

Poisson’s ratio 

whole number of half waves in z-direction 
length of plate (see Fig. 1 

width of plate 
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From the general solution the four separate cases of buckling 
of rectangular plates will be derived 

(a) Buckling of plates uniformly compressed in two perpendicu 
lar directions in which the edges r and y b are 

For this cas 


0, z =a, 
simply supported but edge y = 
r, = Oand P,; = P, = P (i.e., 


(6) The same as (a) but with the edge y = 


0 is free, Fig. l(a 
y=] 

b rigidly built-in 
ce, and P,; = Py = P(i.e., v = 1 
(c) Buckling of plates uniformly compressed only in the 
direction in which the edges z = 


Fig. 1(« For this case, r, = 
0, z = a are simply supported 
edge y= Ols free, and edge y=b elastically built into a medium 
the Fig. 2. For this 
= P, and r; may have any value between 0 and 


characterized by coefficient r;, 


0, P, 


which is 
case, P 
(d) The same as (c) but compression is in the z-direction only, 


Figs. 3 and 4. For this case, P; = P, P; 0, and r,, as before, 


may have any value between 0 and 


DIFFERENTIAL EQUATION OF THE PROBLEM AND Its SoLuTION 


The differential equation for the deflected plate is 
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where 


w = deflection of middle plane of plate 

P, = uniformly distributed compressive force per unit length 
of the edge in z-direction 

P; = uniformly distributed compressive force per unit length 
of edge in y-direction 


Boundary conditions at the edges z = 0 and z = a will be 
satisfied if a solution of Equation {2} is presented in the form (1) 


- « MAT 7 
w = AY sin nome ie [3] 
a 
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On substitution of Equation [3] in Equation [2] we obtain the 
following ordinary differential equation 
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The general solution of Equation [4] can be presented in 
following form 
Y = C, sinh ay + C; cosh ay + C, sinh By + C, cosh By... 
where 
antiinno | 
B = \V ke — +/ ig? — (1 — fy) 
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The constants of integration can be obtained from the following 
boundary conditions: 
(a) For a free edge (1, 2) (i.e., y = 0) 


* The classical theory of the buckling of plates is used here 
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The second Boundary Condition [8] is different from that 


given by Kirchhoff, because it includes the additiona! term 
Ow 
> 
2 
Oy 
which occurs when the edge of plate is free and loaded by the 
force P2, Fig. 1. 
b) For an elastically restrained edge (y = 


O*w O*w Ow 
w = 0, and—D{ — + uw - = 4S 
oy? or? oy 
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where S is the stiffness per unit length of the elastic restraining 
medium at the edge of the plate, or moment required to rotate a 
unit length of the medium through one fourth of radian (4 to 6). 
By substituting Equation [3] in Equations [8] and [9] these 
boundary conditions can be written in the following form 


Y’’—)A%Y =0, and Y’’’—A*(2k— yp) Y”’ 


= 0(fory = 0).... {10} 
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Substituting Equations [15] into [11], two homogeneous linear 
equations in C;’ and C;’ are obtained. The critical value of the 
> ni., . > 
and ¥’+-¥’=0, (fory = b) compressive force P,, is now determined by equating to zero the 
) determinant of these equations, which gives 
4Sb : P . , 
where = [ 8B? — a*)[aB? sinh 8b cosh ab — BA? sinh ab cosh 8 


D 
S = 0 for a simply supported edge : a®’Bt + 8242 
S = o for a rigidly built-in edge 
S = C for some intermediate case of edge restraint 


This constant C can be calculated by using a method given by The nu 
E. E. Lundquist and E. Z. Stowell (6), or by 8. Timoshenko.‘ 


S. Timoshenko in his book® gives instead of Equation [9] the The two limiting cases, given by 7, = 0 


nerical factor k which determines 
is obtained as the least root of E juation {17 


following boundary conditions sidered here before the general, for which r; 
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which, after substitution of Equation [3], becomes 
ARE SimmpLy SUPPORTED AND EDGE y 0 Is Fret 
= 0 y = [ ) The transe ants squatior for this case is obt uined 
stituting 7 + = | into Equation [17 Thus 
Equating [11] to [lla], we have ' 
1 g | [lla], (A2—, 2 gj 3h cosh ah 8A* sin ab cosh Bb] 
Cb 


r, = \? } where 


D 
Equating [12] to [12a], we obtain 
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3] 
2 ul , 1 } 
’ After substituting the values [19] and (20) into Equ 
i.e., if the e iges r = Oand zr = a are simply supported, it does and simpiiying the following e juation is obtained 


not matter which boundary condition for edge y = 6 is used, 


m . . . 6° cos ¥ sinh 6 k + 5)?0 cosh @ sin ¥ = () 
Equation [9] or [9a] 
Substituting Equation [6] into [10] and simplifying, the fol- 
lowing expressions are obtained 
mah : y 
aB - »Y = —ifb = OVk 
yy , oe a 
The first line of Table 1 gives values of the least root 
where tion [21] for various values of the ratio mb/a, for which the 
x 72 ae lem has any physical significance. The value of 0.3 has 
-A\tu, B= B8?— Ary 15 tea pm , 
. ' adopted tor wm. 
The function Y after substitution of Equations [14] into [6], The same values also are represented by the lowest 
can then be written in the form r, = 0) in Fig. 1. 
; From the table and graph it can be seen that the roots for ratios 
Y = C,'[BA sinh ay — @B sinh Sy mb/a > 1.71 are constant, and equal unity; ie, k = 1. If the 
+ (C,'[B cos l -osk , ~ 
2’ |B cosh ay 1 cosh By coefficient k is known, the critical force P., can be determined 
, . . for every rati , 3} ‘ ati 
where C,’, and (;’, are new arbitrary constants. rene Soe mb a by using Equation (1). 
- Trial calculations show that the smallest value of P,, for all 
‘Reference (3d), p. 257 values of b/a will be when m = 1; i.e., the buckled plate will have 
5 Reference (3c), p. 343 only one half wave in the z-direction. 
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BuckLinG oF RECTANGULAR PLATES UNIForMLY ComMPRESSED 
iN x and y-Directions In Wuicn Epces xz = 0 aNnp x = a 
Are Smmpcy Supportep, Evert y = 0 Is Free But Ener y = b 
Is Riemwity Burit-IN 
The transcendental equation for this case, Fig. l(c), is obtained 
are substituted in Equation [17]. Thus 


ify = landr, = « [ 
(a?B? + 82A?) sinh ab sinh Bb + aB8( A? + B*) cosh ab 


cosh Bb 2a8AB = 0 


where 


aps = it k — | 
AB = —A‘K(k — 4) 
A? + Bt = d4[6? + (fh 
a?B? + B*A* = A®l(k 


aB( A? + Bt) = idev/(k 
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After substituting the values, given in Equations [24] into [23] 
and simplifying, the following equation is obtained 

[(k — 6)? — b%k 

2 +4 (k 5)?|y cos y cosh 8 + 26y(A 
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The last line of Table 1 gives values of the least root of Equa- 
tion [25] for various values of mb/a, for which the problems have 
physical significance (u = 0.30). The same values are also 
represented by the highest curve (r; = ) in Fig. 1. 

From this table and graph it can be seen that the roots for the 
ratio mb/a > 2.06 are constant and equal to unity; i.e. k = 1. 

Whole numbers m of half-wave lengths must be chosen so that 
the critical force P., shall have its least value. 
BuckLiIne oF RECTANGULAR PLATES UNIFORMLY COMPRESSED 
in Two PERPENDICULAR Directions With ONE Free EpGE anp 
ELASTICALLY RESTRAINED AGAINST RoTATION ALONG OPPosITE 

EpGE 

In this case the value of the coefficient 7; can range from r; = 0 
eo and accordingly the roots of Equation [17] will vary 
between the roots of Equation [21] and those of Equation [25]. 
Consequently, the curves for different values of r; will be disposed 
between the lowest curve of k for r, = 0 and the highest curve of 
k for ry = ©, Fig. 1. By comparing the curves for those two 
extreme cases and the values of Table 1, it can be seen that for 


tor, = 


plates with ratio mb/a between 2.06 and ©, (2.06 < mb/a < ~), 
the boundary conditions at the edge y = 6 do not substantially 
affect the critical forces P.,. Consequently, in practice, k may 
be taken as 1 for all plates with mb/a > 2.06. We must obtain 
the roots k for different values of r; only in the interval 0 < mb/a 
< 2.06. These roots are obtained from Equation [17] and are 
given in Table 1. 

The same values are also represented in Fig. 1 by the curves for 
n =0,n = 0.02, 7, = 0.5, = 1.0, r, = 2.0,r, = 7.0, andr, = 


From the family of curves it can be seen, as stated previously, 
that the boundary conditions on the edge y = 6 enly affect plates 
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with the ratio mb/a < 2.06. For plates with the ratio mb/a > 
2.06 the value of the root & can be taken as unity for all plates 
irrespective of the boundary conditions on the edge y = 6, and 
P., can be represented by the formula 


i > a 
a* 
Calculations show that the smallest value of P., for plates 
with ratio, say, b/a > 0.5 for all values of r; and 0 < v < 1 is ob- 
tained by taking m = 1; i.e., by assuming that the buckled plate 
has only one half wave in the z-direction. 
Ify>1, i.e., P, > Ps, it is possible to have more than one half 
wave in the x-direction. In the particular case when vy = 
i.e., P, = P, P, = 0, the buckled plate can have several half 


waves depending on the ratio a/b, Fig. 4. 
Speciric CasEs 


Case 1. Buckling of Rectangular Plate Uniformly Compressed 
mn y-Direction With Edge y=0 Free and y = 6 Elastically Re 
strained; Edges x = O and x = a Are Simply Supported, Fig. 2 
The transcendental equation for this case is obtained if v = 0 is 
substituted in Equation [17] and the values ab and Gb are repre- 


sented in the form 
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T iq, 
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Then Equation [17] will be transformed into the form | 


[ps cos 2p _ qt sin 2q] a ri(s sinh? Pt t sin? q 


where 


k), and 6 = (1 
The smallest root k of Equation 28] for various values of ri 
and ratio mb/a is given in Table 2 and the same values are repre- 
sented in Fig. 2 by the curves. 

From the family of curves it can be seen that the boundary con- 
ditions on the edge y = » do not have any appreciable effect on 
the value of k, for ratios mb/a > 0.80, and for all values of mb/a 
1.80, with u = 0.30, k may be taken as equal to 2.31, irrespective 
of the boundary conditions on the edge y = 6. If wu differs from 
0.30 and mb/a > 0.80, k may be represented as follows 


30! 


Case 2 Buckling of Rectang ilar Plates Un iformly Compresse I 
in x-Direction With Edge y = O Free and y = b Elastically Re- 
a Are Simply Supported, Figs. 8 
and 4. ‘t.e., P. P and P; = 0, 
Fig. 3. If these values are substituted in Equation [17] and 


strained. Edgesx = Oandx 


This is the case when v 

ab and Bb represented in the form 

ab=a, = RAG t+/ k), Bb = Bi = Bin ( 

then Equation [17 | will be transformed into the form 

Vk (6 +i 23, cos B, sinh a, + (6 
+r [62 + k(1 —25)] sinh a sin 8; - 


k)Vk 


/ : 
V k)*a, cosh a; sin 2; 


(2 +k)V(k—1 


) 
1); =0.. [32 


cosh a, cos B, + (62 2] 


The least root k of Equation [32] for various values of the rati 
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TABLE 2 


0.80 
397 
398 
40 
40 
40 
40 
40 
40 
40 
40 
40 
40 
40 
40 
40 
40 
40 
40 
40 
> 40 
40 
40 
40 
40 
40 
40 
40 
40 
41 
>. 41 


hethototoho ton 


ON Cn de ie ee Co Co Co WG Wn to tt 


NIA 


0.05 
400 
400 
400 
400 


2.00 
0.698 


nb/a and pu 0.25 is given in Table 3 and the same values are Division, and to Messrs. F. E. Archer and E. M. Kitchen, Le 


also represented by the curves in Fig. 3 turers at the N.S.W. University of Technology, for helpful advic 


From the curves and Table 3 it can be seen that the coefficient in preparation of this paper and checking the manuscript 


& has sig can i pl 8 j ‘ s rh /¢ Sa ‘ 9 
has signifi = e for plate with ratios mb/a le than 2.00. BIBLIOGRAPHY 
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For a long plate with a >> the coefficient k, instead of k repre- 


an be used as reference (3 


The least root k; for various values of the ratio a/b and various 


were taken from the work of Prof. 8. P. Timoshenko (3), who was 


the first to consider this case.® 


Table 4, has appreciable significance for plates with the ratio a/b 





On the Role of Extension in the Flexural 
Vibrations of Rings 


By L. L. PHILIPSON,' CULVER CITY, 


In a generalization of the classical analysis of A. E. H. 
Love,? equations describing the flexural vibrations of thin 
rings are derived without making use of the usual assump- 
tion of no extension of the central line. Direct compari- 
son with the nonextensional formulas of Love leads to a 
criterion for the validity of the assumption. In the 
process, the forced-vibration problem is shown to require 
the possibility of extension in certain cases in which its 
neglecting in a free-vibration analysis is valid. 


INTRODUCTION 


N THE usual linear theory of the elastic behavior of naturally 
curved rods? it is assumed that during linear strains the 
length of the ‘central line’ (locus of centroids of the cross 

sections) remains invariant; that is, there is no ‘“‘extension.’’ 
This assumption is a carry-over from the case of an initially 
straight rod, but its validity for curved rods apparently has not 
been established completely. 

Our interest is primarily in the elastic vibrations of a ring seg- 
ment whose central line initially describes an arc of a plane circle. 
In its treatment additional confusion seems to have arisen due to 
Love’s derivation of his equations of equilibrium with several 
uses of the nonextension assumption, oddly followed? (Sec. 293 [c }) 
by the application of the equations to a case where it is not valid. 
We shall find that the form of Love’s equilibrium equations is 
actually correct even when extension is permitted, but the “‘stress 
components’’ and “couples’’ in the equations have different ex- 
pressions in terms of the displacement components. We shall 
establish the more complete equations for the radial and tangen- 
tial displacement components of “flexural vibrations,’’ and then 
show under what conditions these specialize to the nonextensional 
These conditions will therefore be sufficient, to our 
ralidity of the nonextension 


equations. 
order of approximation, for the 
assumption. 

Waltking* previously attempted to clarify these conditions. 
However, as we shall see later, his preliminary (and also common 
neglecting of the “rotatory inertia’’ of the ring results in the omis- 
sion of terms in the final differential equations for the strain com- 
ponents which are of the same magnitude as those he gains by 
allowing the length of the central line to vary. 

Since our results are obtained through straightforward modifi- 


! Hughes Research Laboratories. 

?*4 Treatise on the Mathematical Theory of Elasticity.’’ by A. E. 
H. Love, Dover Publications, New York, N. Y., fourth edition, 
chapters 18-22, 1944. 

3‘‘Schwingungszahlen und Schwingungsformen von Kreisbogen- 
tragern,”’ by F. W. Waltking, Ingenteur-Archiv, vol. 5, 1934, pp. 429- 
449. 

Presented at the National Applied Mechanics Conference, Urbana, 
Ill., June 14-16, 1956, of Tae American Socrety oF MECHANICAL 
ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until October 10, 1956, for publication at a later date. Discussion 
received after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, July 12, 1955. Paper No. 56—APM-2. 


CALIF. 


cations of Love’s analysis, the derivation will be detailed only 
where these modifications should be emphasized. Because it is 
practically important, e.g., in the study of aircraft structural 
rings, as well as due to the fact that it aids in the enlightenment 
of the problem of extension, we shall include also a radially 
directed applied force, sinusoidal in time, and variable in ampli- 
tude. 


DEFINITIONS AND Co-ORDINATES 


Consider first a thin homogeneous isotropic rod which may have 
arbitrary curvature and twist in the unstrained state, but which 
has a uniform cross section, a principal axis of which makes a con- 
stant angle 7/2 — fo, with the radius of curvature of the central 
line. Let Cy denote the unstrained central line of the rod and 8 
measure arc length along it. 

At an arbitrary point Py) on C, construct a co-ordinate frame 
(Zo, Yo, Zo), Where 2 is in the direction of the principal axis men- 
tioned previously, zo is in the direction tangential to C», positive 
in the direction of increasing 8. The y-axis is then chosen to 
complete a right-handed rectangular co-ordinate system. 

Similarly, construct a frame (x;, y:, 21) at P; on the “‘strained’’ 
central line C;, where P, is the image of Py under the strain. The 
2:-axis is to be tangential to C; in the direction of increasing arc 
length s,; the z-axis lies on the plane with z, which is tangent at 
P, to the strained rod material originally in the (x0, 2) plane; y 
is again chosen to complete a right-handed rectangular frame 
Let 4/2 — f, be the angle (generally different at different P,) be- 
tween the z,-axis and the radius of curvature of C;. 

Define the extension of Cy to be € = ds;/ds) — 1. Evidently, 
e = Oif, and only if, the length of the central line remains invari- 
ant in its transformation from C%j into C). 

The co-ordinate frames at P» on Cy and P; on C; can be related 
by a matrix of direction cosines L;, M,;, N,; as indicated by the 
following 


= 
vi Iz 


21 L; M; 


Finally let 8 be the cosine of the angle between the x, and yo- 
axes (so 8 = M,). For smail deformations, 3 is approximately 
the angle of rotation of the (zo, yo, 20) frame about an axis parallel 
to z in its transformation into the (z:, #, 2,) frame. 


GEOMETRICAL COMPONENTS OF (y AND C; 


If Py moves along C4 in the direction of increasing s» with unit 
speed, the (zo, yo, ze) frame will rotate about Cy with a vector angu- 
lar velocity whose components Xo, Ko’, To are, respectively, the 
“curvatures” at P» of Cy’s projection onto the (1, 29) and (29, 2 
planes, and the “‘twist.’’ If pe is the radius of curvature of C, 
at Po, then 


Ko = —(cos fo)/po, Ko’ = (sin fy)/pe 


Similarly, define the geometrical components k:, K:’, 7: of Cy 
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Static Equitiprium EquaTIONs 


Let X,, Y,, Z, be the components of the stress tensor acting on 
the cross section at P, of the deformed rod in the 2, y:, 2: direc- 
tions, respectively. These three “tractions’’ integrated over the 
cross section result in the “shearing’’ and “‘tensile’’ forces 


we ffxas, wea ffvaa, r= ff zaa....0 


and the couples 


G = ff yZdA, G’ = ff 22a, 
H = f fra, Xd A 


Under the application of body forces X, Y, Z and couples K, K’, 
@, per unit length of C,, the conditions for static equilibrium of the 
deformed rod may then be derived exactly as in Love* (Sec. 259), 
except for the retention of extension, to be 
dN /ds + x,'T 
dN’ 
dT /ds UN + KN’ 
~ KH 


-~ 1G + 


1s; + 71N 


KG" T 


EVALUATION OF Ki, Ki’, Ti 


Again, consider Py as moving with unit speed along Co, so that 


the (zo, yo, 29) frame has angular velocity (Ko, Ko’, Ts). Let P»* be 


an arbitrary but fixed point on C» and let J;, m,, n; be the direction 


cosines of the (x, #:, 2:) frame at P, relative to the (zo*, yo*, zo*) 
frame at P,*. Then when P» coincides with Po*, 1; = Ly, ete., and 

dl;/dse = dL, /dso Mito + Niko’ [5] 
with similar relationships holding for the other cosines (c.f., Love,? 
Sec. 290). 


ture of 


Furthermore (Love,? Sec. 253) equations of the na- 


ds; = lt le sw (6] 


also hold. Hence, for the cosines of a moving frame relative to 


a fixed one, 


ds 1 + €), We have, 


recalling from the section Definitions that ds, = 
when P, = Po*, a set of equations typified by 


dL, /ds 1 ' a zak," +€ [7] 


This can be solved for x, «:’, 7: following a preliminary evaluation 
of L,;, M,, N; 

Let (u, v, w) represent the displacement vector of P; relative to 
the (70, yo, 20) frame at Po. Let Ps’ be a point on Co distant ds» 
from Po, P;’ on C; the image of P»’ under the strain and distant 
Let (£, n, ¢) be the co-ordinates of P,’ relative to the 


ds; from P, 
Then, as a simple sketch makes clear, we have 


(Zo, Ye, 2 frame. 


Ns; = cos | 


Ze, 21) = lim 
6x, > 9 
28 


and similar expressions for Z;, M;. But (Love,? Sec 


im §—u_ du 


ian — > () bso dso 


lim 
5a) > 0 
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Equations [8] and [9] combine, using ds; = ds9(1 + €), to give as 
expressions for I,, M;, N; the right sides of Equations [9] multi- 
plied by (1 + €)~'. To the first order in the “displacement com- 
ponents’’ u, v, w, and their derivatives, the identity LZ, + M,? + 
N;? = 1 leads to an expression for the extension 


€ = dw/ds, like’ + UKe {10} 


whence it follows that 


ly = du asg + WKe" 
M, = dv/ds + 
Ni =1 


to the first order. As noted by Waltking,* the anomaly e < 0, 
apparently required by Love’s results in Section 289,? is now seen 
to be due to his neglecting the (1 + €)~' factor in the Z,y, M;, N; 
expressions, obtained from Equations [9]. This results in N, 
1 + ¢€, which coupled with the fact NV; < L, seems to require 
nonpositive €. 

Next, employing Equations [11], the identity M, = 8, 
orthogonality of the rows and columns in the array, [1], and the 
fact that the determinant of that array is unity one can directly 


obtain, to the first order 


the 


L, =1 V \ 


Finally inserting Equations [11] and [12] into [7] we may 


for C,’s geometrical components 
«(1 


where 


ToM; 


T, = Te + dB/dsq + Knolls + Ko'M, 


Ly, M, being given by Equations [11]. The barred quantities are 


Love’s components. If ki, x1’, 7 are now inserted into the Equa- 
tions of Equilibrium [4] and s, is eliminated, we arrive at 

dN /ds 

dN'/ds 

IT /ds K KN 
+ KH 


+ F$G+N(1 


dG /ds 7G 
IG i ) KH 
dH /ds «,'G 


+ KG T 


where Y = X(1 + 6), ete., are the b xly forces and torques pe 
unit length of Cp. Equations [15] 
equations, except for the factor 1 + 

When the body forces are of first order in the displacement com- 
, 80 are N and 


have the same form as Love's 


€ in the fourth and fiftl 


ponents, however (as we shall see specifically later 
V’, and consequently the factor can be dropped and Love's e jua- 
tions obtained. Nevertheless, we shall next find that Equations 
{15} are not identical to Love’s when they are expre ssed in terms 


of u, v, w, &. 


DynamicaL Equitiprium Equations tn Terms or Dispiact 


MENT COMPONENTS 


veen the present analysis 


The fundamental formal difference bet 


and Love’s now arises, The usual assumptions of the “ordinary 
? Sec. 259, where it is shown that 


theory”’ of elasti: ity (¢ f., Love, 


these remain valid when extension is included) for the stress 


couples and the tension are 
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= EJ Ak: — Ko) 


= EJ,(ki' — ko) 


C(n — To) 
= BAe 


where E is Young’s modulus, A is the (uniform) cross-section area, 
C is the “torsional rigidity,’’ and J,, J, are the moments of inertia 
of the cross section about the z and yo-axes, respectively. Be- 
cause K; = k;(1 — €), ete., the quantities in Equations [16] have 
basically different expressions from Love’s when the displace- 
ment components are introduced. Specializing to a ring whose 
central line initially is an are of a plane circle of radius a with the 
positive z-axis inward along the radius, we take fo = 1/2, 
whence Ko = 0, ko’ = 1/a, tT) = 0. Then, with s» = a6, we have 


G = EJ,a~*%a8 — d*v/d6*) 


G’ = EJ ya %u + d2u/d6? 


H = Ca-*%ad8 d0 + dv/d@) 


T = EAa-\dw/dé u) 

We may substitute these evaluations into Equations [15], to- 
gether with those of «4, «:’, 7; from [14]. Let us furthermore ob- 
tain the dynamical equations of equilibrium from Equations [15] 
by application of d’Alembert’s principle in the usual way. Con- 
sidering also a radially directed force per unit length of Co, f(9, t), 
and writing m for the mass of the rod per unit length of Co, we 


arrive at 
ON /00 + T' = mad*u/Odt? 
07/00 — N = 
0G’/d0 + aN(1 + €) = 1,0%g,/dt? 


maod*w / ot? , [18] 


and three other equations involving v, 8, and N’ only. The quan- 
tities ¢,, 7, are the angle of rotation and (mass) moment of inertia 
per unit length of Co, respectively, about the y-axis; thus 

¢, = sin g, = cos (7/2 —¢ Ly 


4 


19] 
le = my? 


where ¥ is the radius of gyration of the cross section about the 
jo-axis (perpendicular to the plane of the central line of the ring). 

The separation of the equilibrium equations into two sets for 
4, w, and v, 8, is possible because the angle fo = 4/2. The u, w 
set given by Equations [18] describes the flexural vibrations in 
which our interest lies; the rv, 8 set is identically satisfied by » = 
8 = 0. 

Inserting Equations [19], and using Equations [11] 
the third equation in [18] gives 


EJ ( ou O8u 
‘ is é 
as 06 06 


I, 2 (28 an (20) 
a ot \ 06 


This explicitly indicates that, to the first order, the 1 + € factor 
might have been dropped in Equations [15]. Assuming steady 
sinusoidal time variation with frequency w 


and [17], 
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f(0, t) = F(O)eP™, u(O, t) = U(O)e™, w(O,t) = WA) 


we may eliminate to obtain an equation for U alone and another 
for W 


U® + 21 + pg)U™ + (1 — g + 3pg + p%g*)U” 
+ gl + p— pq — p*g)U — [F"” + pq(l + p)F Ja*/EJ, 
= Q.. (21 


+ 21 + (1 
+qQl+p 


+ [F'(1 P 


q + 3pq + pq? Ww" 
pq — p*qg)W 
pq) + pF’ ja‘/EJ, = 0.. (22) 


+ pq Wwe 


where 


a)*, gq = ma‘w*/EJ, 


and differentiation is with respect to 0. Note that the homo- 
geneous parts of Equations [21] and [22] are identical 


CONCLUSIONS 


} 


Equation [22], with F = 0, compared with Waltking’s equa- 


tion® 


Wo + (2 + paw + (1 pq)w" + 


indicates, as stated in the Introduction, that his analysis, neg- 
lecting the rotatory inertia, has lost terms of the order of pg, 
significant when extension is considered. 

Both Equations [22], with F = 0, and [23 
nonextensional equation? (Sec. 293 [a}) 


reduce to Love Ss 


W® + 2Ww + (1—q)W" + qW =0 [24] 


whence it follows that the nonextension assumption is valid, when 
pq< 1.. This condition is implied when gq is not too large and the 
thickness of the ring in the radial direction is smal! relative to its 
radius. However, if the frequency is increased, g becomes large 
and thinness of the ring is not sufficient for the validity of the 


* 


assumption. Generally, for pg< 1, we must have w< w*, where 


»* = (AE/ma?* . [25] 


This last is just the natural frequency of pure radial vibration‘ 
(Sec. 68), as is seen from Equations [21] and [22] with F and / 
equal to constants, W = 0 


a*F,/(AE(1 — pq)] = Fo/m(w*? — w? (26 


Since this mode of vibration is inherently extensional, it is of 
course not surprising that w* limits the validity of nonextension 

A feature of the forced-vibration problem which may not be 
generally appreciated when an a priori nonextension assumption 
When pq< 1, so that the 


assumption is valid for “free’’ vibrations as we have shown, it is 


is made is evidenced in Equation [21]. 


valid for “forced’’ vibrations as well only if there are no values of 
6 where F” = 0, F # 0 (e.g., F cannot be constant For, near 
such values, the expression F” + pq(1 p)F is no longer domi- 
nated by F”, so that the usual form for the forcing term ob- 
tains,‘ but by pgF even though pq is small. The results of the 
extensional analysis presented here thus may be required even 


when wX w*. 


‘**Vibration Problems in Engineering,”’ by 8. Timoshenko, D. Van 
Nostrand Company, Inc., New York, N. Y., third edition, 1955 





Wave Propagation in an Elastic Rod 
pag 
Exhibiting Internal Coulomb 


Friction, Considered as a Model 
for a Ring Spring 
By E. H. LEE? ano A. J. WANG 


The problem of stress-wave propagation in a ring spring radially. When the load is removed, the friction betweer 


{ 


is considered. A ring spring consists of rings placed nor- __ rings has to change sign before sliding can oecur in the 


mal to the spring axis with alternate internal and external direction. A typical load-deflection curve is shown 
conical bearing surfaces. The friction between these sur- The curve deviates from a straight line only when the 
faces causes a loading-unloading relation which is strongly Fig. | approaches zero. After each e f loading and 
irreversible, leading to marked energy absorption for os- 
cillatory stressing. The attenuation of a pulse of stress is 
analyzed in detail as it is propagated down a spring of in- 
finite length. The influence of certain spring character- 
istics is evaluated. Concentration of the absorption of the 
total input energy is found in the region of the impact end 
of the spring, and particular examples are presented. 


@ or load 


INTRODUCTION 
RING spring consists of a series of rings having conical 
surfaces assembled as shown in Fig. 1. A general de- 
scription and the method of design of such springs are 
A. M. Wahl (1).4 When an axial compressive load is 
Fic. 2 Loap-Der.tecrion Re.tation ror A Rino Serine, Wa 
REPRESENTS STRESS-STRAIN RELATION FOR THE EQUIVALENT R 
ConsiDERED as a Continvous Mopet ror Wave-PRopAGATIO? 


STUDIES 


ing, a large hysteresis loop is obtained with corresponding 
energy dissipation. The spring constants of the loading a 
loading strokes depend on the dimensions and material 
rings, the angle of taper of the conical surfaces, and the 
efficient of friction at these surfaces 


In the present paper we consider a semi-infinite ring spr 

SEGMENT OF A RING SPRING subject to a pulse of load at one end. We are concerned with tl 
motion of the spring and the forces between the conical surfaces 

applied, sliding occurs along the conical surfaces with the result rhe stress distribution within the ring itself is not considers 


that the inner rings are compressed and the outer rings extended However, the stress can be found by the method described i 


reference (1), since the forces on the conical surfaces are know 


1 This work was sponsored by the Ballistic Research Laboratories and the lateral inertia effects in genera! will be negligible 
n Py ne Grouns inde ‘o ¢ -19-0290- 5 . . 

Aberdeen I g Ground, under Contract DA-19-020-ORD-798, with Similar to the treatment of wave propagation in heli 
Brown University. Permission to publish is gratefully acknowledged - ve ad ae with 
2 Profess ,Y ; Ay plic d Mathemati« a Brown University ’ Providence pre ssion springs yA we may ¢ a er ror i. pri iz wi 
R.I rings an equivalent continuum problem. This is a one 


3 Former! tesearch Associate in the Division of Applied Mathe- sional wave-propagation problem for a material that obey 
‘ . re , versi > , > » R } . ‘ 1 
matics, Brow - ity, Providence, R. I. stress-strain relation shown in Fig. 2. By formally asso 
‘Numbers in parentheses refer to the Biblhography at the end of " 
} 4 unit cross-sectional area with the spring, the total spring It 
the paper sere 
Presented at the National Applied Mechanics Conference, Urbana, written as the stress ¢. The Young’s moduli £,; and £ 


| 3 correspond t 


Ill., June 14-16, 1956, of Tae American Socrety or MECHANICAL loading and unloading processes, respectivel) 
ENGINEERS ane t | { he as f 
» — . . pring constants per unit spring leng h tor the same processes 
Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 


until October 10, 1956, for publication at a later date. Discussion 


the ring spring $y adopting this analogy we can make us 
the methods developed in plastic-wave-propagation 
received after the closing date will be returned for example see (3 to 5 

Nore: Statements and opinions advanced in papers are to be The 
understood as individual expressions of their authors and not those of 
the Society Manuscript received by ASME Applied Mechanics W4Ve Interaction It presents a more complicated probler 
Division, June 13, 1955. Paper No. 56—APM-5 will be treated in a subsequent paper 


case of a ring epring of finite length involves reflec 
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MATHEMATICAL PROBLEM 


We consider a semi-infinite rod of uniform cross section made of 
material that obeys the stress-strain relation shown in Fig. 2. In 
the figure, 7, € denote the nominal compressive stress and strain, 
respectively, and these correspond to the total spring force and 
the deflection per unit initial length. The material will follow 
the path 01 during loading and paths 12, 20 during unloading. 
A reloading at point 3 will follow 34 and then 41. The rod is sub- 
jected to an impact at the end causing a constant stress o» from 
time t = O tot = & The stress and strain distributions in the 
rod are studied. These results can then be interpreted directly 
as the force and the displacement distribution in the ring spring. 

Let x be the distance measured from the impact end along the 
initially unstrained rod, m be the mass per unit length of the rod, 
E, and E; be the slopes of the lines 01 and 02 in Fig. 2, respectively, 
u be the displacement of a section measured from its undeformed 
position, and v be the section velocity. This represents the so- 
called Lagrangian choice of variables. We shall consider com- 
pressive stress and strain as positive. The one-dimensional equa- 
tion of motion is 

O7u Ov 


s—mi— = —m— 
Ox ot? 
The relation is represented by three different 


equations 


stress-strain 


z _ du ) 
Along 01, o= Ee = —E, — | 
or 
const 


Along 12, €= 


Along 20, o = Ex 


Combining Equations [1] and [2], we have the following equa- 
tions 
0’ 


Along 01, — 
long On 


Along 12, 


¥ o'a 


ot? 


Along 21, = 
; Co2 


where me,? = E; and me,? = £3. 


The boundary conditions are as follows 
Atz =0 


Gc = 0 


¢=0 


0<t<% | 
> 


u<t } 


The initial conditions are 


At 


ti=0, o=v=e€e=O0forallz [6] 

All of Equations [3] may be regarded as hyperbolic and they 
can best be solved by the method of characteristics. Thus the 
entire problem is solved by matching the different solutions in the 
different regions. Basic concepts of the application of the theory 
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of characteristics in one-dimensional problems are given in refer- 
ence (6). Here, we shall recall the following relations: 

Equations [3a] and [8c] have the sets of characteristics dr/dt = 
sc, and dz/dt = +c, respectively. Along these characteristics, 
the following relations hold 


mew + o¢ = const along dz/di 


mew — o = const along dxr/dt 
where the subscript i takes on values 1 or 2. 


Equation [30] can be integrated directly, giving 


o = f(t)x + gt [8 


Thus, along a line ¢ = const, g = az + b; i.e., the stress varies 
linearly with z, The line ¢ = const can be regarded as a de- 
generate characteristic with dr/dt -+ ~ and o = ar + b as the 
relation along it. 

If lines of stress discontinuity occur, the following similar rela- 
tions are obtained from the equations of continuity and momen- 
tum change. For a stress discontinuity traveling in the +c 
direction, we have 


(mev — 7), = (mev — o). i9 


where the subscripts 6 and a denote points just before and after 
the stress discontinuity (stress-wave front). For a stress discon- 
tinuity traveling in the —c-direction, the following holds 


(mev + 7), = (mcv + o),. 10 


SOLUTION OF PROBLEM 


We shall make use of the z — ¢ plane shown in Fig. 3. The 
stress ¢ = gis applied at z = O from? = O tot = &, represented 


i’ 
Mi 


Fic. 3 CONFIGURATION OF Wave FRonTs IN (2, t)-PLANE 


Loading occurs at impact end along OD, OL is the loading wave front, and 
J the boundary across which slippage in unloading commences 


by the interval OD. Fort > t, the stress is removed, ¢ = 0 along 
DM. OL is the loading wave front traveling with velocity dx/di 
=c¢,. Ahead of this line, the rod is unstrained, and OL is a line 
of stress discontinuity. Since loading always follows the path 01, 
Fig. 2, the line OL remains straight until the stress discontinuity 
across it vanishes. DA is the instantaneous unloading wave 
corresponding to the path 12 in Fig. 2. DJ is the unloading 
wave corresponding to the path 20, having a slope of dz/dt = co. 
Between OL and DJ, each section undergoes unloading at con- 





LEE, 
stant strain Above DJ, the unloading takes place with the 
stress-strain ratio equal to £3. The propagation of unloading 
waves for the ring spring is closely related to that in a plastic 
3, 5 


, 


material 

To solve the problem by the characteristic method, we start 
from the boundary and initial conditions, Equations [4] and [6] 
i egion ODA The jump condition [9 


boundary condition along OD are sufficient to 


i.e., we solve the first. 
across OA and the 
determine the stress and strain distributions inside this region 
With stress along OA known, the stress along DF is obtained by 
the factor (£2/F, 
t plane represents the same section in our Lagrangian repre- 
Along 


multiplying it by because a vertical line in the 
z- 
sentation, and the section unloads with constant strain 
DA, we may regard c as being infinite, according to Equation [9 
for finite stress jump across DA, the velocity should 


The region FDAC can thus be solved by using the 


then be 
continuous 
condition along DA as initial condition and the jump condition 
across AC and the stress ilong DF as boundary conditions. With 
known, multiplication by the factor (F£2/E£, 


the stress along A( 


For the same reason as before, there is 


The same 


gives the stress along FJ. 
no velocity discontinuity across CF process is re- 
region JFCL. The 


gion between the loading and the 


peated for the next solution in the entire re- 


unloading waves can be built 
up in this manne 

The region behind DJ is solved from the boundary condition 
along DM and the jump condition across DJ 


We shall follow 


{ 


7 
the foregoing procedure to find the stress and 


For convenience, we shall intro- 


Let 


strain distribution in the rod. 


due the following dimensionless variables: 


also denote 


then 


The relations [7 | become 


* 


= const along dr*/di* = 


and 


= const along dr*/di 


Y and {10 become 


o*), across dz 


* 


o*), dxr* 


across 


= 0 across dr* 

For convenience, we shall drop the asterisks in the following 
In the region OAD, ¢ = 1 along OD; the jump condition [15] 
across OA gives v = o for any point on OA. Using the relation 
v — o = const in Equation [13] we obtain» = 1 alongOD. The 
uniform in the 


relations [13] give ¢ = v = 1, € = & = (00/E 
entire region. Since no unloading is considered up to this stage, 
the foregoing solution is identical with that for a linearly elastic 
material with stress-strain relation 01 in Fig. 2. 

In the regions between the two lines OL and DJ, all vertical lines 
represent an unloading going on at each section with constant 
strain (e.g., along 12 in Fig. 2). The strains along such lines are 


WANG—WAVE PROPAGATION IN 


RING SPRINGS 


» definiti #f strain and velocity 


I rom the 


velocity inside the 


independent of time 


one can show that the region is independent 


x. Hence the velocity along a horizon mstant ar 


igid bod 


segment Is Moving as ar 
In the region FDAC, the stress alon 
The rigid-body motior 


and DF is therefore 


This is also the 


Ak ng F, 


stress Op, 


This is used as an initial condition to determine velocities in t! 


next 
The stress varies linearly along BE from og, represented 


region. 
Equation [20] to 7g, = y*. For the section 


time ¢ is 


Equation [22] also represents the stress history between AD and 
CF for any section 2). 

In the region JFCL, the stress along FJ = y*o,,; along CL it 
is again v according to the jump condition. The rigid-body mo 
tion for a horizontal segment GK between CL and FJ is governed 


by 


Note that ¢, appears on the right-hand side; it must be changed 


to lg, according tots = ¥ lg - 1), before integration Accord 


ingly, we must integrate 


(1 
‘ 


and 
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The integration constant is determined by Equation [21] and For any point P along DJ, Equation [14] provides 


equals 
Y’pa T Spa = Y l Y 


ly? + (1 — 2) VO-Y — 4] + WX + y) it 
Y ry Y Y bleed Across DJ Equation [16] provides 


Hence 
Y’Pa Tpa = Upp o pp 
Tit — ah + PO e | . 
= y(1 + 7) In [y(1 v)t + y4] Since ope and T py are found in the previous discussion, Equa- 
tions [26] and [27] give the stress and velocity variation along 
TU = FE 4A bs DJ. These equations continue to be valid as long as op, < op, 
i.e., before the stress discontinuity across DJ vanishes. After such 
a point, if we still use these equations, we shall find gp, > o 
ye + yew which means that the section is subjected to loading again. How- 
1y*1 + ¥) In [yl — y]t + y?] ever, loading has to follow a different path, namely, 34 and then 
+ (1 — y*)[y? + yV/U-> 23} 41 in Fig. 2, and the foregoing equations are not applicable. 
Along DJ produced after the point P where gp, = ap, ther 
This is also the stress ox, along CL, are two possibilities; i.e., the section will or will not have a stress 
Along JL discontinuity. Stress discontinuity can only occur in loading 
l l along the path 34. It can be shown that this possibility leads to 
y + y? incompatibility in the velocity solution. Hence our problem is 
to determine the trajectory PY (Fig. 5) across which the stress is 
y1+ y)Iny 
+ (1 — ¥*)[y? + yVO-v)} 24) y: 


This is used as an initial condition to determine velocities in the 
next region. 

In the next region the stress along DJ produced is y2a0x, and 
the stress along OL produced is still v. As we can see, the equa- 
tion for determining v becomes progressively more complicated, 
and numerical analysis is needed. 

The s ee variati ‘ . ading wave 1‘ . 

The stress variation along the loading wave OL up to so 1S Dean os Commeeenaeeen ws (a Ose aue 1? Temenos 

or UNLOADING SHock Wave 


* 


+ 
Y ci 


continuous, An analogous problem arises in determining the 
is plotted in Fig. 4 for y? = 1/2and1/4. The case y = Owillcon- _plastic-unloading boundary in the plastic-wave problems (5). 
sist of region AC only, Equation [20] gives o = 1/t; thus the The section after crossing PY may still load along 34 in which 
stress discontinuity along the leading wave does not vanish in ase it is PY, or unload along 30, in which case it is PY¥;. The 
finite time. This is also true for all other cases. general method of solution is the same, but one of these alterna- 
In the region DJM, we shall make use of the boundary condi- _ tives will lead to a contradiction. In each case we have a set of 
tion ¢ = 0 along DM and the jump condition along DJ. First three equations to determine the locus of Y. In the case of Y; 
we have to find out the conditions at D. Equation [16] across 1-€., loading, these are one equation of motion of the rigid body 
DJ at D gives Y,N and the two relations along the characteristics Y,H and 
Y,G. These equations suffice to determine the stress, the ve- 
Y’Da Tpa = Yor Tp locity, and the position of Y,;. In the case of Yo, there are one 
Since gp. = 0 is given, tm = 1, om = equation of motion of the rigid body YN, one relation along 
the characteristic Y:J, and the relation giving cy, = y’og. The 
Upa = 1 7. , {20} equations also suffice to determine the stress, the ve locity, and 


o/e, 10; 


elastic case 


s— 


Fic. 4 Force VARIATION aT THE Loaoinc Wave Front ror Dirrerent SPRING DesiIGNns 
Small y is associated with high friction ard widely separated loading and unloading lines in Fig. 2.) 
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the position of Y,. For actual illustration, we refer the reader to 
“Wave Propagation in a Finite Ring Spring,’”’ by E. H. Lee and 
A. J. Wang, Brown University Report DA-798/21 not yet pub- 
lished 

To find the stress and velocity distribution inside the region 
DMJ by the characteristic method, we still have to find the 
velocity at the impact end. 


Along GQ in Fig. 3, Equations [14] give 


Note, however, that each of these 


ited to ft 


points Is § 


» by 


they are re Q 


With the help of Fig. 4, vg is obtained from Equation [29] and 
it is plotted for the cases y? = 0, 1/4, 1/2, 1 in Fig. 6. Integration 
espect to time gives the displacement of the impact 
The displacement at the im- 


fo, while for the cases y? = 1/2 


of vg with 

This i 
pact end for the elastic case is ¢ 
{, the part of the solution carried out appears to indicate 


end. s also shown in Fig. 6 
and l 


approach to a greater value 


Displacement of impact end 


y=! (Elastic case) 


Velocity of impact end 


— 
3 


3 
DrisPLACEMENT AND VeLocrty aT Iwpact END FOR 
SEVERAL Sprinc DesiGcns 


3, Equations [14] give 


those for the 


If the co-ordin 
points Y and 


0 


uation [31] is readily 


With the help of Fig. 6, Eq 
ENERGY DISSIPATION 


The work done by the external force is eq ial 


WAVE PROPAGATION 


IN RING SPRINGS 


At each section, after a complete cycle of loading and unloading 
the enclosed area 012 in Fig. 2 represents the dissipated energy per 
unit length of spring. The dissipation process goes on indefinitel) 
because the stress discontinuity along the loading wave front O/ 
does not vanish. From the known stress distribution along th« 
rod, however, we find that the major part of the dissipation takes 
place near the impact end of the rod. 
Energy dissipation in the section between z = 0 to. 


This assumes a single loading cycle, so that this value represents 
If the stress oscillates as a result of reflection from 


This co! 


a minimum 
the wave front, the energy dissipated will be greater 
sideration also applic s to the analysis which follows 


Energy dissipation in the section between z 


tions can be obtaine 


are algebr rically 


The expressions for the remaining se 
but they 


compl 


t} 


straightforward manner, 
For ¥ : 
mut, the next section 22 per cent of the input 
I I I 
ind the 


1/2 the first section dissipates 25 per cent of 
For ¥ 


first section dissipates 33 per cent next section 28 pe 
I I | 


of the input 


DIscuUSSION 


The solutions discussed in the paper illustrate the interna 


flections associated with the propagation of an unloading wave 


a ring spring. These are caused by the theoretically infi 


natant 
cons its 


locity of propagation associated with the initially 


unloading path in Fig. 2, and the speed of propagatior 


subsequent unloading process which is less than the initia 


* speed 


influence of the unloading process Or 


shows the 


of the loading wave front. In the elastic 


ocess 18 exactiv the lo 


propag ited aft 


speed i so the unloading wave never overtakes the 
I 


wave, and the amplitude of the latter remains constant, 


values of y, the unloading caused by the remov 


stress at the Impact surlace is propagated in part at theore 
infinite speed and produces a gt vidual reduction of the amput 
values of y, the m 


the loading wave front. For smaller 


of the stress decrease which is propagated at high ve 
with a conse juent enhanced attenuation of tl 


For y = 0, the 


creases, 


wave front value which can be ¢ 


duce the 


front decreases as 1/t 


the stress 


maximum attenuation 


The decrease in stress at the loading wave fro 
measure of the effectiveness of the unloading process 
tribution of stress behind the wave front determines the 


tion of strain and so the motion of the impacted end. While 
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stress is applied, springs for all values of y behave as does the 
elastic case; the velocity of the impacted end maintains the con- 
stant value v as shown by AB in Fig. 6, and the end displace- 
ment increases linearly with the time as shown by OB. When the 
stress is removed the motions of the impact end depicted in Fig. 6 
arise. In the elastic case, y = 1, the unloading wave reduces the 
stress to zero, and it maintains the value zero for all sections 
across which the unloading wave has passed. The velocity of the 
unloaded material is zero; and the impact end remains at rest. 
As ¥y decreases, the velocity reduction decreases, so that the end 
displacement continues to increase for a period as shown in Fig. 6. 
Thus the decreased attenuation at the loading wave front with in- 
creasing ‘y discussed in the previous paragraph is compensated by 
an enhanced unloading behind the wave front which causes a re- 
duced end displacement with increasing y. For y = 0, no re- 
covery of strain occurs, and the velocity decreases as 1/t with a 
consequent unbounded increase in end displacement. The end 
displacements for other values of yy fall between these two ex- 
tremes, and appear to be asymptotic to values greater than that 
for the elastic case. However, it was not possible to determine 
this limit analytically. For y = 0, recovery of strain would only 


occur at zero stress which is not reached in the present example. 
The strain produced is therefore effectively permanent and the 
problem closely resembles a plastic-wave problem. 

The finite displacements after unloading exhibited by the fore- 
going solutions arise because of the infinite extent of the spring 
and the ever-increasing length of the spring subjected to stress. 
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For a finite spring subjected to a cycle of loading which falls to 
zero after a certain duration, the load-deformation relation de- 
picted in Fig. 2 demands that the displacement must also reduce 
finally to zero. This is in contrast to the present solution. 

It might be mentioned that the present analysis assumes that 
the gap 6 shown in Fig. 1 does not close. For larger strains result- 
ing in closure, an analysis similar to that discussed in (2) will be 
necessary to allow for the effective increase in stiffness associated 
with closure waves. 
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On the Theory of the Acceleration Damper 


By CARL GRUBIN,? SANTA MONICA, CALIF. 


The acceleration damper reduces the vibration of a 
mechanical through momentum transfer by 
collision and conversion of mechanical energy into heat. 
A typical unit consists of a mass particle moving in a con- 
tainer fixed to the primary vibrating system. The direct 
problem is to determine the motion of a single-degree-of- 
freedom system with a damper, when the driving force is 
The inverse is to determine the charac- 


system 


simple harmonic. 
teristics of a damper for reducing the vibration of the same 
system to a prescribed value. Numerical results indicate 


that the damper is most effective at resonance. 


NOMENCLATURE 
The followmg nomenclature is used in the paper: 


= primary mass 
= particle mass 
= m/M 
= absolute co-ordinate of V/ 
= co-ordinate of m relative to MV 
me 
nondimensional time varying from 0 to 1 
nitial time 
time of first collision, second collision, ete. 
irbitrary initial time for steady state 
= coefficient of restitution between M and m 
= container length 
spring constant 
viscous-d amping coefficient 
natural frequency of primary system 
lrequency of sinusoidal driving force 
f 
0?) /? 
ady-state amplitude of primary system without 
acceleration damper 
steady-state phase angle between motion of pri- 
mary system and driving force without ac- 
celeration damper 
discontinuity of M 


varies with each collision but assumed constant 


velocity due to collision; 


in second section 


p = a/A 


1 This paper is based on the dissertation submitted by the author 
to the Polytechnic Institute of Brooklyn in partial fulfillment of the 
requirements for the PhD degree in Applied Mechanics. The work 
was carried out under the sponsorship of the Office of Naval Research, 
first at the Polytechnic Institute of Brooklyn, and later at Rensselaer 
Polytechnic Institute. A short version of the paper was read before 
the Eighth International Congress of Applied Mechanics in Istanbul, 
Turkey, August, 1952, by the dissertation adviser, Prof. Paul Lieber. 

? Designer, Automatic Controls Section, Douglas Aircraft Company, 
Inc. 

Presented at the National Applied Mechanics Conference, Urbana, 
Ill., June 14-16, 1956, of THe American Society or MEcHANICAL 
ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until October 10, 1956, for publication at a later date. Discussion 
received after the closing date will be returned. 

Norte: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, June 13, 1955. Paper No. 56—APM-10. 
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sin nA@ exp 
1 I 


INTRODUCTION 


» acceleration damper is a device for reducing the vi 


amplitude of 
momentum transfer by collision and the conversion of m« 
into heat 


energy A typical unit consists of a mass parti 


strained to move in a container fixed to the primary 
svsetem 

The use of this device 
Lieber * In their ar 


tion of the primary system is simple harmonic and the cos 


ind Jense1 alysis they assume 


ot restitution is zero 


he dissipated ina Cc) cle 


ampiutudae In the present paper ho a prior! assumpt 


made and the coefficient of restitution is finite 


a mechanical system through the mecha: 


was conceived and first investigats 


that t 


They determine that maximum energ) 
when the container length is 7 tir 


The paper investigates the motion of the classical single-d 
I £ 


of-freedom system subjected to the action of a single 


The objectives of the analvsis are twofold: 


damper 


1 Determine the motion of a given system with a giver 


lirect problem 
2 Determine the damper parameters necessary for 


the vibration amplitude of a given system to a prescrib 


inverse probiem 


Two solutions are obtained for the 
motion of the primary mass and the particle. The first, t! 
the det 


system from collision to collision. Thi 


satisfies initial conditions and 


the 


plete solution, 
the motion of 
lation is tedious and does not lend itself toward solving the 


problem defi in the foregoing. The second solutior 


veloped by assuming the motion to be steady state. 


is simple from the aspect of computation and permits 
tion of the inverse problem. For a sufficiently large nur 


collisions it is found numerically that the 


motions pred 


the complete and steady-state solutions are in excellent 
ment The calculations also indicate that the damper 
at the resonant condition. 


effective 
ANALYsIS 
A model of the system considered is s} 


C'on piele Solution. 


velopment, Design, ar 
Jensen, Trans. ASM] 


**‘An Acceleration Damper: De 
Applications,”’ by P. Lieber and D. P 
1945, pp. 523-530. 


CRM. caicae « 


Fic. 1 Mope. or System 


This sol 


equations governil 


ition 


own in 


is 
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Fig. 1. The equations of motion for M and m, assuming no fric- 
tion between m and its container, are 
d?X 


dX 
M +C 


+ KX = Fysin 2 
de di Fo sin Qt 


d*r 


dt? 


d?X 
dt? 


where z is the co-ordinate of m relative to M. 
The initial conditions are at 


X =X, == IX 
=) ax (2 \ dz (* 
| dt \dtJ/e (| dt \adt Jy 
The solutions to Equation [1] satisfying [2] are 


, Ao . 
X = exp [—é(wt — wh)] | — sin n(wt — wh) 
n 


+ By cos n(wt — wt) + Asin (Qh—y 


: P dX dx 
a=u—X+ Ketan | (' ) + ( ) J « to). .{3 
dt i) dt 0 
where 
K\' 
” M 


C/Ce 


2(KAM 


l dX Q 
5B, + ( ) A 
w dt J» w 


Xo 


- A sin To 


tan = 
as 1 — (QQ? 


The 


collision is assumed ideal in that the positions of M and m remain 


Solutions [3] are valid till t,, time of the first collision. 


fixed while their velocities are discontinuous. Therefore new 
solutions are required for X and z after t,. 

The time 4 is obtained by setting z equal to the co-ordinate of 
Thus, taking the position z = 0 as 


midway between the ends of the container, the equation for ¢, is, 


either end of the container. 


from Equations [3] 


d 


9 


+ ((2),+(&) Jo 


In Equation [4] the + or sign is used according to which 
Now a 


[4] is transcendental 


yields the smaller value for t,, consistent with 4 > bh. 
fundamental difficulty occurs, for Equation 
in ¢; and can only be solved numerically. It is precisely this dif- 
ficulty which prevents the solutions from being developed ana- 
lytically beyond the first collision. 
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With ¢, determined numerically, the solutions for X and z in the 

region t, < t< t, (tg = time of second collision) are obtained as the 

solutions to Equations [1] with the initial conditions at 


me ™ d 
X = X, =s 


{ : 
dX (4 dx ( dz 

_ dt dj, | dt \dt/i, 

In Equations [5] the value of X, is obtained from 


ing t = t,, while + or —d/2 is used for z according to which value 
has been used in Equation [4] (continuity of 


[3] by substitut- 


displacement 
However, for the velocities 


dX dX dX 
(s ), = G ). +s ( dt ) 
‘ (= 
me 7 
(@),,---(@) 
= € 
dt 1+ dt le 


where A(x dt), = velocity discontinuity of M att 


M y 
\ 
(1 + p) 


w= m/M 
e = coefficient of restitution 
The 


and following the collision at t. 


and + subscripts designate time immediately preceding 
The second of Equations [6] is 
the definition of the coefficient of restitution, while the expressior 
for the velocity discontinuity is obtained from simple collisior 
The values of (dX /dt), (dx /dt 


Equation [3] with ¢ = 4. 


theory.‘ and are obtained from 


With the motion determined for ¢ i < th, the time & is de- 
termined similarly to4. The procedure can be continued and the 
motion determined from collision to collision. In general, this wil 
be impractical computationally, for many collisions may have t 
be considered before the motion settles to an average value, if it 
does at all 
Steady-State Solution. It is possible to develop an exact steadv- 
state solution from the foregoing equations This stems from the 
observation that after n collisions (n = 1, 2, the solution car 


be written as 


X sin nwt wt 


where X is the motion of M in the absence of the d iumper and is 
given by Equation [3], A(dX /dt), 
M at ti, and t; is the time of the jth collision 

Solution [7 | 


is the velocity discontinuity of 


and the 
appropriate initial conditions at each t;, lor the displac ements are 
the 
Each term in the summation represents the effect 
that [7 the 
identity of each collision preserved therefore, Equa- 


satisfies the equation of motion of M 


continuous while the velocity is discontinuous by 
A(dX /dt) ;. 


collision so 


amount 


of a is the complete solution with 


Formally 
tion [7| describes the motion of M between the n and (n + 1)th 
collisions. However, it is useless for calculation since A(dX /dt), 

*See, for example, ‘‘Applied Mechanics-Dynamics,’’ by G. W 
Housner and D. E. Hudson, D. Van Nostrand Company, New York 
N. Y., first edition, 1950, pp. 79-81. 
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and ¢; are unknown, and must be determined by the collision-to- 
collision calculation discussed previously. 

Now the steady-state solution will be obtained as the value 
For the first term this 
the well-known 


asi— oo, 


X 0 


t->o@ 


approached by Equation [7] 


presents no difficulty since approaches 
steady-state solution for a single-degree-of-freedom system. How- 
ever, the behavior of the summation term for t — © (hence: also 
is unknown, although it is clear that for the damper to be 


that of 


n—~ « 
effective, its limiting value must substantially 
xe It is interesting to note that ast,n— @ the effect of the 
to 

collisions which occurred relatively early in the motion becomes 
less and less significant owing to the attenuation factor exp 
{ increasing, ¢; fixed). nly those collisions which 


cancel 


l b(wt we, 
occurred relatively 
tribute significantly to the damping action 
the effect of an individual collision is attenuated, another effect 
arises with every collision, and the damping action, if indeed there 


ime under consideration con- 


Therefore, although 


near to the 


is any, remains essentially continuous. 

The assumption ol a steady state implies that the period is that 
of the forcing 27/2. In addition, it is assumed 
that during the period two collisions occur at equal time intervals, 
This implies that the velocity 
Thus 


function 7 = 


one at each end of the container. 
liscontinuities are of equal magnitude but alternate in sign 


wr 


vhere A(dJX /dt) is to be determined. 
In Equation 7 


Noting by Eq 


let the summation term be defined as XY" 


tations [8] that 


can be expresse 1; 


2iX "NW 
A(dX /dt 


w here 


(wl Wl 


The series in Equation [11] may be summed, and afterward we 
may allow i,n — 

* This appears reasonable intuitively, although steady states with 
a greater number of collisions may also exist. 


THE ACCELERATION DAMPER 
The sum of a geometric series 1s 
‘ Zi 
| Z 
where Z may be a complex number 
1] 


2/| to 


Applying Equations [12 ind simplifying gives 


X™nwA exp [d(E nr 
A(dX /dt 
= exp (6A 


ndr 


nd) sin nE + sin n(£ nd) | 
A) ¥ sin n[— — (n + 1)A]} 


] 

;exp 
£ 
S 


}exp sin 7 
where 
A = 2(cos nA + cosh 6A) 


The upper and lower signs in Equation [13] are associated with 
It can be shown that 
Before 


even and odd values of n, respectively 


ultimately the choice of signs is immaterial allowing 


n—- we note that by the first of Equations [8] 


4 
¢ 


In Equation {7} the range « is f t Inspecti 
14] then suggests 


ve introduced, such that 


i. quations that a new independent variabl 


Using Equations [15) and [14 i ; d allowing 7 


gives 


fexp [6A(1 0 sl! 8 
nwA — ’ 
A(dX /dt 
6X8) sin ACI 


exp 


Combining Equation 

VM is 

A(dX /dt 
nwA 


{1 sin (S$ QO 


mw 


where the symbol ~ is used to indicate “behaves as’’ since 


mains to show how the variables ¢ and @ are related 
From the definition of @ it is seen that a collision oceurs wher 
6 = 0 and the succeeding one occurs when @ = 1 Designating ¢ 


is the (arbitrary) initial time of the steady state, the relatio 


tween ¢ and @ is therefore 


since for 6 = 0, ¢ = t, and for @ lt=t, + 7/2. Equation 


pre vails for the first half cycle o while for 


18 f the steady state 


the second 


Using Equations [18] and [19] in [17] and defining (Qt, 
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T,, the motion for the two half cycles of the steady state becomes 


A sin (70 + 71,) 
A(dX /dt) 
~ : Q(0 0<6<1 
nwA 


_ A(dX/dt) 


A sin (76 + 7,) + Q(6 


nwA 


It is noted that the + appearing in the first of Equations [20] is 
changed to * because of the additional collision at ¢ = t, + w/Q. 

Summarizing thus far, Equations [20] are exact steady- 
state solutions of the first of Equations [1]. In fact, Q(6 
is an exact solution to the homogeneous equation associated with 
Equations [1], while the first term in Equations [20] is, of course, 
a particular solution to the complete Equation [1]. In order to 
uniquely determine the motion it remains to calculate A(dX/dt), 
and sin 7,, cos T,. The former is a measure of the intensity of 
the collisions, while the latter determines the “‘phase’’ between 
the two terms in Equations [20]. These unknowns are determined 
by enforcing the steady-state motion of the particle and its relation 
to the motion of M. 

The motion of m is governed by the second of Equations [1], 
and the solutions to this equation, accounting for collisions on the 
left side of the container (x = —d/2) at ¢ = ¢,, and on the right 
xz = +d/2) att = t, + w/Q, are 


a ay 
2 |\a/, 


Tv 
t,) ii<t<t+— 


side 


+[(2) 


t,+ 


In Equation [21] the solutions X® and X® refer to Solutions 
[20] for the two halves of the cycle, and Xq and (dX /dt), refer 
to the values of displacement and velocity obtained from X™ by 
setting 9 = 0. The quantities Xy‘ and (dX /dt), have similar 
meanings. The initial relative velocities (dz/dt)g", (dx/dt), 
remain to be determined. 

The steady-state motion requires that the following conditions 
be satisfied 


a, 


a) = 


( dz \™ 
dt 0 = . dt 1 
( dz \\) dx \ 
_— _ me he 2 
dt 1 dt 0 ) 
where the subscripts 0 and 1 refer to conditions at @ = O and @ = 
1, respectively. The second and third of Equations [22] relate 


conditions at the beginning and end of the cycle, while the first 
and fourth relate to the intermediary collision. The final con- 
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ditions to enforce are those which relate the velocity discontinuity 
to the relative velocity before collision. They are (c.f. first of 


Equations [6]) 
dx d " 
ja 
dt Junt2/0 at ), 


dX dx \® 
af= wats ) 
(2). 0 (=) 


Substituting Equations [20] and [21] into [22] and 
duces the six conditions to four independent ones for determining 
A(dX/dt), sin T,, cos 7,, (dx/dt)s, and (dx/dt),. By further 
manipulation the system may be reduced to a single equation in 


[23 re- 


the unknowns sin T,, cos T,, viz 


p = 2sin 7, + H cos r, 24) 


where 
¢? 
tu Q (0 
d@\, L Ww 


8B: = eS 


(Que—l+e 
Q(0) = —sin nA 


dQ/d0)y = A[n exp (6A) + 4 sin nA + 7 cos nA 


dQ dé 1 = A[n exp —dr —_ 6 sin n\ 7 9 COS n\ 


The solutions to Equation [24] are 


l 


— 20 + Hi H? 
(H? + 4) ‘~? 


] 


nen fel 2 Bee 2 
(H? + 4) = 


cos T, = 

where either set of signs may be chosen. (These have no relation 

to the double signs appearing in Equation [13].) Equations [25] 

that the container length d cannot be arbitrarily large, in 

fact, 0< p? Ss H* + 4, at risk of having sin 7,, cos T, become com- 

plex numbers. Physically this means that if the container length 

is too long a two-collision-per-cycle steady-state motion is not 
possible. 

With cos r, determined the value of A(dX /dt) is found from the 
relation 


A(X /dt) 
AnwA 


eee, 8 
~ * TaQ/d0), — B,(dQ/d)o) 


cos T,. . [26] 
Expressions for (dz/dt)s“ and (dz/dt), also can be obtained. 
They are useful for computing the relative motion, and are given 


by 
(= ) » ( dr ) 2 
as dt J» 


h 
[(dQ/d0), — (dQ/dO as 
T ‘ 


7 cos T, + 
It remains to discuss the double set of signs appearing in Equa- 


tions [25]. Either set may be chosen, and associated with each 





GRUBIN—ON THE THEORY OF THE 


value of cos r, will be a value of h. Thus it appears there are two 


possible steady-state motions. No analytical criterion has been 
found as yet for deciding which of these occurs in practice, if in- 
deed either the 
steady-state solutions are in excellent agreement with the com- 


However, numerical results obtained from 


plete solution if the lower set of signs is chosen in Equations [25 
Thus we may accept the “empirical”’ result (comparison with the 


complete solution) that the lower set of signs is valid. 


The results of the steady-state analysis may now be summa- 
rized: 
The motion of M for a half cycle is by Equation [20], 


choosing 


upper signs (here the choice is immaterial 


where sin 7,, cos 7, are given by Equations [25], choosing the 


lower signs, and h is given by Equation [26]. For the second half 
cycle the motion is given by the negative of Equation [28]. A 
numerical calculation is simple and one can determine the ampli- 
tude The 


damper is the extent to which 


effectiveness of the acceleration 
Xmax/A 
the amplitude is A 


Xwmax graphically. 
is less than 1 for, in the 
absence of the d imper, 
For the important case of resonance ({2/w) = 1 and small damp- 
it is found that the expressions H and Q(@) involve 
Expanding in 


ing (6< 1 
relatively large numbers 


differences of 


small 
power of 6, one obtains to the first order 


‘ 1? 
w<tis2) 
2u 


Q(0) = 1d exp (—768) sin 10 


The Inverse Problem. 
characteristics of a single damper which reduces the amplitude of 


The inverse problem is to determine the 


the primary system to a prescribed value. The steady-state solu- 
tion will be used to solve this problem. However, a difficulty is 
encountered, for it is not possible to obtain Xmax as an explicit 
function of the damper parameters, for by Equation [28], X is a 
transcendental function of @ 

From a practical viewpoint it is desirable to reduce Xmax to a 
Since this cannot be done directly, it was de- 
Further, of 


minimum value 
cided to minimize the integral of the square of X 
the three damper parameters, m, e, and d, the minimum is taken 
to d only, since the steady -state solution is a com- 


2 
) dé 


dF/dp = 0 


with respect 
plicated function of m and e 
For this purpose define 


*£G 


The minimum condition then gives 


Using Equation [30] in [31], substituting for X and evaluating 


the simple integrals, gives 


l | : 
( e 2hiJ, + hi2J } cos 7, (cos T,), + > Sint, (sin T,), 


} 


+ AyJ{sin rT, (cos T, p t COST, (sin Toi = 0 [32] 


where 


ACCELERATION DAMPE 


Evaluating the foregoing integrals and making the appropriate 
substitutions in Equation 32] leads to a rather 


complicated 


equatior for determining p. For the resonance case the equatior 


simplifies to 


p is necessarily positive 


The second sol 
Hi nee the 


is, droppin 


ition Is rejected since 
‘ontainer length that minimizes F(p) at 


resonance 


g the subscript 1 


p* = (H 


The associated motion is 


hii 
« 


-1 


Equations [35] and [36] are the solution to a modified inverse 


problem for the resonance case. If the (minimum) amplitude, as 


determined by Equation [36], is not sufficiently small, larger 
values of m, and perhaps ée, may be chosen, and the calculation re- 
peated until the desired amplitude of M is obtained. In this man- 
ner, one has a procedure for de signing the acceleration d amper tor 


a@ specific purpose 


NUMERICAL RESULT 

Two numerical examples have been calculated to determine the 
predic tions of the theory. For convenience they are designated as 
Cases 1 and 2 and are defined by the following arbitrary values of 


the parameters: 


= (0.401 


= ()2 


= 1.013 


= 0.401] 


0.2 
p = 1.013 


In addition, the initial conditions required for the complete solu- 
The only 


cases is the frequency ratio {2/w so that we can compare the per- 


tion, are all chosen zero difference between the two 
formance of the damper at and off resonance 

Using the complete solution the calculations were terminated 
after thirteen collisions when the motions settled to steady values. 
By extracting the motion between three consecutive collisions one 
“cycle” is obtained. For Case 1 the cycle is chosen as the in- 


terval from the 10th to 12th collisions, and for Case , A from the 9th 
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(A/jw)=! 
6-0.) 


fh =0.401 


C€=0.2 
P=1.013 











\ 


\ 


|“ Circles indicate collisions \_ 





\ 


Steady-State Solution— \ 


+ + + 


Fic. 2 Morton or M ror Case 1 


to 1lth. These results are shown in Figs. 2 and 3. Superimposed 
on these curves is one cycle of the motion calculated from the 
steady-state solution. The procedure for relating the complete 
and steady-state motions is, for Case 1, to let wt (= 33.0) 
correspond to @ = 0 and wt, (= 36.1) to @ = 1. For the second 
half cycle, wt, corresponds to 0 = 0 and wt, (= 39.3) to 6 = 1. 
\ similar procedure is followed for Case 2. These calculations in- 
dicate the following: 

At resonance the damper can be quite effective, for according to 
Case 1, the amplitude is reduced to about 0.28 of its value without 
the damper. The mass ratio is large, however, and in a practical 
case this may not be feasible. However, the restitution coefficient 
is relatively low, and it appears that increasing e at resonance 
would increase the efficiency of the damper. This is suggested by 
Equation [6], since the velocity discontinuity, which is a measure 
of the damping, is proportional to (1 + e). 

Off resonance the damper is not as effective for, according to 
Case 2, the amplitude is reduced to only 0.54 of its value without 
the damper. Itis thought that, in general, the further the system 
is off resonance the poorer will be the efficiency of the damper 
since the collisions produce motions which have the (damped) 
natural frequency of the system (see Equation [7 Thus, at or 
near resonance, these motions, if properly phased (as determined 
by the container length), can nullify to a large extent the motion 
produced by the driving force, whereas off resonance this possibil- 
ity does not exist. An important conclusion of this study is, 
therefore, that the damper appears to be most efficient at the 
critical condition (resonance). 

The calculations also show the excellent agreement between the 
complete solution and the steady-state solution when the lower 
set of signs in Equation [25] is used. It is found in both cases 
that with the upper set of signs the particle exceeds the container 
extremities during the cycle, a result which is physically meaning- 
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(N/w) =1.25 
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Circles indicate collisions 


Complete Solutior 


Fic. 3 Morion or MVM ror Case 2 


less and which indicates that this solution must be rejected 

The solution to the inverse problem has been used for Case 1 
It is found that Equation = ().965 which is 
quite close to the value 1.013 already used 


36] a value of Xmax is obtained which is nearly the same as in 


r 


[35] yields a value p* 
Then using Equation 


Fig. 2 
CONCLUSIONS 

The theory of the acceleration damper has been developed fou 
a single unit, when the primary single-degree-of-freedom system 
Two solutions 
In the first, by 
starting with prescribed initial conditions, the motion can be de- 
This is not practi al, how- 


is subjected to a simple harmonic driving force 
for the equations of motion have been developed. 


termined from collision to collision. 
ever, for it may be necessary to consider many collisions to ob- 
tain the motion accurately (in this respect an analog-comput- 
ing machine may be useful). In the second, steady-state solution, 
the motion is determined for only a half cycle 
simple computationally, and offers a solution to the inverse prob- 


This solution is 


lem. 
Numerical calculations indicate that the damper may be quite 
effective in particular applications, especially at resonance. The 


agreement between the complete and steady-state solutions in the 


two cases considered strongly suggests the validity of the latter 
solution. In this connection, an interesting problem would be to 
prove analytically that for a specified range of parameters and 
arbitrary initial conditions, the complete solution, for large 
values of time, oscillates about the steady-state solution 
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The Modes of Vibration of a Certain Svstem 


Having a Number of Equal Frequencies 


By D. C. JOHNSON! ann R. E. D. BISHOP,? CAMBRIDGE, ENGLAND 


This paper is concerned with a conservative system, 
which represents an idealized bladed rotor, whose princi- 
pal modes are indeterminate. 
the system is discussed and a method of selecting suitable 
principal modes and co-ordinates is explained. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


a = inertia coefficient in expression for kinetic energy 
see Equations [21] and [39] 

stability coefficient in expression for potential 

and [39 


energy (see Equations [21 


amplitude of applied force 
Vv l 
pair number specifying equal frequency modes 
see Equations [14] and [15 
spring stiffness (see Fig. 1 
MAss (see I ig. ] 
mass (see I ig l 
number of smal] masses 
principal co-ordinates 
Fig. 1 
indicates a displacement in a given mode 


co-ordinates (s¢ a prefixed Subst ript 

subscripts representing specific small masses 
1,2 n 

Kinetic energ 


masses 


subset ipts representing specif 


2. ’ 
potential energy 
subscripts representing modal numbers 
2 n 
receptance 
determinant (see Equation [4 


lrequency 


INTRODUCTION 


The mechanical 
to which is attached a number n of masses all of a 
VW by 


The masses are 


system discussed in this paper consists of a 
single mass 
connected to 


magnitude m; the masses m are springs, all 


the springs having the same stiffness / free to 


move in one direction only and the axes of all the springs are 
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Statements a advanced in papers are to be 


oOplons 


Societ\ 


The dynamical behavior of 


parallel to this direction. The arrangement is shown in Fig 
the direction of motion being indicated by the arrow 

The analysis of the vibration of the system has been four 
the authors to help in the underst inding of the behavior of 


bine disk which carries a large number of similar black 
disk motion may then be angular about its axis or trans 
and perpendicular to its plane or a combination of these 

analysis is also of general interest because it concerns a syst« 


The 


such a system is slightly different from that for a normal syst« 


which has a large number of equal frequencies inalysis f 


and some discussion of the theory is given by Ravleigh,’ who 1 


fers speci illy to the vibration of membranes 


i9 
ss 


4 
4 














System Havin 


FREQUEN 
ystem of Fig. 1 has (n + 1) degrees of freedom ar 
n+l 


rreque n 


prin ipal mode s of vibration, each with its corre spol 
Because 


j ' 


> pring IpAai Modes A 


many of these fre juencies are the sar 


e arbitrary although, when « 


hoosing 
iin restrictions must be complied with. The moda 

ch are suggested in this paper are those which remain va 
the system is modified by the introduction of n additional springs 
each having some stiffness A and one be ing pl iced between ea 
When the sy 


natural frequencies are no longer allequ il but consist of an 


of the n stem is modified in this way t} 


is8e8 1 


of equal pairs, though the frequencies of different pairs 1 


main very close; the modified system is also of interest ir 


tion with bladed rotors 


Tue Lowgst anp Hicuest Principat Moves 


The kineti 


given by 


and potential energies of the 





JOURNAL OF APPLIED MECHANICS 


= k(qo— qi)? + K(go — ge + k(qe — q,)* 
~ s kq,,? = 2kqog oes 2kqoge 


[2) 


= nkgo*? + kqi? + kg? +.... 


These expressions may be used in Lagrange’s equations to set up 
the equations of free vibration; they are 


M Go a nkq - 


mi, + kq, — kqgo = 0 


me 


mg, + kd, — kao 


The frequency equation may now be obtained in the usual way. 
That is to say, the condition may be written down under which 
harmonic solutions of Equations [3] may be found. It is, in 
determinantal form 


nk 


k 0 0 


The determinant A contains (n + 1) rows and (n + 1) columns 
and its roots w»?, ¢ w,? are the squares of the natural 
frequencies of the system. Equation [4] can be reduced to the 


form 


(M + nm)k] = 0 


wtk — mw?)*—| Mm? 


Thus the natural frequencies are given by 


m 


k(M + nm) 


Mm 


The principal mode corresponding to wo? = 0 is a rigid-body 
motion since the system is unanchored. If, then, a prefixed sub- 
script is used to indicate the modal number, the Oth modal shape 
is given by 

Go 09r: 092: samt rEsbshs : [7] 

Not only the lowest principal mode, but also the highest (cor- 
responding to the natural frequency w,) can be found by inspec- 
tion, for the system will be seen to have a mode in which all the 
small masses move together in phase with equal amplitudes, the 
large mass moving in antiphase with them. If the small masses 
are thought of as being connected by a light rigid link, the system 
may be treated as if it consists of two masses, M and nm, con- 
nected by a spring whose stiffness is nk; the nonzero natural fre- 
quency of this two-degree-of-freedom system is found to be given 
by 

(nk) M + nm) k(M + nm) 


w,? = = aerate [8] 


Minm) Mm a 


Moreover, the amplitude of the mass M is nm/M of that of the 
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mass nm so that the modal shape is given by 


nm 


M 


19] 


The Oth and nth principal modes which have been found are, 
of course, orthogonal. This may be checked readily and a con- 
venient way of doing this is by the use of Equations [42] and [43] 
which are derived in the Appendix and which will be used later 


on. 
Tue “Equat-FREQUENCY” MopEs 


According to Equation [6] the system of Fig. 1 has (n — 1) 
But as the 


springs and small masses are all identical, these modes are inde- 


principal modes, all having the same frequency 
terminate. The relevant natural frequency is / (k/m) and, as it 
is that of a motion in which the large mass remains stationary, the 
conditions which must be fulfilled by principal modes in which 
go = 0 will now be written down. Now if the large mass is to re- 
main still, it must experience zero net reaction at all instants and, 
since the force exerted on it through the rth spring is kg, in one of 
these equal-frequency modes, it follows that (on cancelling the 
factor k 


n 


+» ig, = 0; 4 ’ q, = 0..[10] 


r=! r=1 


There are thus (n — 1) of these conditions. 

Equations [10] ensure the orthogonality of the equal-frequency 
modes with the Oth and nth and the reader 
That this is so may be demonstrated 


nay regard this as 
being physically evident. 
algebraically, by writing down the orthogonality relations (see 
remembering that go has been taken as zero in the 


thus 


Appendix 


equal-frequency modes; 


The factors og, and ,q, are the same for all the small masses so 
dr nr 
that both sets of equations reduce identically to Equation [10}. 
i ‘ i 
The equal-frequency modes must be orthogonal between them- 


selves so it is necessary that 


n 


q,° 37, = 0; 29, * 4% 


r=1 


There are (n — 1)(n — 2)/2 of these conditions. 

Equations [10] and [12] show that, in all, the equal-frequency 
modes have to satisfy n(n — 1)/2 conditions. The total number 
of quantities which have to be chosen when selecting these modes 
is (n — 1) sets of the (n — 1) ratios between the n displacements. 
Therefore there are n(n — 1)/2 equations and (n — 1)* quanti- 
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ties; hence there is an infinite choice of equal-frequency modes in 
which the large mass remains still provided that n 2 3. 
If an arbitrary shape were taken for the first mode, then it 
would be possible to construct a second which was orthogonal to 
it; a third could then be found which was orthogonal to the first 
and the second, and so on. The algebra of such a process would 


become prohibitive if n were large. 


An alternative approach will 


now be explained by which the modal shapes are obtained from a 


suitable set of functions which give all of them. 


functions are : 


the sines and cosines of suitable fractions of 


These give modal shapes which are defined by 


and so on. 


These modes will be seen to be a set of pairs. If the pair num- 
so that the corresponding mode numbers 
2j — 1) and 2), and the mass number (as be- 
fore) by r then the terms concerning the rth small mass in the jth 


| be given by 


ber is denoted by j, 


may be denoted by 


2ajr 
lr x sin 


2mjr 


n 


It is now necessary to check that these modal shapes satisfy the 
‘onditions [10] and [12] 


- 


of orthogonality. 


It can be seen by geometry that these modes satisfy Equations 


[10]. This is demonstrated by the vector diagram of Fig 2 


which is a closed polygon and so gives no resultant projection 
Therefore these modes are orthogonal to the Oth and nth modes 

That these modes also satisfy the various orthogonality Equa- 
tions [12] can be seen by considering separately the various forms 
that the relations may take th 


The orthogonality of the (27 — 1 


1 )th modes requires that 


und (2;’ 
> 


2mjr 
> sin —— sin 
n 


1 


2mj'r 


U 
n 


and this may be rewritten in the form 


n 


] > 2a(j — 7’ 
7 cos het _ 
2 c= n 

— 


r 2r(j + 7')r 
cos i” = () 117) 
n 


These terms can be represented, as before, by closed polygons pro- 
vided that 7 ¥ 7’. 


By the same process, the equation 


n ° 

7 2ujr 
cos 

r 


r=] 


2mj'r 
cos —_ 


= 0 


n 
may be written as 


n 


> [ccs 


r=1 


1 
> 


9 F au $” a(t ‘\ 
aT 77 “™\j + 
Mji—I og mts) 


n n 


One such set of 
2r 


> ORTHOG 
Mi 


DES 


and so can be shown to hold by 
in prov wed? 


means of closed vector polygon 
t is to say, the 2jth and 2j’th modes a1 


I nally, th t y of the (2 1 )th 


. 
an | t 
orthogonal f 2j 
» 


«J 


th modes is given by 


rir 


Qmrj'r 


2m 
sin 
n 


& 


which polygons show to hold whether j = pa or not 

relations are satisfied which must be fulfilled if the selecte 
irequency modes are to be orthogonal to each other; 
thogonality of any pair of the modes, Equations 
by Equation [16], [18], 


tor 
13}, 
or [20]. 

» that (n l 
2 pairs of modes, Equations [13] 
1)/2 will be required and, if 
1) ts odd, there will be n/2 pairs of modes 
[13] minus one; it is then necessary to take j = 1, ; 
2)/2 and to take in addition the set of cosines corresponding to 7 = 

9 


- 


If n is an odd number, s« 
(n ] 
gm i, 


n is even so that 


Is even, there 


, and the set of values 
n On the other h 


n 


9 . 


n/2 since the sines give a degenerate mode in which the entire 


system remains stationary. 
It will be found that higher values of j than n 


9} 
2 lead to repeti- 
9 


+1 
This fe 


n 


tion of the modes between j = landj = n/2; thus; 
gives the same modal shapes as j 


n 1)/2 
because it is impossible to find more than (n l 
thogonal modes for a system with 1) degrees of freedom 


In addition to the lowest and highest modes, a suitab! 


, ete 


j1lows 
+ 


different or- 
n 


set of 


reactionless equal-frequency modes has been selected so making 
up the required total of (n + 1) principal modes. It will next be 
shown how, through the use of a principal co-ordinate for each 
mode, the response of the system of Fig. 1 to a given excitation 
may be deduced. 


PrincrpaAL Co-OrDINATES 
Principal co-ordinates po, pr, p,, can now be defined in the 


usual way for the system of Fig. 1. The notation 
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" = Aopo® .- apr? + 

[21] 
y = cops? + cipi? + 
will be used. The principal co-ordinates possess a property by 
which each is a measure of the distortion of the system at any in- 
stant in one of its principal modes. This being so, it is necessary 
to choose a scale of these distortions by selecting a suitable mean- 


ing for unit value of each of the p’s; upon this selection depend 


the values of the inertia coefficients a and the stability coefficients 
c of Equations [21]. 

For the Oth mode, let unit value of the Oth principal co-ordinate 
ae A 


po correspond to unit values of qo, qu, This gives the 


energy functions 


2T =(M 


+ nm)po?; 2V = 0 


so that 


a = M + 


nam, , 0 [23 


Turning next to the equal-frequency modes, Equations [13], let 
the seale be such that unit value of each of the principal co- 
ordinates p;, Ps, .... Pa. corresponds to actual equality of the 
q's to the appropriate trigonometric functions in Equations [13] 
Consider motion in the (27 1)th mode; the energy functions 


are 


: 2r 

- : 2 sa wad 
= mpc;-1) sin 

n 


r=1 


r 


9 
k o on D <7)! 
w P(25-1)" sin* 
n 


r=1 


The same energy expressions are found for the cosine terms of all 
the 2jth modes except that in which 7 = n/2 (which is used when 


n is even) so that the energy coefficients are 


nm 


(n odd). 


When n is even, a mode is used for which j 2 and the corre- 
sponding energy functions are 
’ 


= Mmpn 2 ) cos? rr 


= 1 


2T 


= NMPpn 


n 


‘ » ° 
2 cos* rr = 


1 


2V = kp, nkpn 


Thus, when n is even, the energy coefficients are 


(n even). [27 


Finally, the nth principal co-ordinate p, will here be chosen to 


have unit value when the small masses have unit displacement. 


) p,? 


For this mode then 


nm\? nm 
M t+nm | p,? = nmi 
WU Vv 


nm \? 


nk (: + M 


2T 


2V = 


pP,? 
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so that 


nm 
a, = nm{ i + 7; ei ¢ 


These principal co-ordinates can be used in the usual way to 
find the response of the system to harmonic excitation. Suppos¢ 
for instance, that the response at the rth small mass is required 
when a force Fe‘ is applied to the sth. The displacements 
q, and q, are given, in terms of the chosen p’s, by the relations 


n—1)/2 


. Qaijr 
sin 


where n is here assumed to be an odd number. By the use ot 
these expressions the equations of motion governing the various 


principal co-ordinates may be written down in the form 


oO", 
Op, 


a,P, + cp, = F et (y 2, 31 
This set of (n + 1) equations can be solved to give those variations 
of the co-ordinates p which have the impressed frequency w; 
these solutions, when substituted into the first of Equations [30 


then give the variation of q,- Itis found, in fact, that 


q, = a,,Fe' 32 


when r + s and 


when 
The 


ceptance,”’ Equation [34], are expressed as series of partial frac- 


“cross-receptance,”’ Equation 33], and the “direct-re- 


tions. The properties of such series as these have been discussed 
by Johnson‘ and a complete list of them for the system of Fig. 1 is 


given in Table 1 


DERIVATIONS OF THE RECEPTANCE BY OTHER MEANS 


If a force Fe acts upon any mass ol the system of Fig. 1, the 
response at any mass may be expected in the form of Equatior 
[32] and one method of finding the receptance a@ has been ex- 
plained. Now the derivation which has been given demonstrates 
the use of arbitrarily selected principal modes and it may be 

***The Application of Admittance Methods in the Classical Theory 
of Small Oscillations,’ by D C. Johnson, Engineering. vol. 171, 1951 
p 650. 





JOHNSON, BISHOP—VIBRATION OF A SYSTEM HAVING A NUMBER OF EQUAL FREQUENCIES 
TABLE 1 RECEPTANCES OF A SIMPLIFIED BLADED ROTOR 
RECEPTANCE IN SERIES FORM COMPLETE “CLOSED “FORM 


=| nm? k> mu? 


M + nm) kiMe¢nm -Mmu? wo? (ke = mu?) | Mma? -kiM+nm 


Mm ke (ke -mw?) ” 
M*+nm) k(M+nm)-Mmw? w? (k=?) Mmut-k(M+nm 


mM? k= mut )*?! k#-k (Menm wt +Mmu4 


+ : 
nik - mw* n(M+nm) k'Menm) -Mmc? wi (ke = mw)?" Mim? - kM ¢ am 


! mM? k* (ke mur)”™* 
+ 
nik - mw? n(Menm) k(Mtnm)-Mmo? wl kee mw? | Mm? -k (Meom 


checked by two alternative derivations. These latter methods 4 a iwt 
ilso possess features which are of interest in themselves; they will, 4 > Fe , 
therefore, be described briefly. 
(a) Reduction of Number of Degrees of Freedom. The simplest 
vay of finding receptances for the system is to make use of one of 





its properties; for it will be seen that, when undergoing forced 


vibrat ion, it will do so as if it possesses either two or three degrees 








of freedom. Suppose, for instance, that excitation is applied at 





the large mass; all the small masses will take up the same motion, 





since they are indistinguishable, so that they can be thought of as 
being connected by a light rigid link. It follows that the system 
behaves like that of Fig. 3(a). 

On the other hand, if a harmonic force Fe' is applied to one of 
the small masses—the sth, Say the system behaves like that of 
Fig. 3(6). The re maining masses all acquire the same motion 

hich differs, in general, from that of the sth. The system be- 
haves as if it has three degrees of freedom 

The various receptances of these simplified systems may be 


leulated by elementary means In fact, it is found that, for 





the svstem of Fig 














(b) 


Iriep VERSIONS OF SysTem or Fie, 1 
CALCULATION OF RECEPTANCES 


w*{/ mad*) | M mw? k( M 


A 


T 


It is found that these values agree with those listed in the series 
form in Table 1 In this expression A,, is that determinant which is formed fron 
b) Direct Evaluation of Receptance From Equations of Motion. A (see Equation [4]) by omitting its (u + 1)th column and its 
If a harmonic force Fe acts upon the vth mass of Fig. 1 where (v + 1)th row 
= 0,1,2,.....n, the term Fe will appear on the right-hand The evaluation of the various receptances by means of the 
side of the vth equation of motion, Equation [3]. Solutions of | Formula [38] is tedious and it is sufficient, here, merely to quote 
the simultaneous equations may then be sought in which all the the results. They are listed in Table 1 as receptances in the 
y's vary harmonically with the frequency w. By this means it is ‘complete closed form” and they will be seen to possess repeated 
found that the displacement of the uth mass (where u = 0,1, 2, roots which are common to the numerator and denominator. In 


n) is given by each case the receptance 1s the same as its series counterpart and 
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to the expressions of Equations [35] and [36] after cancellation of 
the factor (k — mw*) has been performed. 

The appearance of the repeated factors (k — mw?) which ar 
common to the numerators and denominators of these recep- 
tances is due to the fact that the frequency, Equation [6], has 
(n — 1) repeated roots. This property of receptances has been 
treated previously® and so need not be dwelt upon here. 

CoNCLUSIONS 

The system of Fig. 1 represents an idealized bladed rotor and, 
since all the “blades” are identical, it possesses indeterminat« 
principal modes. This paper has been concerned with the dy- 
namical behavior of this system and, in particular, with the treat- 
ment of these modes. 

A method is shown of selecting principal modes such that the 
conditions of orthogonality are satisfied. By this means, principa 
co-ordinates may be chosen which are shown to give the recep- 
tances of the system by standard means. 

Two other methods are outlined for finding the receptances of 
the system. The first of these makes use of the fact that the 
blades are identical and that, if they are excited only through their 
attachments to the rigid disk, their motions must all be the same 
The second alternative method is by direct calculation from the 
equations of motion; while this method is tedious, it provides the 
receptances in a form which gives information on the nodal con- 
dition of the system. 


Appendix 


THE ORTHOGONALITY PRINCIPLE 
The kinetic and potential energies of the system of Fig. 1 may 
be written in the form 
oT Aoge* + angi? Tsave e GanGn® 


i 2ang ar 


ooe + Cyl,” 
as 2019091 7 o 


2V = coogo? + Cug® + . 


5*Some Properties of Nodes in Vibrating Systems,’ by R. E. D. 
Bishop and D. C. Johnson, Aeronautical Quarterly, vol. 6, February 
1955, p. 46 
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Suppose now that the system is made to oscillate in its yth and zth 
modes only. The energies will be given by 


2T ( yGo 7 so)? T Quy + fi 
de 2 9 ( 1 
yin adn T 2do) y@o af 
- 2 a 
AyGo TT J T Ci\ yf T 21 


yin T sn wo ot 


2C93\ gfe T ff 

according to the principle of orthogonality, these energies 
sums of those due to each of the principal modes sepa- 
It follows that 


70 T Qy° 


42 


This pair of equations represents a statement of the orthogonality 
condition. The first of them, however, may be simplified further 
by omitting the dots over the q’s. This is because the co-ordi- 
nates q are linear functions of whatever set of principal co-ordinates 
is chosen. It follows that each term of Equation [41] contains 
the factor p, p, and this may be cancelled out and replaced by 
Pp, p, without interfering with the relation. That is to say 


9) 


Equations [42] and [43] are used in this paper as stating the 
The energy coefficients a and c may 


be seen, on comparison of Equations [1], [2] 


condition of orthogonality. 
,and [39] to be given 


by 


= M; 





The Effect of Spring Mass on Contact- 


A 


\ccelerometer Responses 


By T. H. LIN! 


Theoretical responses of a contact-break accelerometer 
are analyzed for steady-state and some transient motions. 
The distributed mass of the spring is considered in the 
present analysis. For steady-state motions, viscous damp- 
ing is assumed to exist between the spring and the case of 
the instrument. Responses to simple harmonic motions 
of different frequencies are shown. Responses to a single 
cosine wave and a step function of acceleration are an- 
alyzed. The main source of error in the contact-break ac- 
celerometer is shown to be due to the spring mass. An 
electromagnetic-contact accelerometer with no spring 
mass is proposed. Preliminary study of this accelerom- 
eter is shown. 


\ 


MENCLATURE 


The following nomenclature is used in the paper: 


= velocity of wave propagation in an elastic medium 


cross-section area of elastic rod 


amplitude of motion 
constants 

damping coefficient 

Young’s modulus of elasticity 
compressive strain 


Y 
i 


gravitational acceleration 


reset compressive strain 


length of spring or elastic rod 
top mass 

spring mass 

an integral number 

constants 

angular velocity 

» 

= —- 


in 
Sn Te 


ratio of preset compressive force to top mass plus 
one-half spring mass times acceleration for contact 
o break 
toree 

time 
displaceme nt 
nondimensional constant 
distance from lower end of spring 


L 


Zz 


1ase angle 
weight of elastic rod 
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be 


8 


dso 


nstant with dimension of one over 


gth 
idimensional ratio 

constant with dimension of one over length 

density of elastic rod 

summation 


nguls 


ar velocity 


ate differentiation with respect to time 


INTRODUCTION 


of acceleration measurement the 
The ordinary 


The import 


mechanics has been widely 


ance in 
recognized, 
mass accelerometer has been used satisfactorily to measure steady- 
natu- 
ol 


yns with frequencies under 70 per cent of the 
(1).2 The 


instrument is inversely proportional to the square of the n 


"rath 


ral frequency of the instrument sensitivity the 
atural 


e accelerometer, so a high frequency usually results 
9 


frequency of th 


in a greatly reduced sensitivity (2). The responses to transient 
motions, like single sine wave, triangular and square pulses, have 
analyzed for an accelerometer with the spring mass neg- 


9 


(2, 


been 
lected 
cluding crystal accelerometer (4), in certain instances, have not 


3 In practice the spring-mass accelerometers, in- 
been able to give responses of adequate reliability for transient 
motions involving motions of high-frequency harmonics like im- 
pacts and shocks of very short duration. 

Ef 
1 the maximum acceleration occurring during 
The peak 
crusher gage, 
None of these has yet been able to respond, with ade- 
juate The « 


and the indenter types involve plastic deformation, which varies 


forts have been made to develop peak accelerometers to re- 


re a& transient 


commonly used accelerometers are the 


motion. 
the contact accelerometer, the indenter gage, and 
so on (5). 
rusher 


accuracy, to various transient accelerations 


with r f loading. Hence under different rate of loading, 


these two types will give different readings for the same maximu 


ate o 
n 
acceleration. The contact-break type (5) has no plastic deforma- 
tion and has higher natural frequency than the contact-make type 
for the same spring and top mass and 18, therefore, chosen for the 


present 


! 1 
The contact-break accelerometer consists of a mass on a spring 
ittached to a case, Fig. 1. The case is fastened to the body whose 
cceleration is being measured. The top mass is pushed down by 
The break indi- 


cates that the acceleration exceeds the preset value ng 


ne 


of contact 
By v 


the preset value, the maximum acceleration of the motion car 


a setscrew pre loading the spring. 


Although this instrument has been developed for 


determined 

ime, it is still rather unreliable for measuring transient 
rometer 
ypli- 


Ion 


Contact-break accele s 
The ay 


acceler 


accelerations of high frequencies. 
have been used to give acceleration-time curves (6 
cation of the pre sent study is not restricted to peak 

‘ 


measurement but also may be applied to improve those 


rometers giving acceleration-time curves 


ace 


Mori 


ANALYsIS OF RESPONSES TO STEADY-STATE Ns 


In the folk wing analysis of contact-break accelerometers 


distributed mass of the spring is considered, so the dynami 


? Nun 
the pap 


rs in parentheses refer to the Bibliography at the enc 
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Contact-BrReak ACCELEROMETER 


tem no longer can be considered as having a single degree of free- 
dom. In a contact-break accelerometer, there is no relative mo- 
tion between the top mass and the instrument case, but different 
parts of the spring do have relative motion with respect to the 
case, Viscous damping (7) is assumed to exist between the spring 
and the case. 

The differential equation of motion of a differential element of 


the spring can be written as 


Or? 


where the left-hand term corresponds to the differential stress in 
the spring and the right-hand terms correspond to the inertia and 
This differential equation is linear, so the 
The term u, = 0 can 


the viscous forces. 
principle of superposition can be applied. 
be expressed in Fourier series if the series is differentiable to ob- 


tain 


Ou; =0 
ol 


This requires the motion to be continuous and its derivative with 
respect to time to be sectionally continuous (8 

With this condition satisfied, the acceleration can be measured 
reliably if the following two conditions are fulfilled (9, 10): (a 
The response to a simple harmonic motion must be proportional 
to the acceleration of this motion and the constant of propor- 
tionality must be the same for all the Fourier terms present in the 
steady-state motion. (6b) The phase-angle lag of any particular 
frequency must be proportional to that frequency to give constant 
time lag for motions of all frequencies. In the following, these 
two conditions are used as a measure of the reliability of the in- 
strument under steady-state motions. 

Substituting uz =o Ao sin wi for simple harmonic motions in 
Equation [1 


O71 
Eg ot? 


Aw cos wi 


The solution of Equation [2] 


~ sin wt 
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LO5t 


where 


_ Aw 


ee” xr and qn 


Vv 
cg 


Expressing Equation [3] in trigonometric series, and simplifying 


4 = Fle~* sin (wt —— nr) + e~* sin (wt — nr’ 


nr) + € fz cos (wl nx 
Ag 


+ 


+ Gle~** cos (wi 


4 
= (sin wt 


where 


~€l cos nL etl sin nl 


¢ 


gL cos nL 2 + ¢ 2§1 sin? 9 L 
él cos nL) + Ve gL 


2eL 


sin nl 


4V (l+e™ 


G = 
: 1+ V?(1 + e~ tL cos nL 2 + ¢ 


sin? nL 


Differentiating Equation [4] (Ou/dzr),= 7 can be expressed in th 


following form 


ou 
(S173 
or z= 


The contact breaks when 


Before the contact breaks 


sin wt 


) Low 
ol . Z 0 


From | quations and the contact breaks when 


sin wt EAN? cos wt 


BAe < (EAN VM, Aw? 


( sin (wi 


where 


where Gpeak is the minimum acceleration occurring in the giver 
motion required to break the contact. For constant acceleratior 
as given by a centrifuge in calibrating the accelerometer, R equals 
unity. For simple harmonic motions the ratio 


EAeo 
Rs.= 


M, 
(ar 4 ) Aw? 


The deviation of R from unity is an indication of the error in- 
volved in measuring the peak acceleration of the motion. 

The responses of a particular contact-break accelerometer, with 
distributed spring mass and distributed damping, to simple 
harmonic motions were calculated. The spring mass was taker 
to be equal to the top mass. The distributed damping for the 
whole spring length was taken to be equal to the critical damping 
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ou - IMPOSED FREQUENCY _ — 
SPRING SURGE FREQUENCY 
2 Response Curves or a Contact AcceELEROMETER WITH 


DisTRIBUT! 
UnvbeR Simpte Harmonic Motion 


i Spring-mass system of single degree of freedom. The ratio R 

nd the phase-lag angle G versus the ratio of the ipplied frequency 
to the spring-surge frequency are shown in Fig 
for this particul 


2. It is seen that, 
ir instrument, # is nearly constant and 8 varies 
with the Irequency ratio until this ratio reaches about 


Therefore this instrument will indicate, with adequate ac- 


inearly 


iracy, the pe ik accelerations of steady-state motions with the 
frequency ratios less than 0.7. 
juencies may 


Motions involving higher fre- 


introduce serious error. As the 


proaches zero, i.¢ 


ive V, F, 


spring Mass ap- 
7 approaches zero, Equations [3 and \4 


ind G all equal to zero. Equation [4] reduces to 


Ou 
sin wi ( ) = 6. AN 
Or r=0 


I 7] and [8] give R land g 


Equations 0. This shows that 
he accuracy of the instrument improves as the spring mass is a O the 
made small compared to the end mass 


fort > 0. The different parts of the spring, however 
have motion after the applied motion ceases, The series « 
Motions ing the differential Equation [1 ind the foregoing 
. ire given as 
In the analysis of re sponses to transient motions no distributed E 
amping between the spring and the case is considered, so Equa- 


tion [2! reduces to 


ipplied motion suddenly ceases 


RESPONSES TO TRANSIENT 


O*u O*u 

. ' Equating Equation [15] to ] 
ol Or* , 
rransient acceleration of a single cosine wave, Fig. 3, is analyzed. 


This accelerati can be represented by the displaceme nt tunc- 


tion 
when 


The coefficient is found by multiplying Equatior 


nwWI 


cos wt) for t¢ < 


for i>0O n(n? 
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ovu 2 
de "Aw Cos wt; O<t< 2rt/w 


#0; t<0, 2n/wet 











note: Contoct breaks when the 
ratio R Isiess thon the 
values shown. 
M,=M, 


4 rn i 


6 8 1.0 1.2 
we applied frequency 


Tra spring surge frequency 








.3 Response To TRANSIENT ACCELERATIONS OF SINGLE Cosine Waves 


Similarly and the contact breaks wher 
EAe — M; 4 
M,Aqw* M, x*,; 
n@(wt — 2r nTrwt 
——————— — 08 — | 
[(—-1)" - » A J 
nm(n*r* When w approaches zero, the motion approaches to a step func- 
tion of constant acceleration. The responses to this type of 


nir(wt - 
sg . » . =e , . a ’ 
transient motions are shown in Fig. 3. It is seen that the ratio R 


\ . . - . . . 
deviates considerably from unity and hence will introduce con- 
siderable error in peak acceleration measurement. From Equa- 
tion [21], as M: approaches zero, the ratio R approaches unity 
Hence the accuracy of the instrument will be greatly increased if 
the spring mass is zero. 
1)" 1)d2 nines Transient acceleration of a damped free vibration also has been 
(— ) \/ a iWFat . ° 
— x sin cos studied. A contact accelerometer was mounted on the free end of 
fe? — )3) } ; ‘ 
asath alia P 7 a long aluminum-alloy cantilever beam. The free end was raised 
> . Az Ax = and then released. This gives a free vibration with air damping 
ping 
> Ao 1— — - «+ 608 - cos wt < aa > Xu 7 
a The acceleration-time curve was measured by a Statham acceler- 


224 


4 4 


; ometer with a natural frequency much higher than that of the 
From Equations [6] and [20], the contact breaks when beam. The initial raising of the free end of the beam was ad- 
EAa — My Ny justed so as to give break of contact only in the first cycle of vi- 
ae (1 * MD tan x Y 8 wt bration. The amount of damping was calculated from the ac- 
celeration-time curve given by the Statham accelerometer 


M: > ' : ; Theoretical responses to these damped free vibrations were cal- 
culated (12). The discrepancy between the theoretical and the 


Mir? , £5 
experimental values is about 10 per cent (12) 


> 


° : . . 
hal PRELIMINARY Stupy OF ELECTROMAGNETIC-CONTACT 


w ACCELEROMETER 


(—1)"—1] . nz As shown in the foregoing, the errors in the responses of the 

22Ao ae a ae a v2) ys contact-break accelerometer under steady-state and transient 
; motions are mainly due to dynamic effects of the spring mass, 

| co nwt — 26 = aed 199) In order to eliminate the spring mass, an electromagnetic type, 

A r Fig. 4, is proposed. An electromagnet replaces the mechanical 
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spring and the electromagnetic force replaces the spring com- 
pression. A permanent magnet is not used because its magnetic 
strength may change under shock. The electromagnetic force can 
be regulated by adjusting the current in the winding. This is 
equivalent to a massless spring, hence the error due to spring mass 
is eliminated 

The gap required to operate a neon bulb as an indicating de- 
vice (6) has been found to be of the order of 10~* in. . This value 
can be reduced if a contact indicator with 6E5 “‘magic-eye’’ radio 
tube is used (5). As soon as the contact breaks, the magnetic 
force on the mass, instead of increasing as in the case of mechani- 
This will help to accelerate the mass to ob- 

Limited tests have been run on this type 


cal spring, decreases 
tain the required gap. 
of electromagnetic accelerometer and the results are favorable as 
shown in Fig. 5. 

It seems that the electromagnetic-contact accelerometer may 
the acceleration at a particular instant by 
the elec- 


be used to indicate 
rapidly decreasing the magnetizing current and hence 
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tromagnetic force. When the electromagnetic force is equal to or 
less than the inertia force of the mass, the contact breaks. This 
inertia force and hence the acceleration at the instant of break is 
by the magnetizing current at that instant. This gives 
a single point in In order 


irve a number of units may be electrically controlled 


indicated 
the acceleration-time curve, to get more 
points on the ¢ 
to work successively or a few units can be made to operate re- 
iy, acceleration-time curves may be obtained 
This gives the Con- 


siderable amount of study is required for its practical design and 


this W 


peatedly. In 
DASIC ide a for this type of accelerometer! 
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Time-Dependent Tangent Modulus Applied 
to Column Creep Buckling 


By R. L. CARLSON, 


The relation of the time-dependent tangent-modulus 
load—as conceived by Shanley—to actual column capacity 
is clarified. It may be interpreted as a limiting case of the 
“allowable-load capacity” which has been shown to be a 
conservative estimate. The time-dependent tangent- 
modulus load is, therefore, an approximation to a con- 
servative estimate. The approximation, however, may 
be either conservative or nonconservative when applied 
to imperfect or real columns. Typical cases are discussed 
and experimental results for two alloys are cited. 


INTRODUCTION 


HE creep of engineering materials has been recognized for 

many years as a factor which must be considered in design. 

Numerous design rules and procedures have been ad- 
vanced to account for effects of creep, and many machines and 
structures have been designed to operate at elevated tempera- 
tures, Designing to allow for creep is not, therefore, a new prob- 
tiem. 

In recent years, this problem has, however, assumed a new im- 
portance. Formerly, this problem involved primarily station- 
ary units for which a conservative design was not only desirable, 
but also allowable. With the advent of high-speed aircraft and 
missiles, however, it became apparent that a different philosophy 
of design was necessary. Added weight here meant decreased 
efficiencies, which could not be tolerated. 

One of the high-temperature design problems that has become 
the subject of increasing interest during the past seven years is the 

reep buckling of columns. It is upon this problem that the in- 
vestigation summarized by this paper was based. 

Apparently the first treatment of the problem was given by 
Marin (1)?3 in 1947. His analysis was essentially based on 
earlier work by MacCullough (2) on the creep bending of beams, 
and it considered secondary or steady-state creep only. 

Since that time, progress has evolved along two lines of ap- 
In the one approach, material response is described by 
Solutions of this type have been 
fosenthal and Baer (5), 


proach. 
the use of viscoelastic elements. 
made by Freudenthal (3), Hilton (4), 
The main advantage of this approach is that 
The principal 


ind Kempner (6). 
it results in mathematically solvable equations. 
lisadvantage is that many real materials do not obey the ideal- 
1 Assistant Chief, Metallurgical Engineering Division, Battelle 
Memorial Institute. 

? Numbers in parentheses refer to the Bibliography at the end of the 
paper. 

Subsequent to the preparation of this paper, it was brought to 
the attention of the author that A. D. Ross, in The Structural Engineer, 
for August, 1946, discussed a possible method of accounting for creep 
effects in columns. 

Presented at the National Applied Mechanics Conference, Urbana, 
Il)., June 14-16, 1956, of THe American Society oF MECHANICAL 
ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street. New York, N. Y., and will be accepted 
until October 10, 1956, for publication at a later date. Discussion 
received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, August 8, 1955. Paper No. 56—APM-13. 
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ized response models. It is, nevertheless, quite possible that such 


solutions will prove useful for some materials, and they also may 


provide a starting point for the development of solutions for 


materials with more complex behaviors. 

The second type of approach has consisted of attempts to de- 
vise methods that emphasize the use of real, rather than ideal- 
ized, material-response behavior. Because this can often be done 
only by the use of complex empirical relations, simple mathe- 
matical solutions are possible only for a column with an idealized 
two-flange cross section. For solid cross sections, these methods 
require lengthy step-by-step-type computations 

Several methods of analyzing creep buckling according to this 
second type of approach have been presented within the past 
three years. Two of these methods, by Higgins (7) and by 
Libove (8), are devoted to attempts to determine the c 
flection versus time. Although both utilize a deformation law 
suggested by Shanley (9), the procedures of the analyses are dif- 


Essentially, however, both attempt to describe actual 


irve of de 


ferent. 
column-creep behavior. 

In contrast to these methods, which are intended to be “exact” 
(this word is used with reservation, because engineering-type as- 
sumptions which made solution possible were made), a few at- 
tempts have been made to establish approximate methods that 
could be used to describe creep buckling. These methods have 
one common ingredient, and that is that they use isochronous 
stress-strain curves in some form. The first to suggest such an 
approach was Shanley (10). He reasoned that tangents to iso- 
stress-strain curves may be used as approximate stress distribu- 
tions,* and that the time at which instability would occur for an 
initially perfect column might be estimated by the 
modulus load criterion, as interpreted by himself (11 


load, he anticipated, may be allowable or safe for the time for 


tangent- 
Such a 


which the determination is made. 

Independently, and by different means of analysis, the author 
(12) and Rosenthal (13) explored the possibility of using curve 
segments of, rather than tangents to, iso-stress-strain curves to 
represent approximate stress distributions.’ The author (12) 
showed that these approximations were allowable or safe esti- 
mates. He also indicated that the time-dependent tangent- 
modulus load, as conceived by Shanley (10), would not neces- 
This fact 


Since there appears to be a 


sarily always be allowable or safe for real columns 
was also noted by Rosenthal (13). 
need for a clearer interpretation on this point, this will be dis- 
cussed in more detail in the body of this paper. 


DiscussION 


Recently (12), the relation between approximate stress distri- 


butions derived from isochronous stress-strain curves and the ac- 
tual stress distributions for columns subject to creep was dis- 
cussed. Since some of the ramifications of this approximate ap- 
proach were not explicity discussed, it is felt that a more detailed 
Before beginning, however, a brief 
In this review, 


discussion is appropriate. 
review of the basis for the method will be given. 
4 Shanley’s discussion dealt with an idealized, two-flange column 
model. 
5’ These 
columns. 


considerations dealt with actual, rather than mode! 
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The ¢ = 0 line is the elastic 
stress-strain curve, and the ¢; curve is the iso-stress-strain curve 
for the time ¢, 


reference to Fig. 1 will be helpful. 
That is, for example, the amount of creep occur- 
G. 

In discussing column stress distributions, it will be convenient 


ring during the time ¢; at the stress gp is given by D 


to consider one cross section of a column of given dimensions and 
imperfectior rhe cases considered are only those for which the 
load has produced an initial stressing which is elastic throughout 

If a load is applied to the given column, the initial stress dis- 
tribution can be illustrated by the use of the compression stress- 
In Fig. 1, the ordinate B—A 
the 


represents the stress on the concave side 


strain diagram of column material 


represents the stress on the side of column, and 
D—C 
along B—D represent intermediate, initial-stress values. 
As cal b 
The nor 
form cret 
deflection. 


ance, the stresses must readjust 


convex 
The ordinates 


seen, the stresses are sufficiently large to cause creep 
orm stress distribution will, moreover, cause nonuni- 
which, in turn, will result in an increase in the column 
To maintain an internal and external-moment bal- 
To satisfy the requirement for 


a larger inter! moment, the stress Tp will increase, and, since 
the exter? 
If, after 
Oz’, 


oad remains constant, the stress a, will decrease 


i finite time ¢;, op increases to ap’, and og, decreases to 


the stress-strain points will move to D’ and B’, respectively 
This can be shown to be true by using extreme paths of change 
For ¢@p, for example, these are D—G—E and D—H—F (reference 
12) 

Since D’ and B represent the end points of the stress distribu 


tion for the time ¢;, a curve connecting them, such as shown 


dashed, describes the actual stress distribution at ¢ 
As can be 


inclined than the ¢; 


‘ 

seen, the stress-distribution curve is more steeply 
urve in the re gion of the average stress 0,4 
If, now, a segment of the ¢; curve was to be used as an approxi- 


mation® to the real stress distribution B’—D’, it would appear as 
must, of be 


the end points of the approxi- 


* Force and nm balance 


} 


1eRe 


oment requirements course, 


satisfied, and t would determine 


mate stress distribution 








a, Compressive Stress 





modulus 


Ae, Young's 
Be 


wv,» 
ae 


( ae 


«, Compressive Strain 





REPRESENTATION OF STRESS DisTRIBUTION ACTING 
on a Cotumn Cross SECTION 


Fig. 1 Grapr 
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SO -stress- strom 
curve for t=? 





ompressive Stress 


v, 





Compressive Strain 


Fic Grapuic REPRESENTATION OF Stress Distris 


B D” in 
proximat 
less stiff than it 


As can be the use of 


stress distribution would indicate that the colum: 


seen 


the inset ol Fig l. 


1 


actually is. This property of the iso-stress-st: 


curves then forms the basis for a means of estimating 
column-load capac ities 

Before proceeding, it should be emphasized that, wher 
use of the (; segment will vield conservative estimates, th 
the tangent to the ¢; curve will not necessarily be conservative 
10 


will be used 


anticipated bv Shanley To show this, an example wival 
by Rosenthal (13 
is repeated, except that the average column stress 4 is no 

As ¢ in be ser 


fact t? 


In Fig. 2, the diagram of 


the lowest stress for which creep can occur 7 


tangent at o, remains unchanged, in spite of the 
column can creep under the stress Tp on the concave tace 
also can be seen, the t; segment is, however, still less ste« | 


the real stress distribution B’—D’, and it can, hence, be used 
basis for a conservative estimate 

It should be noted that, 
sary that th 


to occur eventually. 


in this example, it is probably neces 


initial imperfection be sufficiently large for collaps 
It may be that, for column imperfections 
normally en ountered, the average stress of the « xample ma ty 
below values for which eventual collapse can occur.’ Neve! 


role of 


theless, the ex ample serves to indicate that the 
dependent tangent-modulus load derived from iso-str 
curves should be more clearly inte rpret d An attempt 
made in this paper to clarify this point 

Before discussing the relation of the time-dependent tanger 
modulus load to actual creep-buckling loads, however, a revi 
the method for estimating these load capacities by the 
stress-strain-curve segments will be because 
to the 


Earlier in this discussion, it v 


give! 
discussion 


us indicated that 


and ti 
Even if this were true 
suffic nodify the 


significantly could certainly be found 


7 It may be argued that no such lower limit exists 


will always occur for a finite stress 
cases in which the creep was not ient to 
indicates that there may be, f 
a lower load limi 
TI 18 possibility 


5’ Experimental evidence (12 
column slenderness ratio and imperfection 
which collapse will not occur 1eeds to be e 


more thoroughly, however 
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Grapuic REPRESENTATION OF PROCEDURE FOR COMPUTING APPROXIMATE STRESS 


DISTRIBUTIONS FROM THE ft; [so-STRESS-STRAIN CURVE 


could be used to obtain a conservative description of the creep 
behavior of columns. To illustrate how this actually may be ac- 
complished, an answer to the following question will be given. 

For a column of a given slenderness ratio L/r = R, and initial 
imperfection c = ¢, what is the maximum-load-capacity estimate 
that can be obtained for the time t = & by using ¢, iso-stress- 
strain-curve segments as approximate distributions?® 

A rrocedure which can be followed to obtain the foregoing 
value can best be illustrated by reference to Fig. 3 in the follow- 
Only the essential features will be considered 


stress 


ing discussion. 
here, as details of actual computations of this type can be found 
in references (12, 14, 15). 

The basis for the computation is derived from a consideration of 
the condition for equilibrium; that is, force and moment balance 
requirements must be satisfied. These can be summarized for a 
given cross section by the equation 

M 
i= > 
where y = total deflection resulting from initial imperfection and 
bending due to the column load, M = bending moment, P = 
column load. 

The values of 1f and P can be shown (14, 15) to be given by 
integrals associated with the stress distribution, as illustrated in 
Fig. 1 by the curves B—D, B’—D’', and B’—D"; M is the in- 
ternal moment and P is the internal force associated with each 
distribution. 

To find the maximum average stress for the given column from 
the ¢, curve, one can take a sequence of trial values a, o2,... 7, 
and satisfy Equation [1] for each value. In Fig. 3(a), for ex- 
ample, B’—D” illustrates a segment which satisfies Equation 
[1]. The location of B” and D” can be determined by evaluating 
Equation [1] for trial positions. Only correct locations will 
balance the equation. 

Insets a, b, and c illustrate the process for successive values of 
average stress. In Fig. 3(d) the sequence of average stresses 
has been plotted as a function of the deflection due to the load.” 
As can be seen, the trial values of average stress rise to a maximum 
and then fall." For the time 4, then ¢,, represents, for the given 
column, the highest average stress than can be obtained using a 
segment of the ¢ iso-stress-strain curve as an approximate stress 
distribution. 
tribution, B’—D’, at the time 4, for the average stress o,, is 


For purposes of comparison, the actual stress dis- 


shown dashed in Fig. 3(c) 

* For reasons noted earlier, the actual column will be more ‘‘stiff"’ 
than indicated by the approximation for a given average stress. 

© The deflection is a function of the strain difference A (references 
14, 15). 

1! This characteristic behavior is to be expected, because the 
computation procedure followed is simply that used to compute 
maximum column loads (14, 15). 





Averoge Stress 


yp &gpO 





Deflection 


4 VarRiaTION oF Maximum ALLOWABLE AVERAGE STRESS 
Wits CoL_umMn IMPERFECTION FOR TIME f) 


The procedure just outlined can now be seen to have been 
merely a device by means of which it was possible to obtain the 
maximum allowable estimate of the load capacity of the given 
column for the time th. 

To determine the relationship between these conservative or 
allowable-load-capacity estimates and the so-called time-depend- 
ent tangent-modulus load, it is useful to refer to a diagram 
similar to that of Fig. 3(d). For this purpose, Fig. 4 has been 
constructed. In addition, now, to the estimate ¢,,, for an imper- 


fection of ¢, an estimate ¢,,, for an imperfection of cz has been 


Also, an estimate 


The value of om, 


included. As indicated, c, is less than ¢;. 
Om, for an imperfection of c = 0 is included. 
corresponds to the time-dependent tangent-modulus load, as de- 
rived from the iso-stress-strain curve for the time f,. 

It is thus seen that the time-dependent tangent-modulus 
method can be interpreted as a limiting case of the allowable- 
load-capacity method. As the initial imperfection approaches 
zero, the load-capacity estimate approaches the time-dependent 
tangent-modulus load. This follows, because, as B and D (see 
Fig. 1) approach one another, B” and D” become closer, and a 
tangent to the 4 curve at o, approaches the curve segment at 
that point. 

To illustrate more clearly the relationship between the load- 
capacity approximations and the actual load capacity, the graph 
of Fig. 5 has been prepared. The graph shown is a plot of col- 
umn average stress as a function of failure time for a given column 
slenderness ratio. To serve as reference values, the relative posi- 
tions of the reduced or double-modulus load and the tangent- 
modulus load have been indicated. As von Karman has indi- 
cated (16), these can be considered as the upper and lower limits, 
respectively, of the critical load for an initially straight, axially 
loaded column. 

The result of using tangents to iso-stress-strain curves to derive 
approximate load-capacity estimates is illustrated by the indi- 
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Double - modulus overage stress 
Tangent - modulus average stress 


Time-dependent tangent-moduius curve 


Actual follure.curve for column with c= constant 








Farure curve from allowable-lood method (c= constant 


Average Stress 








Failure Time 


PosiTIons OF ACTUAI AND APPROXIMATE 


CotuMn-FalILure CURVES 


RELATIVE 


cated curve. Since the time-zero iso-stress-strain curve coincides 
with the actual stress-strain curve, the curve intersects the aver- 
age-stress axis at the value of the tangent-modulus load. 

Consider, now, an imperfect column whose immediate-failure 
load is, as indicated, below the tangent-modulus load.'? Since 
the time-failure curve corresponding to such a column starts be- 
low the tangent-modulus load, it seems reasonable to expect 
that, for a sufficiently large initial imperfection, it will remain be- 
low the time-failure curve 
throughout 

The lowest curve in the graph represents the time-failure curve 


time-dependent tangent-modulus 


obtained by using curve segments of the iso-stress-strain curve as 
These estimates are, as indi- 
cated earlier, conservative for the given coluinn. It should be 
noted that this curve intersects the actual time-failure curve on 
This again follows from the fact that 


approximate stress distributions. 


the average-stress axis. 
zero-time iso-stress-strain curve coincides with the actual stress- 
strain curve. 

The relationship between the two approximate methods of ob- 
taining load-capacity estimates (the one using tangents and the 
other using curve segments) is made clear by Fig. 5. It also can 
be seen that the curves may lie fairly close to one another. The 
spacing will be established, of course, by the amount of imper- 
In some instances, it is probable that the top 


fection present 
If this occurred, 


two curves will intersect at some value of time. 
the time-dependent tangent-modulus load would be noncon- 
servative up to that time, and conservative afterward 


APPLICATION 


The mechanics of computing time-dependent tangent-modulus 
loads from isochronous stress-strain curves is quite simple. For 
ease of computation, the Euler formula 

TE, 


L/r 


where Ey is the time-dependent tangent modulus, can be re- 


irranged to read 


L 


= |Er 
= i | = 


To obtain a plot of stress ¢ versus slenderness ratio L 


12 For imperfect ‘‘inelastic’’ columns, the immediate-failure load 
or maximum load can be greater than the tangent-modulus load (17, 
18). As the column slenderness ratio increases, however, the maxi- 
mum loads tend to become less than the tangent-modulus loads 
The columns studied in this investigation were all within the ‘‘elastic"’ 
column range (large slenderness ratios), so the immediate-failure or 
maximum load can justifiably be picked to be less than the tangent- 
modulus load 
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given time, the most convenient procedure to follow is to con 
struct a table in which the tangents corresponding to successive 
values of stress are entered. Using the foregoing formula, the 
slenderness ratio corresponding to each value of stress can then 
be computed. A curve of stress versus slenderness ratio for th 
given time can then be constructed by using the tabulated values 
constructed by the prepara 


Curves for additional times can be 
tion of additional tables 

To illustrat the type of re sults that may i obtained by the ~ 
data 


discussior 


method, fron 

included in this 

illoy 2024-T4'* in the ‘ 

RC-130A Since 
12, 19 y 


of representative results will be given here 


of the time-dependent tangent-modulus 


studies on two materials will be 


the 
and 


aluminum 
the 
details of these studies are reported elsewher« 


The two materials ar 


received’ condition titanium alloy 


summar 
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summarized 
The plotted 
rectangular cross sectio 


Results for the aluminum alloy 2024-T4 are 
Fig. 6 by a plot of average stress versus failure time. 
points are test values for columns of 
The imperfection ¢ of these columns was adjusted to be ¢ 
L/350. 
average stress versus slenderness ratio curves whose constructior 
It should be noted that tensil 


The solid curves in Fig. 6 were obtained by the use of th: 


was described in the foregoing. 
creep data were used to obtain the isochronous stress-strain 
curves from which the time-dependent tangent moduli were ob 
tained. A limited number of compressive-creep tests (12) indi 
cated, however, that for the temperature of 450 F, and the stres 
range of interest, the difference between tensile and compressiv: 
creep was not significant. 

6 indicate dicted column ca 


The results of Fig that the pr 


are greater for a given time than the test values. The 


pacities 
possibility of such behavior is in accord with the interpretation 
given in the general discussion of the time -dependent tanger 
modulus. It will be remembered that it was indicated that pr 
dictions could 
ilso is apparent, as indicated in that discussion, that if the valu 
1000, the experi 


the 


be either conservative or nonconservative. It 


of imperfection had been smaller, say, c = L 
mental values would have been closer to, or perhaps above 


This alloy was formerly identified as 24S-T4 
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solid curve which does not, of course, reflect changes in values of 
imperfection and, therefore, remains fixed. 

Results for the titanium alloy RC-130A are given in Fig. 7. 
In contrast to the results for the aluminum alloy, Fig. 7 indicates 
that the computed curve is conservative throughout. In com- 
paring the experimental and computed curves, it should be noted 
that a significant part of the conservatism indicated can be at- 
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tributed to error introduced by the use of tensile creep data. 
A limited amount of compression-creep data was obtained, and it 
was found that the resistance to creep is consistently less in ten- 
sion than in compression (19). Estimates made by the use of the 
available compression-creep data indicate that approximately 
one half of the conservatism of the estimates is due to the use of 
tensile rather than compressive-creep data. 

In spite of the improvement that could be obtained by the use 
of compressive-creep data, the estimates of Fig. 7 would still be 
conservative. These data, then, are an example of the possible 
conservatism of the time-dependent tangent-modulus load esti- 
mates. 

The imperfections of the test columns of Fig. 7 ranged from 
¢ = 0.0010 in. to c = 0.0016 in.'"* Had these values been larger, 
the curve for the experimental trend would have been lower, of 
course, and the conservatism would have been less. For suffi- 
ciently large values of imperfection, the experimental curve could 
drop below the computed curve in the manner observed in Fig. 6. 
This behavior is, as noted previously, in agreement with the in- 
terpretation given in the general discussion. The curves of 
Figs. 6 and 7 can, in fact, be recognized as possible variations of 
the corresponding curves of Fig. 5. 


CONCLUSION 
In this paper, the relation of the time-dependent tangent- 


L /860 toc = 


In terms of the definition previously used c = 
L (540. 
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modulus load—as conceived by Shanley—to actual column 
capacity has been clarified. It may be interpreted as a limiting 
case of the allowable-load capacity which has been shown to be 
a conservative estimate. The time-dependent tangent-modulus 
load is, therefore, an approximation to a conservative estimate 
The approximation, however, may be either conservative or non- 
conservative, 

Because the time-dependent tangent-modulus load is so easily 
computed, it offers promise as a means for obtaining engineering 
estimates of column-load capacity in spite of the fact that it may 
sometimes be nonconservative. It should be noted, moreover, 
that only a method that can account for column imperfection will 
be free of the possibility of nonconservatism. A method free 
from this possibility, however, will undoubtedly be relatively 
complex, so that its advantage will probably be at least partially 
offset. 
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An Elastoplastic Thermal-Stress 


Analysis of a Free Plate 


By JEROME WEINER,? NEW YORK, N. Y 


The thermal stresses in a free plate of elastoplastic ma- 
terial subjected to a varying heat input over one face 
are determined. A heuristic solution is first found by 
suitable modifications of the known elastic solution. It is 
then verified that the solution satisfies all the conditions 
of the appropriate uniqueness theorem and represents 
therefore the unique solution to the problem. Residual 
stresses are determined and found to depend markedly on 
the peak magnitude of the heat input. 


INTRODUCTION 


HERMAL- stress calculations are usually based on an elastic 
stress-strain relationship. In some problems, however, in- 

elastic effects may assume an important role as has been 
noted, for example, by Freudenthal (1),3 who examines some 
simple problems with different types of inelastic stress-strain 
laws. The two types of inelastic behavior in their simplest form 
are represented by the linear viscoelastic and perfectly plastic 
bodies. Thus far, the majority of the papers com erned with in- 
elastic thermal-stress analysis have dealt with linear viscoelastic 
solids; cf. Hilton, Hassan, and Russel (2 Weiner 
Mechanic (: In the latter, it was noted that when thermal 


due solely to rapidly varying temperature transients, 


and and 
stresses are 
viscoelastic effects are negligible at practical temperature levels 

It therefore 
thermal-stress calculations in problems of this type using the 


would seem to be of interest to perform some 
elastoplasti« idealization since the time scale does not affect the 
results with this idealization 

The elastoplastic theory utilized in this paper Is based on the 
Prandtl-Reuss stress-strain relations with the von Mises yield 
condition, It is assumed in the analysis that all mechanical (and 
thermal) properties of the material are independent of tempera- 
ture. With this 
effects into the usual « lastoplastic theory presents no difficulties 


issumption, the introduction of temperature 


since it only effects the relationship between mean stress and 


strain. The elastoplastic theory used is outlined in Section 1 of 
this paper. Also included in this section is a statement of a 
uniqueness theorem applicable to the problem considered. 
The particular problem considered is formulated mathe- 
1 This research was performed under Air Force Contract No. AF 
33(616)-2071 sdministered by the Aircraft Laboratory, Wright Air 
Center, Air Research and Development Command, 
Wright-Patterson Air Force Base, Ohio. 
2 Assistant Professor, Department of Civil Engineering and Engi- 


Institute of Air Flight Structures, Columbia Uni- 


I evelopment 


neering Mechanics 
versity. 

3 Numbers in parentheses refer to the Bibliography at the end of the 
paper. 

Presented at the National Applied Mechanics Conference, Urbana, 
Ill., June 14-16, 1956, of Tue American Society oF MECHANICAL 
ENGINEERS 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until October 10, 1956, for publication at a later date. Discussion 
received after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, July 11, 1955. Paper No. 56—APM-6 


matically in Section 2. It is that of a fre plate subjected to a heat 


input uniformly distributed over one fac e, whic h increases mono- 


tonically from zero to a maximum value and then decays 


other 


monotonically to zero The face and the edges of the 


plate are insulated By restricting the analysis to heat inputs 
which do not vary too rapidly, it is possible to express the tem 
perature distribution in the plate in a very simple form whicl 
facilitates further computations 

A heuristic solution to the problem is obtained in Section 3 by 
It is found 


that plastic flow first starts at the outer faces of the plates and two 


making suitable modifications of the elastic solution 
plastic regions grow inward. As the heat input continues to in 
crease, plastic flow also begins at the center of the plate and a 
After the heat input has decayed to 
The nature the 


plastic region forms there 
zero, residual stresses remain in the plate 
residual-stress distribution depends markedly on the peak magni 
tude of the heat Input 

In Section 4, 


the conditions of the uniqueness theorem and therefore represents 


it is verified that the heuristic solution satisfies all 


the unique solution to the problem. This verification is performed 


only for materials whose bulk modulus is infinite 


1 ForMULATION OF THERMAL ELASTOPLASTICITY 
Thermal Prandtl-Reuss Theory. The 


to a perfec tly plastic solid in which there is a nonuniform tem 


following theory applies 


perature distribution. All mechanical properties are assumed in 


dependent of temperature; the only effect of temperature varia 


tion through the body is to alter the relation between mean 


stress and strain 
With 


variation 


assumptions, the onsideration of temperature 


of the 


these 

using any theories of plasticity requires only 
slight modification of these theories since they are primarily con- 
cerned with the deviatoric stresses and strains In this paper the 
Prandt!-Reuss stress-strain relations modified to include the effect 
of temperature variation and the von Mises yield condition will be 
These may be formulated mathematically as 


used relations 


follows: 
4; and €,(7, 7 = 1, 2, 3) denote the components of the 


tensors of stress and strain with respect to a Cartesian co-ordinate 


Let o 


system z,. The mean stress o and the mean strain € are defined as 


(1) 


where the usual summation convention is adopted.‘ 


The deviatoric stress components s;j and deviatoric strain 


components e;; are then defined as 


where 6,; is the Kronecker delta 


The von Mises condition for the occurrence of plastic flow is 
4 The reader who is unfamiliar with indicia] notation is referred to 
reference (4) 
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[3] 


where 


is the second invariant of the deviatoric stress tensor and k is the 
yield stress in pure shear 

The criterion for loading is expressed in terms of the sign of /2, a 
dot denoting differentiation of a quantity with respect to time; 
Jz > 0 indicates loading and J; < 0 indicates unloading. 

The stress-strain relations of the Prandtl-Reuss theory, with 
the addition of the temperature term, are as follows 


Be: ‘ 
=—g¢g+a 
3K 

IS 
> 2G Si; Msi; . {5] 
where K is the elastic bulk modulus of its material, @ is the co- 
efficient of thermal] expansion, 7’ is the temperature, G is the elas- 
tic shear modulus, and y is not a property constant but depends 
upon the local, instantaneous, state of stress and is defined as 
follows 


k*, or J: = k* but J2<0 | 


0, whenever J» < 


S pobre ; (6 
whenever J; = k? and J; = 0 


2k?’ 


Uniqueness Theorem. This paper is concerned with the deter- 
mination of the stresses in a finite body of material which be- 
haves according to the thermal Prandtl-Reuss theory just de- 
scribed, when the tractions at each point of the bounding surface 
and the temperature distribution throughout the body are given 
functions of space and time. For this class of problems, the fol- 
lowing uniqueness theorem applies: (8; denotes the rate of change 
of the traction at a given point of the bounding surface with nor- 
mal n,). 

Theorem. Given, at any particular instant t = &, the values of 
@,;, for which J; < k*, and 7 throughout a body occupying the re- 
gion V and the values of S; at each point of its bounding surface 
S. Then there exists at most one set of functions ¢,; defined 
throughout V + S at t = t& which satisfy the following condi- 
tions: 

(i) o;;,; = 0 throughout V except possibly on certain surfaces, 
e.g., those separating the plastic from the elastic regions. The 
traction rates across these surfaces are required to be continuous. 

(ii) on; = 8; at each point of S. 

(iii) Je = 8;;8;; < 0 throughout the plastic region defined by 
Je = k?, 

(iv) There exists continuous velocity functions w,; (not neces- 
sarily unique) such that the corresponding strain rates, €,; = 
'/(u;,; + tj), together with the o,; and ¢;;, satisfy the Prandtl- 
Reuss stress-strain laws, Equations [4], [5], and [6] with u > 0.5 

The proof of this theorem with 7 = 0 is given in (4). The same 
proof applies when 7” ~ 0 with only one trivial change. The 


‘The statement of the theorem is not rigorously complete. Con- 
ditions on the nature of V, certain subregions of V, and the functions 
involved which are necessary for the application of the divergence 
theorem are omitted. For the problem treated in this paper, these 
conditions are satisfied. The theorem is also not the most general 
which can be proved. For example, it may be modified, in the 
usual manner of elasticity theory, to include mixed boundary con- 
ditions. However, these generalizations are not required for the 
problem considered here. 
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formulation of the problem indicated by the foregoing theorem is 
an adequate representation of the physical process only if the dis- 
placements and their derivatives with respect to space and time 
are sufficiently small. This is assumed in what follows. 

The theorem is used for demonstrating the uniqueness of a solu- 
tion corresponding to a given thermal or loading process as follows: 
It is shown that the solution satisfies the conditions of the unique- 
ness theorem at every instant throughout the process, including 
the initial instant. It then follows from the theorem that ¢,; is 
determined uniquely throughout the process. Therefore, if the 
initial stress distribution is given, the stress distribution through- 
out the process is determined uniquely. 


2 FORMULATION OF PROBLEM 


Loading and Temperature Description. The problem studied is 
that of a free plate of thickness 2A and arbitrary shape oriented as 
shown in Fig. 1. The faces = +h are free of traction while the 
tractions on the edges have zero resultant and zero moment.® 
The plate is initially free of stress. 


b— UNIFORM HEAT INPUT, 9(t) 

















Ca 


| | 
-h +h 


Fic. 1 Orientation or PLATE 

One face of the plate, initially at zero temperature throughout, is 
exposed to a uniform heat input which varies with time g(t), where 
q(0) = 0, while the other face and all edges are perfectly insu- 
lated. The thermal properties of the plate are assumed independ- 
ent of temperature. The temperature distribution in the plate 
may be written in the form (see Appendix ) 


se OF Aree: h 
m0" \a* ss 


1 ' 
RE q(T jar &(z, fl 
2hpe J o 


where K is the thermal conductivity, p the density, and c the 
specific heat of the plate. 
It is shown in the Appendix that 


= h®gmax — 
&(2, t)| s — [8] 
DSK 


where gmax is the maximum value of |dg/dt| in the time interval 


* Barred symbols, such as %, are used here for dimensional quanti- 
ties. The unbarred symbols are reserved for corresponding nondimen- 
sional quantities. 
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0 <7 <¢tand x is the thermal diffusivity. It is also shown in the 
Appendix that the maximum elastic stress produced by &(%, ¢), 


@¢, has the following upper bound > 


0.046 Each? pmax 


9] 
(1 - v)KRK 


where £ is the modulus of elasticity and v is Poisson’s ratio. 

If the heat-input function g(t) is such that o¢ is negligible 
compared with the yield stress of the material, then the term 
&(2, t) may be neglected in the elastoplastic analysis. This situa- 
tion will be assumed in what follows. This assumption restricts 
the class of problems to which this analysis is directly applicable. 
However, the simplification it introduces allows explicit calcula- 
tion of thermal stresses for these problems. The general methods 
used in the solution may be used as well when this simplification is 
uot permissible, but the calculations become quite involved. 

It is assumed further that g(t) increases monotonically to some 
maximum value gy at time ty, and then decays monotonically to 
zero. 


3 Heuristic SOLUTION oF PROBLEM 


In this section, a heuristic solution to the problem is obtained by 
modifications of the known elastic solution which seem physically 
reasonable. It will be shown in the following section, for materials 
with infinite K, that this solution satisfies all the requirements of 
the uniqueness theorem stated in Section 1 and is therefore the 
rigorous solution to the problem. 

Elastic Solution of Problem 
formulated in Section 2 before any plastic flow occurs is well 


The solution of the problem 


known, e.g. (6), and appears as follows for a general temperature 
distribution of the form T(z, t) 


ak j l 


rhe zero stress components listed in Equation [10] are assumed 
zero in the remainder of the analysis and will not be listed 
explicitly.) 

If the temperature distribution of Equation [7], with &(2, ¢) 
neglected, is substituted in Equation [10], the stress distribution 


before yielding occurs is given by the equation 


=, (as) (F -*) 
oO z= 
~ l vy \4h® 3 


The new symbol 7 C,, = GT, is introduced 


vy 


From Equa- 


tions [1] and [2], for a state of stress as described by Equations 


12a } 


From Equation 3! it is seen that the condition for the occurrence 


of plastic flow is 


akgh 
4V3 (1 


A FREE PLATE 


and z = £/h, Equation [lla] for the nonzero stress com 
7 may be rewritten 


that the maximum stress in the 
plate at any given instant is at z = 
If g(0 
creases monotonically with time, then plastic flow begins at the 
there 11b} 


+} } 
this occurs when gq reac hes the value 


It is seen from Equation [11] 
+1 and, for q > 0, 18 com- 
pressive 


= (0 (as is assumed in Equation [7]), and gq in 


surfaces, z +1, when r l From Equation 


2 


qn 3/2 


Growth 


that as g continues to increase monotonically beyond 


of T'wo Plastic Re 7i0ons It seems reasonable 
] , 
tic regions will grow inward from each face and to 


correspond a distance ¢ 


& sur h that t 
hand—A <2 


q> qy there will 
eE<2 g will be completely plastic 
remainder of the plate still behaves elastically 


In the elastic region, |z| < § 


£, itis assumed that the usual elast 


solution, Equation [10 


vith h replaced by &, applies with 
iddition of a uniform stress term to equilibrate the forces over tl 
Since the stress distribution is symmetrical, the 
ents to equilibrate 


For the particular temperat 
then t 


distribution considered, the 


nonzero stress component- 


the form 


written 


The functional dependen 


and 7 1. The result is 


V x 


1 tensile stress occurs at z U 


To deter 


The n 


value of g, gz, when plastic flow will begin at the center 


aximun 


plate, we set r = 0, T l,q@ q2, and 


in Equation 146) and solve for ¢ 


The value of & corresponding to this value of gis& = 3/4 
Growth of Three Plastic Regions It seems reasonable to « xpect 
that as q continues to increase monotonically beyond qa a third 
plastic region will grow about the central plane of the plate. For 
a value of g land jzi < f,0<¢ 

& < 1, will be completely plastic while the remainder of the plate 
behaves elastically 


> go, the regions — < jz 
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Fic. 2 Growrn 

In the elastic regions, the elastic solution, Equation [10], is 
assumed to apply with the addition of a uniform stress term to 
equilibrate the forces over the plastic region. For the particular 
temperature distribution considered, the nonzero stress com- 
ponents then take the form 


- 


The functional dependence of £ and ¢£ on q is obtained from the 
conditions that tT = 1 for z = ~€ andr = 1 forz = ¢. 
These conditions yield the two equations 


(1 


ye 
ae ome 


gel re 
3( of Os 
3 a ae" 
g i (h =F { 


$*¢ re [185] 
3( ae 


l=q ; 
After some algebraic manipulation, Equations [18a] and [18d] 
may be replaced by the equivalent system of equations 


q°rz* [19a] 


119 | 


where 


[19¢] 


These equations are solved numerically most readily by first 
choosing a value of z < 3/4. The two roots of the resultant quad- 
ratic for g, Equation [19a], are then obtained. The simultaneous 
linear Equations [195] and [19c] are then solved for — and ¢ using 
the chosen value of z and each of the two roots for g. One root 
results in negative values for { and is therefore rejected, the other 
value of g yields the correct values of £ and ¢ which correspond to 
it. This process is repeated starting with other values of z. The 
results obtained in this manner are plotted in Fig. 2 in which is 
also plotted the variation of & for qg < q: as given by Equation 


or Prasti 
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REGIONS 


[15]. Fig. 2, therefore, describes completely the growth of plastic 
regions as g starts from zero and increases monotonically. 

Decay of Heat Input and Residual Stresses. After q(t) reaches 
qu and starts to decay monotonically, it is assumed that unload- 
ing takes place in all the plastic regions. If this is the case, then 
the elastic stress-strain relations will apply throughout the 
plate. Therefore the rate of change of stress at the start of the 
decay is given by the time derivative of Equation [116], that is 


‘ 


Since ¢ < 0 during the decay of the heat input, it may be seen that 
unloading will in fact take place in all the plastic regions, if and 
only if Ey > i/V 3, where £,, is the value of £ corresponding to 
3 corresponds togy = 


[20] 


: (4 
T=4q . 
4\3 


du. From Fig. 2 it is seen that &,, = 1/¥ 
13 and the following analysis is restricted to smaller values of 
du. Numerical evaluation of the parameter gy for practical con- 
ditions (Section 5 of reference 7) indicates, however, that values 
of gy > 13 will seldom occur. 

If gu < q: there are, of course, no residual stresses, 
< q: the stress distribution at the peak of the heat input, which is 
the initial stress distribution for the decay process, is given by 
Equation [146]. If gy > q2, the stress distribution at the peak is 
given by Equation [17]. The rate of change of stress at and after 
the start of decay will be given by Equation [20] until yielding in 
the reverse direction occurs, when it must be replaced by the 


If qi < au 


appropriate elastoplastic solution. 

Four different types of residual-stress distribution are examined 
as listed in Table 1. 

Typical stress distributions for each of the four ranges of gy, as 
given in Table 1, together with the case in which no residual stress 
occurs, gy < 3/2, are shown in Fig. 3. The formulas for the 
residual stresses for each of these four cases are derived in the 


following: 
i) 3/2. Qu << 


Since no yielding in the reverse direction occurs during the de- 
cay of the heat input, Equation [20] applies for all of the decay 
period, and it is seen that the residual stresses are obtained by 
subtracting the elastic-stress distribution, Equation [11] with 
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Number of plastic P 
regions at peak d 


STRESS DISTRIBUTION 


lastic flow 
iring decay 


None 
At outer faces only 
At outer faces only 


At outer faces and center 


RESIOUAL 
STRESS DISTRIBUTION 


STRESS DISTRIBUTION AT 
PEAK OF HEAT INPUT 


T 
i 


t+ mn eaanaren 


NO RESIDUAL STRESSES | 























STRESSES AT PEAK AND AFTER DECAY OF HEAT INPUT 


(DRAWINGS CORRESPOND TO UPPER LIMIT OF EACH RANGE OF Gy) 


Fic. 3 Typicat Peak anp Resipvat-Stress Distributions 


gu substituted for g, from Equation [14b]. The result is 


where ty = \> 
“dM 


is the value of £,, corresponding to gy 
mum residual stress occurs at z = +1 and that yielding in tension 


It is seen that the maxi- 


7 = 1 will occur there when gy > g, = 3. Therefore Equations 


[21] apply only for g¢ du < Qa 
32 
9 
For Go = Iu SY it 1s seen that the equations to be subtracted 


from Equations [{14)] are no longer those corresponding to the 
elastic solution but those corresponding to the elastoplastic solu- 
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tion with two plastic regions, I quations [l4a], with k replaced | 
2k In dimensionless tert is, the equations to be subtrac ted 


then 


0 
iM ( 
o 


where 6 is determined from the condition that rT = 2 for z = 


+6. This is seen to yield a relationship similar to Equation [15 
with q replaced by q,,/2, that is 


‘ 3/3 
0 = 23 | 
\ qu 


The residual stresses for g, < gy < q: are obtained by subtract- 
22 | 14b]. The result is 


ing Equations [22] from Equations 


dM 
3 


It is readily verified that no yielding occurs at z 0 for the 


foregoing range of gy 


32 64 
< qu « - 


For g: < dy < q, With the upper limit still to be determined 


the residual stresses ations 


are determined by subtraction of Equ 


22] from Equations [17 The result is 


It is next necessary to determine q, the value of gy, for 
plastic flow at the center of the plate will just start upon cx 
plete decay of the heat input This is determined from | quat 


25) by setting 2 0, T . », and 6 V 3/¢q 


“ 
solving for q. The result is 


For qm <q q- = 138, the equations to be subtracted from 
Equations {17} are obtained in the same manner as these equa 
tions except that & is replaced by 2k. They appear, therefore, as 


follow 8 





JOURNAL OF APPLIED MECHANICS 


T= 


where the functional dependence of 6 and 7 upon qy is deter- 
mined from the conditions that r = —2forz = dandr = +2 for 
xz = 7. It is seen, from the analogy between Equations [27] and 
[17], that 


‘ 
) 


5(qu) = &(qx/2) 


{ 


nau) = £(qu/2) ) 


where &q) and ¢(q) are the functions plotted in Fig. 2. From the 
nature of these graphs, it is seen that, for a given value of gy > 
qd 


The residual stresses for g, < q < q, are obtained, then, by the 
] The result is 


btraction of Equations [27] from Equations [17]. 


qu bea 


3 ! Eu 


In the foregoing equations, &y and {y are the values of £ and 
¢ corresponding to qy as given in Fig. 2. The values of 6 and 7 
corresponding to g,, are determined from the same figure by use of 
Equation [28]. 

As noted previously, this type of analysis does not apply for 
du > 13 since the assumption that unloading occurs throughout 
the plate at the start of the decay of the heat input no longer ap- 
plies. 


4 Ricorovus EstaB.LisHMENT oF SOLUTION 


In order to establish rigorously the solution obtained heuristi- 
cally in Section 3 it is necessary to show that the solution satisfies 
the conditions of the uniqueness theorem given in Section 2. 
These are examined in order as follows: 


(i) It is clear from the form of stress-distribution determined 


C,, = O, = 7(%, t) (independent of 9 and 2) 


we 


and ¢,, = 0,, = 0,, = 9,, = 0 


= ve 


that the equilibrium equations o;;,; = 0 are identically satisfied. 

(ii) The stress-distribution obtained satisfies the conditions 
that the surfaces = +h are free of traction for all time The 
solution however corresponds to nonzero tractions on the edges of 
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the plate which vary with time; if these tractions are considered 
the prescribed tractions, then this hypothesis of the uniqueness 
theorem is satisfied. It will be noted that the solution was ob- 
tained so that the tractions on the edges have zero resultant and 
zero moment. To the extent, therefore, that Saint Venant’s 
principle applies to elastoplastic problems, the solution represents 
also the state of stress in a plate completely free of surface trac- 
tions at a sufficient distance from the edges of the plate. 

(iii) For the first portion of the heat-pulse input, when g > 0, 
the stress distribution in the plastic regions is assumed constant. 
Therefore J: = 0 for this period and this hypothesis is satisfied. 
At the start of the decay of the heat input it is still the case that 
J, = k* in the regions which are plastic at the peak of the heat 
input. However, for the assumed stress-distribution variation 
J: < 0 in these regions providing gy <q. = 13 at the start of the 
heat-input decay and this hypothesis is again satisfied. When 
plastic flow occurs at the end of the heat-input decay, the stress 
distribution is again assumed constant in the plastic regions so 
that J; = 0 there again. 

(iv) This hypothesis is examined here only for the case of 
infinite KX. It is first noted that for the assumed stress distribu 
tion 


In the elastic regions, the mean and deviatoric strains are then 
given by the equations 


—Tr 


“3G 


¢=alT, e,, = 


where 7g denotes the nonzero stress components in the elastic 
region, and is given by Equations [116], [146], or [17], when there 
are no, two, or three plastic regions, respectively. The functions, 
Equation [30] which define the strains in the elastic regions are 
assumed to apply also in the plastic regions and define strains 
there as well. These strains satisfy the equations of compatibil- 
ity, so that there correspond to them displacement functions u, 
which may be differentiated with respect to time to yield the 
velocity functions a, required by hypothesis (iv). It remains to 
show that the calculated stresses, together with the foregoing 
strains, satisfy the Prandtl-Reuss stress-strain laws, Equations 
[4], (5), and [6] with uw > 0. 

The solution for the first portion of the heat pulse in which g > 0 
is considered first. Solutions have been obtained with either two 
or three plastic regions in which J; = k? and J: = 0 and with the 
remainder of the plate elastic in which J; < k*. It can be seen by 
direct substitution that the calculated stresses together with the 
assumed strains satisfy the Prandtl-Reuss equations for K in- 
finite with 4 = 0 in the elastic regions and 

Syo€ 
Me OK: 


in the plastic regions, as required. It is only necessary, therefore, 
to show that u > 0. In the plastic regions 


. (31) 


(+ in inner plastic region; — in outer plastic region). It is, 
therefore, sufficient to examine only Tz. 
For the case in which there are only two plastic regions, Tz is 


given by Equation [145], from which T, is derived as 
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Since z > £ in the outer plastic regions, Ty < 0 and yu > O there for 


‘ 


il Stress Analysis of a Free Plate 


N 6, Contract No AF 33(616 


Appendix 
DERIVATION OF APPROXIMATE TEMPERATURE DistTrRiBut 


stated in Sk 


By differentiation of Equation [19a] 


qz2z 
3 


from Equation [37] in Equation [36] yields i ? 
‘wnperatu I Lio! . ior & varying heat 


(fe 4 7',(2, t) by use ol t 
Te = q | ~ 4 | [38] 


From Equation [38] and the numerical results for — and ¢ it 
is seen that for g > 0,T, <Oforz > fandtg>Oforz<f. Itis 
also noted that at the instant when the third plastic region starts 
to form, — = 3/4, £ = 0 and Equations [34] and [88] give the 
same value of Tg so that this derivative exists at this transition 
time also. Therefore u > 0 in the plastic regions as required 
This completes the rigorous establishment of the solution for where 
0<4¢< qy. oo th 

The solution for the second portion of the heat pulse in which Af, f) = rik | id > n? 
q@ < 0 is next considered. At time ¢t = ty, the start of the heat- sii Mg 
input decay, it has been assumed that J: < 0 in the regions which 
are plastic at that time. Therefore the first of Equations [6] 0 <7 <¢. Then it is seen that 


Let max be the maximum value of |g(7)) it 


of x —nigk(i—-r 


applies and 
th = aan ,™ 


: 2 : 2 a 1 1&( x, ¢ : oan 4m 
J: = 8,;8; = TT rg = 3 T [v3 kq (; WN J 0 n=1 


2 


3 
—niwt«t 


6h Gu -s : shi = 
where 7 is the stress distribution at time ¢ = ty. It is seen that = = >> - (, iit ) < a bs 
for gy < Ge tu > 1/V 3, and J: <0as required in the regions athe wee 
plastic at t = ty 

For ¢t > ty, the verification of the uniqueness of the solution 
proceeds in a completely analogous fashion to the analysis for 


t < ty. 


2 at 
Ww) 


l 
‘ 
&. 


n 


_ A Gmax 
Therefore &#,0)| S > x 
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An upper bound for the elastic stress og due to &(%,t), the Therefore 
neglected portion of the temperature distribution, is obtained by | 40EhGmax 
substituting &(2, ¢) in Equation [10] 1 SK 


ak { 1 h ‘ is 1 6z ; nw(x + h) 
4 -e “ if - | cos 
Oo; = “eae ) = f &(#, Udz P n? |n2rth ’ , Dh 


Jon 
—hA 1 


a toe 
oe &(%, t)#dz &(2, t) s 
2h = L6@Eh gmax 


= l 62 nw(x + h) 
{ " cos 
(1 vyriRK n* n*rth — 2h 


_ _4aBh_ Sx (1 f_ Ge ¥y a 

~ i — vee J, a Yate SOP 16aEA% mas no 0.046 0Bh jas 
0 =] , : X 0.278 = 

(1 v)rt*KK (1 v)KK 


—ni?xtx(t—r) J . , 
42 ide where the upper bound of the rapidly convergent series was ob- 
2h f tained by direct computation. 
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On the Carrying Capacity of 
Redundant Structures 


By E. F. 


It has been shown previously (1)‘ how the inclusion of 
certain nonlinear terms in the analysis of redundant 
trusses affects the predicted behavior of such structures in 
the postbuckling range. In particular, it was demon- 
strated that the nonlinear theory predicts states of axial 
stress corresponding toa general stiffening of the structure 
compared with the results of the classical linear analysis. 
After establishing a generalized minimum-strain-energy 
principle, this paper describes a series of tests which cor- 
roborates experimentally the predictions of the nonlinear 
theory. For example, the predicted (and measured) ulti- 
mate load of the test model amounts to about three times 
the load at which the linear theory predicts collapse 
through instability. A similar theory (2) dealing with the 
response of redundant trusses to primary bending moments 
is extended to certain types of singular cases which were 
excluded from the previous paper. It is shown analytically 
and verified by experiment that a constant ultimate state 
of axial stress may be reached already for finite applied 
couples. Elastic behavior is assumed throughout the 


paper. 
INTRODI CTION 


T is a well-known fact that a rigid-jointed truss generally be- 
comes unstable if it is subjected to joint forces of large 
enough magnitude. If the members of the structure are 
that is, 


plane while still in the elastic range, these critical forces, according 


relatively slender, if the structure buckles in its own 


to the classical linear theory, represent the largest loads which the 
structure is able to sustain. The analytical or experimental de- 
termination of the loads corresponding to neutral equilibrium is 
therefore of great importance in the design of this type of struc- 
ture and has been the subject of a number of papers, such as (3) 
and (4). 

It can be demonstrated readily that a statically determinate 
truss does, in fact, collapse when subjected to loads associated 
with neutral equilibrium. Conversely, if its axial-force system is 
indeterminate, it has been shown (1) that the conventional linear 

! The work described in this paper was sponsored by the Office of 
Ordnance Research, Contract No. DA-11-022-ORD-1156, Project 
No. TB2-0001 (570 \ more detailed discussion, especially of the ex- 
perimental phase of the work, is contained in Progress Report No. 3 
submitted to OOR under the same contract. 
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paper. 

Presented at the National Applied Mechanics Conference, Urbana, 
Ill., June 14-16, 1956, of THe American Socrery or MecHanicaL 
ENGINEERS. 
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analysis underestimates the total carrying capacity of the stru 
In fact 


compatibility relations between the joint translations modifies the 


ture. the inclusion of certain nonlinear terms in th: 
computed bar forces in such a way that a general stiffening of the 
structure takes place. As buckling progresses, the magnitude of 
the applied loads continues to increase. In general, an ultimate 
state of axial stress is approached asymptotically corresponding 
to an ultimate-load magnitude. If no prior yielding takes place 
this ultimate load, rather than the conventional buckling load 
represents the full carrying capacity of the truss. In what follows, 
a brief résumé is given of the basic equations governing the post- 
buckling range as developed in (1) 

It is assumed that a redundant truss of the type shown in Fig. | 
is subjected to a set of given joint loads, which are multiplied by 


JOINT 


om 5 


JOINT 4 


Test Mover 
DRAWING 


SCHEMATI¢ 





t 


“JOINT 5 JOINT 3 


the common parameter A (factor of safety) to be determined later 
In a structure of the mth degree of indeterminacy, the axial fore« 


S in a member can be represented by 


S = AS’ +A,8S l 


“aa 


In Equation [1], S’ represents the force system obtained through 


the customary analysis for the case of A 1, while the foree sys- 
The as yet 


undetermined multipliers A,, which of course vanish in the classical 


tems S,(r = 1, 2..m) are internally self-equilibrated 


analysis for the unprestressed case, represent the influence of the 
Repeated Greek sub 


scripts, as usual, denote summation over their range 


nonlinear terms on the axial state of stress 


If now the n joints of the truss are subjected to externally ap 
plied couples represented by the column matrix M = {M,}, the 
joint rotations 6 = 10,} are governed by the equations of equi 
librium 


Ad V 


In this set of equations, the “stiffness matrix’’ A = |{a,;,| is sym- 
metrical and a function of the axial bar forces and thus of the » 

1 multipliers A and A,. Neutral equilibrium exists when the set 
of equations 


id =0 
admits a nontrivial solution for 6; in that case 
{ 0 4 


In the determinate case, the smallest value of A satisfying Equa- 
tion [4] represents the factor of safety since A remains constant 
during buckling. 
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If the structure is statically redundant, however, Equation [4] 
determines uniquely only that value of \ at which buckling com- 
mences, since in the prebuckling range the parameters \, remain 
equal to their initial prestressing values \,* and are therefore pre- 
sumed to be known. In the postbuckling range, however, the 
curvature of the buckled members affects the condition of com- 
patible deformations in such a way that a redistribution of axial 
forces takes place. The parameters \, are now governed by the 
set of compatibility equations 


A, — A,* = 1/20’A,,0 (r = 1, 2,..m)....... [5] 

In Equations [5] and in what follows, a subscript preceded by a 

comma represents differentiation with respect to the correspond- 

ing parameter A,, while a primed matrix denotes its transpose. 
Equations [5] can be transformed into 


r, es ey = ZAy) (H'O)S,, a (ZAg)~'c¥f,,. . [6] 


in which A,,; represents the cofactor of a;, in A. As c increases 
beyond bounds, and if all the parameters A, remain finite, \ ap- 
proaches an ultimate value A* which is governed by Equation [4] 
and the set of equations 


Sf X*, Wn. . AQ) = 0 aon Saw | [7] 


A Mintmum Srrain-ENERGY PRINCIPLE 


Equations [4] and [6] admit an interesting geometric interpre- 
tation which is somewhat analogous to that developed for a dif- 
ferent loading case in (2). In fact, in the A,-space, Equation [4] 
defines a series of ‘‘surfaces of neutral equilibrium’’ which are con- 
vex. If they are closed,’ they “‘shrink’’ for increasing values of the 
load parameter A until, for A = A*, a single point is reached which 
will be designated by P* (Fig. 2). On the other hand, Equations 


bAs 


Fic. 2 Geometric RepreseNTATION oF PostsuckiinG History 


[5] or [6] apply to any system which has been “‘orthonormalized’’ 
in the manner described in (1) and (2). For a generic point P, 
therefore, Equations [6] may be expressed in an (n, ¢) co-ordinate 
system, in which n represents the direction normal (in the sense of 
increasing A) to the instability surface at P and ¢ is the totality of 
all the m — 1 directions tangent to the surface.* 

However, f,, obviously vanishes for all the tangential direc- 
tions. Equations [6] therefore are now transformed into the set 
of equations 


* Under special circumstances, open instability surfaces may also 
converge to a limiting point, which then lies at infinity. In that 
case, the finite ultimate load is approached without all bar forces re- 
maining finite. 

* It is presumed that Equation [4] has continuous derivatives with 
respect to all the parameters A,. Actually, it can be shown that the 
following developments hold true also for sectionally continuous deriva- 
tives. The presence of ‘‘corners” in the instability surface is therefore 
admitted. 
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4,—A,* = 0 


Aw — A,* = (3A,,) “cf, [ 
J 


[8] 


In other words, the vector P*P is normal to the instability surface 
at P. In view of the convexity of the surface and of the positive 
definiteness of the coefficient of f,,, in Equations [8], it follows that 
P is that point on the surface of neutral equilibrium which is 
closest to P*. 

For sufficiently small values of A, P and the initial point P* re- 
main coincident so long as the latter is on the concave side of the 
associated instability surface. After neutral equilibrium is 
reached, P travels on the sequence of shrinking surfaces as de- 
scribed, and reaches finally (for the closed case) the limiting point 
P*, Since the square of the length of the vector P*P is twice the 
fictitious strain energy associated with axial-bar forces (except for 
an additive term depending only on the load parameter A), the 
following principle is established: 

For a given set of loads, the actual bar forces minimize the 
fictitious strain energy as compared with any other system of bar 
forces satisfying the equations of equilibrium and corresponding 
to either stable or neutral equilibrium. 

It is interesting to note that this principle is analogous to the 
one of Haar and von Karman (5) dealing with the state of stress 
in an elastic-plastic structure, except that in the case under con- 
sideration the loading history is immaterial since the unloading 
path is identical with the loading path (that is, there are no “‘per- 
manent strains’’). For pin-jointed structures this analogy is to 
be expected on account of the similarity between the “stress- 
strain’’ relationship of an Euler column and that of an ideally 
plastic bar. The corresponding instability surfaces in that case 
are composed of a number of “planes, 
sists of a sequence of straight lines. 


”’ while the stress path con- 


RESPONSE TO Primary BENDING MomMENTS—SINGULAR CASE 


In this section the theory presented in (2), that is, the response 
of a redundant structure to applied primary bending moments, is 
extended to certain singular cases which were excluded in the 
original development. 

Without significant loss of generality it will be assumed that, in 
addition to a given set of external forces applied at the joints, the 
structure is subjected only to external joint couples designated 
by the column vector M. For this loading case, the axial forces 
and joint rotations are governed by Equations {1}, [2], and [5}. 
For increasing M, the stress point P in the A,-space approaches 
a limiting point P* which corresponds to the smallest value which 
the “potential energy’’ can assume. This potential energy is 
given by 


Q = /B'Ab........ 19] 


in which @ is the normalized vector proportional to the vector 0 
satisfying Equation [2]. 

The existence of an interior minimum of the Q-surface is pre- 
dicated on its convexity and on the fact that Q approaches infinity 
as the stress point P approaches the closed “‘cylinder’’ of neutral 
equilibrium. While the former condition is always satisfied, the 
latter is true if M is not orthogonal to the buckling mode asso- 
ciated with any point of neutral equilibrium. If, on the other 
hand, such orthogonality does exist, the stress path may proceed 
differently as loading continues. 

In what follows it will be assumed that at a point P of neutral 
equilibrium the normalized buckling mode 6, which is governed 
by 

Ad, = 0 | 


A, = 1 f (10 
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is orthogonal to M, i.e. 


M’'é, = 0 .. [11] 


It will be assumed further that Q has no interior minimum, since 
otherwise the discussion in (2) applies to this case without modifi- 
cation. In view of Equations [10] and [11], Equations [2] have 
a solution (in spite of the singularity of A) which can be written 
as follows 

6 = 8, + ri) . [12] 
in which c is an as yet unknown multiplier, while ¢ is determined 
uniquely by 

Ad 
¢'), = 
On the (m — 1)}-dimensional region of neutral equilibrium de- 

fined by Equations [10] in the A,-space, Equation [11] generally 
designates a (p)-dimensional subregion, where 0 S p S m — 1. 
Since the existence of an interior minimum was precluded for the 
case under consideration, it follows that, for increasing magnitudes 
of M, the stress point P approaches a point on the boundary 
which lies within this subregion. If the direction of the approach 
path is designated by the subscript s, it can be shown, through a 
limiting process, that the multiplier c approaches the value 


o'A wah 
6’,A,,8; 


[13] 


® = — [14] 
It can be shown further, by differentiating Equations [10], [11], 
[12], and [13] with respect to A,, that both the numerator and de- 
nominator in Equation [14] vanish for all directions for which 
Equation [11] is identically satisfied. Hence the s-subscripts 


in Equation [14] may be replaced by n and the value of c is inde- 


pendent of the approach path. 

After the stress point P has reached the surface of neutral equi- 
librium, and as the magnitude of M increases further, P travels on 
the p-dimensional subregion just defined in such a way as to re- 
duce the value of Q. In view of Equation [12] and of the vanish- 
ing of the numerator and denominator in Equation [14] for all t- 
directions, the equations of compatibility, Equations [5], now 
assume the form 


A,— A,* = 1/2c?O,’A,,0, + ch’A,,.0; + 1/26’A,,o. 
A, — A,* = 1/26’A,@ Ge L2..s«f 


[15n] 


a 


.. (154) 


of equations, the p Equations [15¢] define the 
position of the stress point, while Equation [l5n] governs the 
magnitude of the multiplier c. In the limit, with M passing all 
bounds, an ultimate point P* is reached, whose position is gov- 
erned by 


In this system 


lim $'A,,@o =0 cs ae [16] 


M—- 
in which ¢ is defined as the normalized vector which is propor- 
tional to the vector @ satisfying Equations [13]. It is therefore 
evident that the minimum principles developed in (2) remain 
valid for singular cases if their scope is extended to include *‘ex- 
terior’? minima. For example, the ultimate stress point P* repre- 
sents the lowest possible value of Q compared with all points in- 
side, and on the boundary of, the region of stability. 

For the special case of p = 0 (which corresponds to that of the 
model structure), only Equation [l5n]} is available after neutral 
equilibrium is reached. In other words, for increasing values of the 
applied couples M, the stress point P remains fixed, thus giving 
the structure a superficial resemblance to a statically determinate 
one. It is interesting to note that, in general, for this special case 
the ultimate state of axial stress is reached for a finite magnitude 
of M. Owing to the constancy of A, the direction of @ also re- 
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mains unchanged, while its magnitude increases in proportion to 
that of M. It can be verified readily that if the multiplier c is 
plotted against the magnitude of M, Equation [15n] defines a 
hyperbola. In general, for given M, there are two solutions for c 
and therefore two possible equilibrium configurations. This does 
not violate the uniqueness theorem developed in(2), however, since 
the validity of that principle was restricted to the inside of the 
region of stability. 


Discussion or Test PRocEDURE AND REsULTS 


In order to establish an experimental corroboration of th 
analytical results contained in (1) and (2) (the latter modified by 
the discussion of the preceding section), a model structure shown 
schematically in Fig. 1 was subjected to vertical forces at joint | 
The structure is of one d: 
This redundan 


or 3 or to a couple applied at joint 2 
gree of redundancy relative to its axial forces. 
can be removed, in order to provide a check with existing linear 
theories, by releasing joint 5 and by permitting it to slide. Also, 
by imposing an initial displacement on joint 5, an arbitrary sys- 
tem of prestresses can be introduced 

The members of the truss were fabricated from high-strength 
strap steel, whose proportional limit was tested at 187,000 psi 
The diagonal members were 1 in. wide and 0.032 in. thick and 
the nondiag~nal members were of the same width and 0,062 in 
thick. The resulting combination of very large slenderness ratios 
with a high proportional limit insured the fully elastic behavior of 
the members well into the nonlinear post-buckling domain. At 
the same time, the high width-thickness ratio prevented a tend- 
ency of the lower chord to buckle laterally 

The joint rotations were measured in the usual fashion by 
means of attached mirrors. The axial forces were computed 
from the measured strains on two opposite faces of the members 
This presented some difficulty in that relatively small errors in the 
gage response led to substantial discrepancies in the calculated 
axial stresses. Also, the stiffness of the strain gages themselves 
affected the results to an unexpectedly high extent. The effect of 
these errors was minimized, so far as possible, by placing the gages 
near the points of contraflexure. The vertical forces were applied 
through a displacement-type loading device; this was necessary 
because of the asymptotic character of the displacement-load re- 
lationship as the load approaches its ultimate value. 

According to the linear theory, a vertical downward fore: 

2 NO PRESTRESSING 
© 66 LB. PRESTRESSING IN DIAGONALS 
6 LB. PRESTRESSING IN DIAGONALS 


30.8 (THEORETICA 
ULTIMATE STRESS‘ 


Pr as” 
— LINEAR THEORY 
NO PRESTRESSING 


+ - 
» 10 F [Les] 
(EXTERNAL LOAD 





S (LBS) (INTERNAL FORCE) 


~24.7 (THEORETICAL 
ULTIMATE STRESS 


LINEAR THEORY BARS 2-\ AND 2-5 


(NO PRESTRESSING) 


Fie. 3 Stress Histortres Versus Loap MaGnirupeE 


35.5 lb applied at joint 3 causes the structure to collapse as a result 
of instability. The nonlinear theory predicts collapse at 110.0 lb; 
during the interval between initial instability and ultimate col- 
lapse, the behavior follows a pattern similar to Fig. 3 (reference | 

If the truss is prestressed it may buckle under different loads, but 
the magnitude of the ultimate load is unaffected. Furthermore, 
the axial forces in the members, which are linearly related to the 
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load in the prebuckling range, converge to ultimate values which 
are independent of the state of initial stress, 

These analytical results were largely substantiated by the ex- 
periments. The largest recorded vertical load was, in fact, 110 
lb, beyond which sharp increases in the joint rotations were ac- 
companied by unappreciably small changes in the load magnitude. 
This measured value of the collapse load was independent of the 
initial state of stress; three systems of prestresses were used, as is 
shown in Fig. 3. Also, the measured axial forces under collapse 
conditions were reasonably independent of the prestressing sys- 
tems and in fairly good agreement with the values predicted by 
the nonlinear analysis. 

As was to be expected, however, the precollapse behavior de- 
viated appreciably from the results of the idealized nonlinear 
theory. In particular, the sharp break between prebuckling 
(linear) and postbuckling (1tonlinear) domains failed to material- 
ize. In fact, joint rotations occurred at load values well below 
the theoretical buckling load; conversely, the bar force-load 
relationships were nonlinear from the start (Fig. 3). This dis- 
crepancy is readily explicable by virtue of unavoidable initial 
eccentricities, curvatures, and so on, as well as the fact that the 
joint translations are disregarded in the moment-rotation rela- 
tionships at the joints. It can easily be shown analytically that 
these factors influence the stress and displacement history of the 
structure, but leave the state of axial stress under collapse condi- 
tions as well as the collapse mode itself unaffected. It is of interest 
to note, however, that the conventional buckling load has be- 
come devoid of physical meaning in the indeterminate case. Un- 
doubtedly, the onset of plastic yielding must introduce drastic 
modifications in the strength analysis; it appears reasonable, 
however, that in any case the actual load capacity should be com- 
puted in terms of the ultimate, rather than of the linear buckling 
load. 

The second part of the experimental program concerned itself 
with the response of the structure to a couple applied at joint 2. 
In the absence of any external joint loads, the boundary of the 
stability range is reached when the force S in the diagonal mem- 
bers equals 67 lb in tension and that in the remaining members 47 
lb in compression. Associated with this axial-force system is a 
buckling mode which, when normalized, is expressed by the vector 

0.707 
0 (17 
0.707 


Since the applied moment vector is of the form 


18] 


j 


the satisfaction of the orthogonality Equation [11] is therefore 
In other words, the structure is singular relative to the 
1 and p = 0. 


evident. 
system of joint couples under study, with m = 
Moreover, the Q-surface does not exhibit an interior minimum. 

In line with the discussion in the preceding section, the response 
of the structure is divided into two distinct phases. During the 
first phase, that is, with 4, < M’ = 25.7 in-lb, the stress point P 
stays inside the region of stability. The rotation vector @ and the 
axial-force system (identified by \,) are governed by Equations 
{2} and [5]. As P approaches neutral equilibrium, the multiplier 
co given by Equation [14] vanishes. This follows from the 
second of Equations [13] and from the fact that the fundamental 
eigenvector of A (given by Equation [17]) is independent of A, 
If the structure is prestressed, neutral equilibrium, with S = 67 lb, 
is reached for different values of M’; otherwise, the foregoing 
discussion is equally applicable. 

For M, = M’,the response of the structure is governed by Equa- 
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tion [lin] (with n = 1). The left side of this equation remains 
constant; this expresses the fact that for increasing moments the 
axial forces are unaffected. It can be shown that Equation [l5n] 
can be transformed into 


VW’ {19} 
As pointed out before, this defines a hyperbola. On the other 
hand, the rotation of the center joint, which is independent of c, 
increases linearly with Mo. 


1000 + 
t 6, LINEAR THEORY 


6, NON-LINEAR THEORY 
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JOINT MOMENT AT JOINT 2 [IN-LBS) © 


JOINT ROTATION x 10* [RADIANS] 
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o-@ 8, NON-LINEAR THEORY 
6, 
e- 6, 


Fig. 4 Joint Roration Versus Appiiep Couple 

Fig. 4 shows the computed and measured values of the joint ro- 
tations as functions of the applied moment for the unprestressed 
It is seen that there is good quantitative agreement,’ es- 
It is also interesting to note 


case, 
pecially for large magnitudes of M.. 
the discontinuous response of the structure as the critical moment 
M’' is reached. The solid straight line corresponds to the center- 
joint rotation predicted by the linear theory; this was experi- 
mentally verified by permitting joint 5 to slide freely and by thus 
rendering the truss statically determinate. As far as joint 2 is 
concerned, the introduction of the nonlinear terms amounts to a 
“stiffening’’ effect which reduces the joint rotations to 34.9 per 
cent of those anticipated by the linear theory. Of course it is 
not to be inferred that all structures, or even the same structure 
under all loading conditions, display the same degree of stiffen- 
ing;* to some extent, however, the same effect is common in all 
cases. 
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The Propagation 


of Fatigue Cracks 


By A. K. HEAD,' MELBOURNE, AUSTRALIA 


A theory of the rate of growth of fatigue cracks is ex- 
tended to the case of large stresses. Recent measurements 
of McClintock and Ryan are discussed. 


INTRODUCTION 
CCLINTOCK and Ryan? have recently presented the 
results of an experiment designed to test a theoretical 
analysis of the rate of growth of fatigue cracks, in 
While 
finding agreement with some predictions of the theory, they also 
These will be discussed. In 
it is first necessary to extend the analysis to large 


particular, the dependence of rate of growth on stress. 


point out apparent discrepancies. 
order to do so, 
stresses, the PM theory being an approximation for small stresses. 
A résumé of the relevant parts of PM is given and the same nota- 
tion will be used, except to write a for a 
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1 purely elastic solid then the applied stress would 


The a fatigue crack is visualized as follows: 


erack were 


generate a high stress at the tip of the crack, as a result of the large 
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In a metal this high stress would be 


concentration there 
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the crack This has three consequences; 


tic region yields, it work hardens 
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ling occurs, take up some of the load, thus reducing 
plastic region 
n stress in the surrounding regions will cause 
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e purely elastic case carried a stress less 


large 


be subjected to enough stress to 


ipplied stress, reverse plastic flow will occur 


again gover he three effects mentioned. Continual appli- 


cation o ting stress will cause a continual work harden- 


ing at th rack, leading to one or other of the following 


possibiliti 


k stress at the tip of the crack in an elastic medium 


1 Ifthe pe 


un the 


is less tl fracture stress, then the work hardening will tend 


to a limit after which the applied stress causes elastic deformation 
only. In this case the crack does not spread 
2 If 


greater than the fracture stress, then it is impossible for the ma- 


this peak stress under purely elastic deformation is 
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terial to work-harden sufficiently to produce a purely elastic state 
Fracture in the neighborhood of the tip of the crack will occur 
after a number of cycles. The crack then starts to spread with 
the same process being repeated at the new tip of the crack. 
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Consider the history of a small volume of metal in the line « 


advance of the crack. When the crack is far away the stress 
the volume is essentially equal to the applied stress and the 
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kb> 


4 


= ik f(n, t) exp [k(t — b) dt 
b 


k = 2/(ab)'* 


The difficulty of the analysis lies in the fact that it is a floating 
boundary problem; i.e., the positions of the boundary curves 
z = b(n) and z = c(n) are not given but are to be found from the 
excess boundary conditions. An approximate solution for the 
case 2 << XY» was given in PM. A better approximation for 
this case and also a solution for the case 2 > Zp is given here. 


So.LuTION ror SMALL STRESSES 


Formally integrating Equation [2] with respect to n gives 


fin, z) = a (Xo = Z) 


16F 
Ea*k 

where the arbitrary function of integration becomes the constant 
4(. — Z)/Ea, i.e., the value of f(n, x) for z = c(n), provided the 
double integral is taken over the region in the x — n plane indi- 
cated by shading in Fig. 1. 


x 
X=c(n) 


RIGID 


(n,x)  x=b (n) 
P maane 





n 





Fie. 1 Reaion or INTEGRATION FoR Equation [7] 

We now assume that the applied stress is small and that the 
crack is growing slowly, so that over this region of integration the 
curve z = c(n) can be taken as a straight line of gradient dc/dn = 
c’, Then Equation [7] can be written 

(n, zr) = —(2%—Z 

: Ea 
16F ¢“=" gy ; 

+ flu, t) sinh [k(z — t) dt du 
Eatk e—2v t=c—c'(n—u) 


=> 


We now find by iteration an approximate solution to this integral 
equation for f(n, z). From the Boundary Conditions [3] and [4] 


we know that f(n, z) increases from 
xz = c(n) 


4(2» — 2)/Ea for 


for « = b(n) 


4(2, — 2)/Ea 
so as a first approximation take 


4 
f(n, x) = Ea (Xo — z) 


§ This is a better approximation than the corresponding PM (20) 
which it replaces. 
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Substituting this in the right-hand side of Equation [8] and 
evaluating the integral gives as a second approximation 


q 4 
f(n, z) = Fa "~~ 


, 


16F : ; ; 
1 + Ratkic’ {sinh [k(c —2x)] — [ke — =I | (9) 


This satisfies the Boundary Condition [4] and to satisfy Equation 
[3] we must have 


2» — Zz 


S, {sinh [k(c — b)] — [k(c- 


dc : 16F 


dn ee Eatk* = 
oF b's Y—z 


= E an = _—S, {sinh [k(c — b)] — [k(c — b))} 


where we have substituted for k from Equation {6}. 
Substituting this value of c’ in Equation [9] gives 

— Jz, 

Ea \ 


y 
a 


f(n, z) = 


[kc — x] 
[k(c — b)}§ 


, , sinh [k(e — z)] — 
+ (2; — Xo) - 


sinh [k(e — b)} — 





and using this, the final Boundary Condition [5] becomes, on 
writing 2 = k(c — b) 
z= = (Xo — Ker — 1) 


+ (2, — Yo)sinh z — 2)! 


(3 5 
— get — - 
2 4 


From Equation [10] we see that z is a function of stress only 
and remains constant during the growth of the crack. Since 


1 
e+petteti) [10] 


c—b = 2/k = 2(ab)'/*/2 


dc db z (: “/t db 
4 b dn 


GT 


dn dn 
dn 
wh F—F 


. er 
[1 +4 
ar bv 


dc 
mp tft > 
E a’ 2: — 2 


we have 


and so 


(sinh z — z) [11] 


where the approximation is good for b >> a, i.e., for a long thin 
crack. 
Integrating Equation [11] gives 


Ea’ 

as the law connecting 6 the half length of the fatigue crack, with n 

the number of cycles of applied stress. In Equation [12] N is an 

arbitrary cons »nt of integration and 
2—z 


< = (sinh z—z).... 
1 20 


)= (13] 


where z is a function of , Zo, and 2; given implicitly by Equation 
(10). If 2 << Zp» this reduces to 
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v3 


[14] 


gz) = -<-—— 
a > rn + 
3(2, — Lo Zo — Z)? 


a 2 
as given in PM.* 


SoLuTION FoR LARGE STRESSES 

We now consider the case where the applied stress = is greater 
than, or equal to, the initial yield stress of the material 2». Bullen, 
Head, and Wood* have shown that under these conditions there 
is rapid work hardening throughout the bulk of the metal and 
after the first few hundred cycles the static yield stress has been 
raised and is essentially equal to the peak value of the applied 
stress; so a fatigue crack would be growing in a medium with 
yield stress equal to the applied stress. 

This tends to simplify the analysis of the model crack. For as 
the bulk of the material is just stressed to the yield stress, the 
stress concentration of the crack causes the plastic region to ex- 
tend from the tip of the crack to infinity; i.e., in this case e(n) = 
©, So the basic Equation [2] becomes 


of(n, xz) 16F 
On ~ Eatk ; 


= 
f(n, t) sinh [k(x — t)]dt [15] 


which is to be solved with the following boundary conditions. 
From Equation [3 


f[n, (n)] = — (3,—2 (16) 


From Equation [4 


From Equation [5] 


kb> a 


— - f(n, t 
E . 


It will be found that the function 
19 


with A, a, 8 constants, satisfies Equation [15] provided that 


16F 
Ea* 3? 


x”) 


A solution of this form satisfies Equation [17 


of 8 


for positive values 
Substituting Equation [19] in [16] gives 

4 

Ea 


Sbin 


Ae (> >) 21 


and this can only be satisfied strictly if b(n) is a linear function of 


n with 


db a 16F 


dn 6B  Ea*X(B k2 


We now assume that locally the boundary z = b(n) can be re- 
garded as straight and that the foregoing expressions are good 
The local gradient of the boundary is given by 
Equation [22] where 8 is to be determined from the remaining 
Condition [18]. 

Substituting Equation [19] in [18] gives 


approximations. 


*“Structural Changes During the Fatigue of Metals,” by F. P 
Bullen, A. K. Head, and W. A. Wood, Proceedings of the Royal 
Society of London, England, series A, vol. 216, 1953, p. 332 


PROPAGATION OF FATIGUE CRACKS 


kb= 
E f 
Eliminating A exp (an 8b) between Equations [21] 
and substituting for k from Equation [6! gives 
9 ys 


~! 


B= 
(ab)’* = 


and so from Equation {22} 


db 2F b'/ = 


FP i VTi > 
dn E a /s >i(z;? — >!) 
which on integration becomes 


F >> 
= — (N —n) 


Ea'* 3(2,* — 3) 


where N is an arbitrary constant of integration 


SOLUTION FoR ALL STRESSES 


On comparing Equations [12] and [26] it will be seen that the 


laws of crack growth for both small and large stresses are of the 
same form, namely 


where 


a sinh z 


with z given by Equation [10] 

It is a reasonable assumption that at intermediate stresses the 
crack-growth law will still be of the same form as Equation [27 
and 


quations 28 


with an intermediate function g({) connecting the upper 


lower forms, Equations [28] and [29]. In Fig. 2, I 
and [29 


will be seen that there can be but little uncertainty in connecting 


9/29 


are shown by solid curves (for the case Dp» 2/da It 


the two. The dashed connection is the continuation of Equation 
28] which is seen to provide a good approximation to g(Z) for 
all values of 2. Now Equation [28] would be strictly true for all 
stresses for a material with zero initial y ield stress. So the rate of 
growth of a crack in this material is only slightly fasier than in a 
similar material with an initial yield stress, even though the 
plastic region is infinite in one case and finite in the other 

The explanation of this insensitivity to the value of 2» follows 
from the foregoing analysis. From Equation[1)], f(n, x) is propor- 
tional to the excess of local stress over applied stress. From Equa- 
tion [19] this difference exponentially decreases ahead of the crack 
with decay length 

| ab)? = 


8 2 2 


(24). Thus the work hardening is 


occurring in a region ahead of the crack 


by Equation significant 


, of length of order (ab)'/* 
and this is the same order as the size of the finite plastic region in 
Thus the 


work hardening is mainly near the tip of the crack in both cases 


the case where the material has an initial yield stress. 


and the rate of crack growth depends mainly on = and 3, and is 
little affected by the value of pm 
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Fic. 2 Depenpence or g(Z) oN = FOR THE 


CONCLUSION 


McClintock and Ryan? have pointed out that the PM theory 
predicts an infinite rate of growth when the applied stress is equal 
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to the yield stress, This follows from Equation (14) and is now 
seen to be due to the approximations used which restrict the 
validity of this equation to 2 << XY». For © = > there is a 
definite finite rate of growth given by Equation [26]. 

They also point out that their measurements imply that F 
must be from one hundred to one thousand times smaller than its 
value as measured in a tensile test. A similar difference was found 
for the data analyzed in PM. An alternative way of expression 
is that the ductility of the metal under fatigue conditions must be 
100 to 1000 times greater than that measured under unidirectional 
loading. This is discussed in PM where it was pointed out that 
the total plastic strain to fracture for cyclic stressing can be ex- 
pected to be much larger than for static stressing. This is verified 
by measurements of the hysteresis loop during fatigue. For ex- 
ample, measurements have been made in the author’s labora- 
tories which show that, for copper under a push-pull stress of 
11,000 psi, the average plastic strain per cycle is approximately 
equal to the elastic strain (~0.1 per cent). For a life of 10° cycles 
this gives a total plastic strain of 1000, which is of the right order 
of magnitude. 

McClintock and Ryan also have suggested a number of addi- 
tional properties the model might have which would make it 
closer to a real crack. These are interesting, particularly the 
suggestion that the crack should be able to carry a compressive 
load, as it appears to do in practice. One improvement was con- 
sidered, namely, to allow the plastic elements to be elastic 
plastic instead of rigid plastic. This leads to a floating-boundary 
problem (as indeed all models should since the problem of the 
real crack is one) with a more complicated set of equatiors 
These could be solved only by making further mathematical ap- 
proximations and the final result was not essentially different 
from that for rigid-plastic elements. Any inherent improve- 
ments were apparently lost by the more drastic approximations 
necessary to find a solution. It would appear that to introduce, 
and retain, improvements in the model is essentially a mathe- 
matical problem calling for a more exact analysis than has been 


used so far. 
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Impact With F 


Elastic and Elastic-Plastic Beams 


By 


The purpose of the work described in this paper was to 
provide information on the elastic and plastic deforma- 
The 


particular impact problem treated was chosen to corre- 


tion of steel beams subjected to transverse impact. 


spond to conditions in tests in which a beam initially at 
rest is struck by a massive hammer, so that a specified 
change of velocity is imposed at a certain cross section in 
a small time interval. In the present analysis the initial 
elastic and subsequent elastic-plastic motions were ob- 
tained by methods similar to those used by Bleich and 
Salvadori 


tion occurs only at a single stationary plastic hinge (in 


(3).' Asin (3), it is assumed that plastic deforma- 


this case at the struck cross section). Results obtained are 


compared with those of a “rigid-plastic” solution of the 
same problem, in which plasticity conditions are correctly 


taken into account but elastic vibrations are not included. 


INTRODUCTION 


Y ARIOUS problems of impact and dynamic loading of 
beams have been considered previously by several authors 

Using the rigid-plastic hypothesis, Symonds and Leth (1 

have obtained the solution for a finite beam whose mid-section 
acquires a given velocity in zero time; and Green (2), has modi- 
fied their solution to include the finite acceleration time. 
ments have been conducted at Brown University to check the 


Experi- 


ranges of the parameters involved for which the plastic deforma- 
tions predicted in (1) and (2) are good approximations. 

A previous study of elastic-plastic deformations of beams was 
made by Bleich and Salvadori (3), who gave a method for the 
mathematical analysis of elastic-plastic beams subjected to im- 
pulsive loading. They applied their method to obtain the motion 
and the final deformation of a free-free beam with a given sym- 
metric initial velocity distribution. Thomson (4) has also ob- 
tained solutions of several elastic-plastic beam problems by 
analog-computing methods. 

In this paper is presented a solution for the elastic-plastic mo- 
tion of a uniform beam of length 2/ subjected to a specified im- 
pact condition, in which the middle cross section is forced to move 
with velocity Vt/r in the time interval 0 < ¢ < 7, and with ve- 
locity V = const fort > r. The acceleration time 7 is taken to be 
small but finite. In particular, the permanent angle of rotation 
at the struck cross section is computed on the assumption that 


1 The results presented in this paper were obtained in the course of 
research sponsored by the Office of Naval Research under Contract 
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The results are compared with 
1,2). The 


range of vali lity of the present re sults is determined by examining 


only one plastic hinge is present 


those obtained by use of the rigid-plastic hypothesis 


the bending-moment distribution along the beam. 

The mathematical solution of the problem is sketched in the 
Appendix. The following section summarizes the results of 
interest 


and presents a discussion of their significar 


PrincipaL ReEsUuLTs AND D1scussIoN 


The physical quantities involved in the analysis, in additi 
the ve locity if > and accel 
elastic flexural rigidity 


gia 
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The curve representing the 


the half length of the beam 
time 7, are mass per unit length » 
and limit M, 


curvature relation is assumed to consist of two straight lines 


momet 


moment 


shown in Fig. |! tesults are best presented in terms of certain 


Bending Moment 


* 
Curvoture 


BenDING-MoMENT CURVATURE RELATION ASSUME! 


REPORT 


dimensionless combinations; name y; mi?V M,r, T/T, and M A 
ml V2, where T; 1.791? VV m/EI denotes the fundamenta! period 
of vibration of the elastic beam, and % is the permanent angle o! 


rotation of the mid-point 

In the first stage of the motion the beam behaves wholly elas- 
tically. The solution for the displacement y(z, ¢) of the beam in 
this phase is given by Equation [5] in the Appendix, This phase 
ends at a time t, when the moment M, at the mid-section becomes 
equal to M,. Fig. 2 shows how the moment M, builds up with 
time, since it is a plot of Mor/ml?V as a function of t/7 
6]. By setting Mo M, and t t,, this curve fur 
nishes the time ratio t; 7; at which the wholly elastic ph ise ter- 
For example, if M,7r/ml?V = 0,02, the « 
7; is about 0.0125. In this paper only the cass 
i, < 7 is considered 

For t > t, it is necessary to solve a new boundary-value problem, 


from 


equation 


minates rresponding 


value of ¢; 


where 


in which the condition of slope continuity at the mid-section, 


which holds in the wholly elastic phase, is replaced by the condi- 


hinge M, 


tion for a plastic namely, const, whie the 
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slope angle @ is unprescribed. The solution for y(z, ¢) in this 
phase is given by Equation [7] of the Appendix. 

It should be emphasized that the solution presented for the 
second phase is valid only so long as the beam is wholly elastic 
On this assumption the 


everywhere except at the mid-section. 
solution applies so long as the rate of increase 6 of the slope 


angle at the plastic hinge is positive. . When this rate vanishes a 
new wholly elastic phase begins, with 6 = 0; otherwise the rota- 
tion at a plastic hinge would be opposite in sense to the moment. 

The slope angle 4 calculated at the instant when 6 becomes zero 
is thus the permanent angular deflection, which is of practical in- 
terest as a measure of the ‘“damage’’ done to the beam in the im- 
pact. The plot of M,4./mlV? as a function of ml*?V/Mor for the 
case T/7'; = 0.02 is given in Fig. 3. In the same figure is drawn 
the curve obtained by Green (2) for the final slope angle pre- 
dicted by the rigid-plastic analysis. 

The particular value r/7 = 0.02 for which computations were 
made was chosen as representative of values used in experiments 
at Brown University, to be described elsewhere (5). For the same 
reason computations were made only for ml?/V/M,7 in the range 
between 50 and 250. In this range the effect of varying the time 
ratio T/7',; from 0.02 to 0.08 was found to be small; the reduction 
of M ,6./mlV? was found to be of the order of 10 per cent at ml?V /- 
M,7 = 50, and less than 1 per cent for ml?V/M,r > 150. In the 
calculation of the curve in Fig. 3 only the first two terms of 
the series were retained; for the range of variables considered the 
effects of additional terms would not have been visible in the curve 
as plotted. Furthermore, the possibility of successive elastic and 
elastic-plastic stages beyond the first elastic-plastic phase has 
been neglected. 

It is noteworthy that the permanent angular deflections pre- 
dicted by the present analysis are much less than those pre- 
dicted by the rigid-plastic solution. The latter type of analysis 
has been proposed as a suitable one for cases in which the ratio of 
the energy spent in plastic-deformation greatly exceeds the maxi- 
mum elastic-strain energy that could be stored in the beam. The 
ratio R of these two energies can be taken as R = 2M,6,/- 
(M,*l/EI), since M,*l/EI is the elastic strain energy of the beam 
loaded to the limit moment throughout. Thus when R >| it is 
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angular-deflection rigid-plastic 


analy sis (2) 


Curve I, Nondimensional curve 


Nondimensionalized deflection from 


analysis 


Curve II, curve present 


Fic. 3 NoONDIMENSIONAL DeFLecTion CURVES 
reasonable to expect that deformations predicted by the plastic- 
rigid type of analysis will be satisfactory at least so far as the 
neglect of elastic deformation is concerned; for example, if R > 10 
the plastic-rigid analysis should give results agreeing closely with 
those furnished by an elastic-plastic solution of a given problem. 
However at ml?V/M,7r = 150, where 2Mo% from the rigid-plastic 
solution is about 0.80m/V?, we have R = 10, but the angular 
deformation predicted by the rigid-plastic analysis is about 2 times 
that predicted by the present solution. However, the permanent 
deformation predicted in the present analysis generally exceeds 
that observed in experiments (5). 

Investigation of the bending-moment distribution along the 
beam at various times after the beginning of the plastic hinge at 
the mid-section yields some significant information concerning the 
validity of the curve in Fig. 3. Calculations for particular cases 
show that at a short distance from the mid-section the bending 
moment first decreases and then increases and attains a maximum 
in the vicinity of z = 0.41. For ml?V/M,r = 65, of R = 0.85,‘ 
the bending moment near z = 0.4/1 reaches M, at nearly the same 
time that the deformation predicted in Fig. 3 is attained. For 
values of ml?V/M,r7 greater than about 65, the yield moment is 
exceeded in the vicinity before the deformation predicted in Fig. 
3 is reached. 

Further calculations show that for still higher values of ml*V /- 
M,7, a negative yield moment (opposite in sense to the moment 
at the mid-section) in the vicinity of z = 0.4/ is attained before 
the deformations predicted in Fig. 3 are reached, and if the solu- 
tion obtained in this paper were still valid, a positive yield moment 
would later be attained. The value of ml*V/M,r for which the 
negative yield moment is first attained is about 80, corresponding 
to R equal to about 1.3. Plots of these results are shown in Figs. 
4 and 5, where only the first two terms of the series have been re- 


*The R-values quoted here are based on the angular deformation 
computed according to the present elastic-plastic analysis. 
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tained in the calculations. The negative bending at outer hinges 
has been observed in experiment (5), and is predicted in the rigid- 
plastic analysis of the problem. 

SUMMARY 


To summarize, it has been found that the prediction of angular 
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deformation given by the plastic-rigid analysis exceeds that of the 
present elastic-plastic solution by a factor ranging from 6 at 
m?V/M,r = 50 to 1.4 at ml*V/M,r = 250. In this comparison 
the ratio r/7', (of the impact duration to the fundamental period 
of the elastic beam) has the constant value 0.02, but the results 
otherwise are in general nondimensional form. As ml?V/M,r 
varies from 50 to 250 the ratio R of the work done at plastic 
hinges to the maximum possible elastic-strain energy increases 
from 0.70 to 35. 

The present elastic-plastic solution is known to satisfy the 
plasticity condition throughout the beam only in the range 
ml?V/M,r < 65. Hence the angular deformations predicted by 
this solution are strictly correct only in this range, which corre- 
sponds to R < 0.85. If mi*V 
is not very large, the present results will probably be reasonable 


MT exceeds 65 by an amount which 


approximations, However, if ml?V/M,r is much greater than 80 
gross violations of the plasticity condition occur, as indicated by 
Fig. 5. No validity can then be claimed for this elastic-plastic 
solution in this range, and the results, unfortunately, cannot be 
The latter 
solution is presumably accurate at large enough values of ml*V 

M,r. However, 
parameter above which the error of the rigid-plastic solution i 


used to test the validity of the rigid-plastic solution 
an estimate of the particular value of this 


less than, say, 10 per cent, can only be obtained by a complete 
elastic-plastic solution which takes proper account of the plas 


ticity condition throughout the beam. 
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Appendix 


The problem considered in this paper is to obtain the elasti 
and elastic-plastic motion of a free-free beam which undergoes 
impact loading at its mid-point for a finite period of time. The 
beam is supposed initially at rest and the mid-section acquires a 
velocity V in a small finite period of time r, for all subsequent time 
the velocity of the mid-point is assumed constant and equal to V 

The origin of co-ordinates is taken at the mid-point of the beam 
até = 0. 
noted by the variable z, and y denotes the lateral displacement of 


The distance along the central axis of the beam is di 


the beam at any point z, and for each value of time ¢. 
From the symmetry of the problem it is only necessary to ol 
tain the solution of the equation of motion in 0 < z < / for all ¢ 
The differential equation to be satisfied is 


25 


4 
Oty , 2? 8 ore m 
ox* ot? El 


where m is mass per unit length and EI is the flexural rigidity 
which is assumed constant. 
The boundary conditions are 


y~(0, t) 7 yz2(l, t) = Yerz(l, t) = 0 
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forO <i<r 


fort >T 


and the two initial conditions are 
y(x, 0) = yz, 0) = 0 


Equation [1] is transformed by use of the Laplace integral and 


becomes 


q*¥(z, s) = 0 (2) 


where 


e~*y(z, t)dt 
0 


The most general solution of Equation [2] is 
Y(z, s) = C; cosh gr + C2 sinh gr + C; sin gx + C, cos gz 


where the C’s are arbitrary functions of the parameter s. When 


the boundary conditions are satisfied, Y(z, s) becomes 
as 


: (cosh qr + cos qr) 


Y(z, 8) = 


a(s) sinh gi sin gl 


< (cosh gx — cos gr) 
2 (1 + cosh qi cos gl) . $ 


a(s) (cosh gi sin gl + sinh gl cos gl) 


(sinh gr — sin gr) 


2 (1 + cosh gi cos ql) 


[3] 


When this solution is inverted to z and ¢ and after some manipu- 
lation 


y(z, t) = [t? 
2r 


2Vatlt ow 
4 Mets 


: sinh y,, 
where I, = - 
My, 


z Ms r : r 
cosh w,, sinh y,, sin 


l it l l 


cosh uw, + cos p,, sinh uw, + sin pw, 


T)=0 whent<r 


= tfort>T 


and the yu, are the solutions of cos gl cosh gl = —1. 

It is readily verified that this solution for y(z, t) satisfies the 
differential equation together with the boundary and initial con- 
ditions. 

The case of practical interest is when the yield bending moment 
at the mid-section is reached for <r. The solution for y(z, ¢) for 
i <7 can be written 
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V atx 
y(z, t) = te 
, 2r 12 


= 0, in nondimen- 


sin y,, ) 
b 
cos Ma 


in Fig. 2. 


Letting WM, denote the bending moment at 2 


, 
sionai form 


Mor 


mil?} 


= gat } sinh py, 
TE con Mt 1 | 
—, al? 2° cosh My 


The quantity Mor/mil?V has been plotted against (/7 
7, denotes the fundamental period of vibration of the beam and 
only the first three terms of the series have been retained. 
Assuming then that the yield moment has occurred at the mid- 
point for a value of t; < 7, a new boundary-value problem must 
be solved. It is also assumed that after the yield moment has 
occurred that the bending moment at the mid-point remains con- 
stant and equal to M,. It is further assumed that a plastic hinge 
develops at the mid-point and that this hinge is infinitely thin. 
For ¢t 
still 


> t; where t T, the differential equation to be satisfied is 


Oty , oy 
Lg? 


t 9 
Ox* ot* 
But the boundary conditions are now 


O*y 
. (0, 2 
Or? 


where 


M7; sinh uw, — sin wy, 
A, = | cos l 
al? cosh LL, + COS pu, 


O*y 


Ox? 


(1, t) 0 


o8y 


and the conditions to 


(1) 
( 


where 


B. = (cosh HM, tT COS pM,,) 1, 


n 


and B, A,, and ¢, are as previously defined 
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*- vn Bem 1 : : D, ( I 
( s—— > Cc 2Bl? -. s 
) 7, 4 T ” wn D> > Ham a, Py sinh J ed 


ol ao} Ba 
] ) sin Vu 
sin V,, a’ 


sinh uw, — sin pw, 


. tat, : 
+ 2B? ry d V4 u,* V3 (= ro 


with respect to u yields an ordinary differential equation in the l ) on VM a 


Upon changing to the new time u = ¢ — t., the Laplace integral 
(x, s)-plane. Solution of this equation together with its boundary sin V,, 


conditions gives } r, 8 


Then, after applying the complex inversion integral 


where tan } - tanh J - 


sinh 


) 


It is easily verified that this solution satisfies tl 


equation, the boundary conditions, and the initia 





On the Determination of a Viscoelastic 
Model for Stress Analysis of Plastics 


By D. R. BLAND? ano E. H. LEE? 


A method of assessing whether or not the measured 
variation of complex compliance with frequency for a 
viscoelastic material is consistent with a four-element 
model is presented. The four-element model was chosen 
since it is relatively simple to analyze, and exhibits the 
three main types of viscoelastic response; namely, instan- 
taneous elasticity, viscous flow, and delayed elasticity. 
If the compliance measurements are found to conform 
with the behavior of a four-element model over the whole 
or part of the frequency range studied, a graphical method 
of determining the model constants is presented. The 
significance of the application of such a model to stress 
analysis under transient loading is discussed. 


INTRODUCTION 


HE determination of the stresses in a viscoelastic body sub- 

jected to transient loading is considerably simplified (1)* 

if the stress-strain, o — €, relation can be represented by a 
linear operator equation of the form 


P(o) = Qle).. Lem i ald 


where P and Q are polynomials in the operator 0/dt, ¢ denoting 
time. In this paper we consider single components of stress and 
strain, which could, for example, be shear, or simple tension. The 
lower the order of these polynomials which will adequately repro- 
duce the response of the material to stress, the simpler the analysis 
becomes. We therefore seek a method of assessing how well ex- 
perimental measurements can be reproduced by means of a four- 
element model, Fig. 1, which corresponds to quadratic poly- 
nomials, or by means of simpler models. 

The experimental measurements of the viscoelastic properties 
of the material are considered to be in the form of the steady- 
state response with periodic variation of stress and strain of angu- 
lar frequency w, which can be represented in the complex form 


< = Jw) — Jw)... [2] 
g 


where the time dependence of both € and ¢@ is of the form e™. 


This ratio is known as the complex compliance, and nonzero imagi- 
nary part, J’(w), implies a phase difference between the oscilla- 
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tions of stress and strain. Both J’ and J” a e functions of w which 
can be determined experimentally over the frequency 
interest. 

If the viscoelastic properties of the material are governed by 
Equation [1], substitution of steady-state sinusoidal variation of 
stress and strain determines 


range of 


Thus, given P and Q, J’ and J” can be found. In this paper we 
are concerned with the deduction of P and Q, for prescribed J’ 


and J” as functions of w. 





in 











| 
to 


Four-ELEMENT 





Fic. 1 MopeEL 

For many problems of transient loading with a limited loading 
duration. which is also of the order of the time during which stress 
analysis is of interest, the load variation is dominated by a rela 
tively narrow spectrum of frequencies. These are dominant fre 
quencies in a Fourier-series expansion of the loading function 
Within this range of frequencies, it may be possible adequately to 
reproduce the variation of complex compliance with an equation 
of the type of Equation [1], corresponding to a four-element 
model. This model can only be expected to be satisfactory within 
the particular time range of interest and for the type of loading 
function for which it was devised, and a more complicated law 
probably would be necessary to represent the viscoelastic behavior 
of the material over a wider frequency range. Moreover, the 
model will represent the material at a prescribed temperature, 
and the values of the material constants, and possibly the type of 
model, may be temperature-dependent. 

The foregoing limitations emphasize the contrast between the 
objectives of this paper and, for example, the work of Leaderman 
and Marvin (2), who sought a viscoelastic model to reproduce 
approximately the response of a material over a very wide range 
of frequencies. In that paper close agreement with measured 
compliances was not sought, and the general form of the complex 
compliance function could be reproduced by a six-element model, 
which was equivalent to the four-element model of Fig. 1, with an 
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additional Voigt unit of spring and dashpot in parallel placed in 
series. The frequency range was so wide, of the order 10", that, 
in determining the model constants, the individual Voigt units 
and the spring and dashpot in series could be considered inde- 
pendently, leading to compliance curves with two regions of varia- 
tion separated by plateaus of essentially constant compliance. 
For the objective of the present paper, the accuracy required of 
the model and the narrow frequency range considered involve the 
so that the combined 
response must be studied throughout the investigation, and the 


interaction of the elements of the model, 


influences of the individual groups of elements cannot be con- 
sidered separately. 


Tue Four-ELemMent Mope. 


The four-element model shown in Fig. 1 offers the possibility of 
representing material behavior adequately since it exhibits the 
three main types of deformation found in viscoelastic materials: 

(a) Instantaneous elastic response associated with the spring 
element EF, 

(b) Viscous flow associated with the dashpot 7-2 

(c) Delayed elastic response associated with the Voigt unit of 
spring and dashpot in parallel, E; n, 

It is the simplest model which exhibits all three phenomena 

Let us derive the relation of the type | corresponding to this 
model. Let €, €2, and €; be the strain components in the spring, 
dashpot, and Voigt unit, respectively; then the total strain € is 
given by 


€; {4} 


The stress o is the same through each of these units, giving 
O€; 


UE 
ot 


Operating formally with the operator D = 0/dt, Equation [ 


substituted into Equation [4] gives 


( 1 1 1 
+ + ——Iig 
E,  mD ° E,+mD 


To express this in the form of Equation [1] we must remove the D 


«= 


from the denominator by multiplying throughout by 


D (v 4 =) 
n 


3 


giving 


l 
E 1 


(p2D? + pD + p)o = (D? + wD 


It is thus seen that Equation [1] for the four-element model of 
Fig. 1 consists of derivatives of o and € up to the second in both 
cases, but with the constant multiplier of € equal to zero. 

The simpler models of a simple spring, simple dashpot, Voigt 
unit, and Maxwell unit of a spring and dashpot in series, and 
three-element models can be included as special cases of the four- 
element model by making certain of the element parameters in- 
finite. The present analysis thus applies to these models as special 


cases. 


Reaction oF Four-ELEMENT Mopet To SInvusorpaL STREss 


As detailed in the foregoing, the complex compliance represents 
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the response of the material to steady-state sinusoidal stress when 
initial transients have died away. Using the complex representa- 
tion e*“‘, the operator D is replaced by iw, and the compliance is 
given directly by Equations [2] and [6] 

€ 


-iJ"(w) = 
oO 


Equating real and imaginary parts 


From Equation [11] 


wd "(w) : : 
Ej? + ns*w* 
Multiplying Equation [10] by £;/n; and adding to Equation 
gives 
zz ... . E, 1 
J @) 7 wd (‘w) = T 


3 E.ns "2 


It is thus seen from Equation [13] that, for the four-elem model 
l, wl *(w 


E,/n, and with intercept on 


plotted against J‘(w) gives a straight line of 


of Fig 


slope - 
J'(w) = 0 of BE; E 3s T l Ne 7 ] "3 


This provides the basis for the assessment of measure 


pliances detailed in the following 


I 





Es 











= 
' 


Fic. 2 Two Vorct ELEMENTS IN SERIES 


A linear relation between J‘(w) and w/”(w) is both a necess 
and sufficient condition that the corresponding model is o 
type shown in Fig. 1, or a special case of this. It is know 
that anv linear model, neither included in nor reducible to the fou 
element model of Fig. 1 can be represented by a model of the ty; 


of Fig. 1 with additional Voigt units in series. The simplest suc! 


model, and one which is included in all other such models, is that 
which consists only of two Voigt elements in series, Fig. 2. By 
an analysis similar to the foregoing it can be shown that, for 


a model 


Ey Ey 
. and — 
E} + m%w?* E? + ow" 
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cannot both be eliminated from the last two equations to leave 
a linear equation between J'(w) and w/"(w) unless E;/n; = E,/m. 
But in this case the model would be reducible to one Voigt unit, 
contrary to hypothesis. So we have proved that any linear model, 
neither included in nor reducible to a four-element model of the 
type shown in Fig. 1, cannot produce a linear relationship be- 
tween J’(w) and wJ"(w). The same argument applies with ad- 
ditional terms which cannot be eliminated if additional Voigt ele- 
ments in series are considered. 


Firrinc or ExperimMeNnTAL Data BY A Four-ELEMENT Mopeu 


Given experimentally determined values of J'(w) and J"(w) 
for a linear viscoelastic material, can this material be represented 
by a four-element model? This question can be answered by 
plotting w/"(w) against J’(w). If the plot is linear, the answer is 
in the affirmative. If only a “best” straight line can be drawn 
through the experimental points, then the model will be only an 
approximation. If no straight line fits reasonably well, the 
answer is in the negative. If the plot is linear 
over a certain range of w, then the behavior of 
the material in that range can be represented 
by a four-element model. 

Let us assume that a straight line, exact or 
approximate, can be drawn through the ex- 
perimental points. How do we now obtain 
the constants of the relevant four-element 
model? 

From Equation [13] the slope of the line 
is —-E;/n; and the intercept with the axis 


p . #, l l 
J'(w) = 0 is — 
E\n; Ne "3 


Equation [10] can be written in the form 


1 ns \? 1 
+ y2 (14) 
E, | (*) " | 


Since 9;/E; is known, J'(w) can be plotted 


[1+ (Ryo) 


The points will lie on a straight line, exact or 
approximate according to whether the former 





J'(w) = — + 
E 


against 


straight line was exact or approximate. From 
Equation [14] the slope of this second line will 
be 1/E; and its intercept with 


: Ns 2 1 
1 + 3 = 0 
| (*) a*| 


will be 1/£,. The four constants £), 2, EF, 
and 7; can now be evaluated from the values 
of the two slopes and the two intercepts. 
Example. The values of J’ and J” found 
by Fitzgerald, Grandine, and Ferry (4) for 
polyisobutylene at 25 C are this 
example. In Fig. 3, J’ is plotted against 


used in 
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a) 30 to 300 cycles /sec 
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straight lines in the figure show, for each of the two separate 
ranges 30 to 300 cycles/sec and 600 to 4000 cycles/sec, a four- 
element model represents a good approximation to the behavior 
of the polyisobutylene. From each of these straight lines values 
of 


EB, l I 
E;/n; and — _ oo 
E.n; 2 Ns 


are determined. In Fig. 4, J’ is plotted against 


2 1 
E + (™) a] 


making use of the values of £;/n; just found. From the best 
straight line, 1/Z£; and 1/E,; are evaluated. Values £,, E;, n2, and 
n; can now be calculated. They are given in Table | 


(1400) 


—EEEE 


. EE 
30,000 40,000 50,000 


Fic. 3 Prot or J’ Acatnst J"f 


Numbers in brackets are frequencies at points alongside 


40r 


| B)600 to 4,000 cycies 


A 








J"f, the frequency f being used instead of w 
for convenience, without essential change in 
the analysis. Over the whole range, 30 to 
4000 cycles/sec, a four-element model is 
clearly not adequate. However, as the two 


(14+0.81-10749?)"' 


o6 os 


(14064407! 


Fic.4 Pots or J’ Acatnst | 1 4 ( 
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Fic. 5 
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the component strains, and the stress is the sam« 
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e/a, which is the sum of the individual compliances 
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Fic. 7 Four-Evement Maxweut Tyee Mopes 


To emphasize the duality in analyzing the model 
of Fig. 7, the corresponding equation numbers of the 
previous analysis will be used with primes. The 


complex modulus is given by 


g , 
G 


Ww) 


€ 





+ ore 


6b 


TOO 


With Frequency MEAsuUR 
ro Four-ELemMentT Mopel 


VARIATION oF J” 
AND CORRESPONDING 


Fic 


(LOMPARISON OF 
PERIMENTALLY 


TABLE 1 VALUES OF &, Es, m. m FOR 
25 C, CGS UNIT 

E 
2.8 


> 6 


POLYISOBUTYLENE AT 


BE, "2 
10¢ 7.6.10 
10 1.1.10¢ 


Frequency range 
30 to 300 cps 
600 to 4000 cps 


10 1 
108 2.4 


Figs. 5 and 6 show the resulting values for J‘ and J” in the high 
frequency range plotted against frequency and compared with the 
measured values. It is seen that over a frequency range with a 
ratio of about 10 to 1, adequate agreement with the measured 


compliance values is obtained by means of a four-element model 


Separating real 


ep Lx- 


Thus if the plot of G’(w) against G"(w)/w Is linear, a model of this 
n 


type represents the experimental results, and determines E;/7 
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and E, + E; + E:m/m. A plot of G’ against 


[+e(ayT 


determines E, and £,; + E;,, and so all the model constants. As in 
the earlier work, this necessary condition of linearity for the four- 
element model can be shown to be sufficient. For any Maxwell- 
type model which cannot be reduced to the foregoing must have 
at least two Maxwell units in parallel, as shown in Fig. 8, and for 
this 

Cla) « — ee 

— E2 + 0%? | E2 + wn? 
__ ne? 
E2 + wm; 


+ E, + EB, 


‘we 


G"(w)/w = 
(w /w E? + wn? 








| 


Fic. 8 Two Maxwetu UNiITs IN PARALLEL 


The terms in w on the right-hand sides cannot all be eliminated to 
give a linear relation between G’(w) and G"(w)/w unless E,/n, = 
E,/n, when the model degenerates into a simple Maxwell unit. 

Thus a Maxwell type four-element model, Fig. 7, can readily be 
assessed against complex modulus measurements. In practice 
this is probably not as useful as the model shown in Fig. 1 since it 
exhibits neither instantaneous elasticity nor permanent viscous 
flow. 

It has been pointed out that the model of Fig. 7 is equivalent to 
that of Fig. 2 for appropriate choice of constants. For zero values 
of E, or m in Fig. 2, the three-element models considered pre- 
viously as special cases of Fig. 1 are again reproduced, so that a 
necessary and sufficient condition for these models to represent 
sinusoidal! stress-strain measurements is that both J’ against w/” 
and G’ against G"/w give linear plots. The same applies to three- 
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element Maxwell type models, so that this supplies the necessary 
and sufficient condition that the corresponding model be at most 
three-element of any configuration. 

It is interesting to note that the model of Fig. 8 is equivalent to 
Fig. 1 for appropriate choice of constants, so that all the four- 
element models illustrated in the paper can be assessed by linear- 
ity relations, and these comprise all types of four-element models. 


CONCLUSIONS 


A method for assessing whether complex compliance versus fre- 
quency curves correspond to a four-element viscoelastic model 
has been presented, with a practical process for determining the 
corresponding viscoelastic constants. 

The example given shows that such a model is in general too re- 
stricted to be applicable over a wide range of frequency, but a 
useful range could be encompassed adequately in that case. A 
ten-to-one range of frequency will give a satisfactory Fourier series 
representation of a force pulse if it has a reasonably smooth form 
in the time range of interest. It seems therefore that the method 
suggested in this paper can be applied for stress analysis under 
transient loading. 

If such a model applies only over a limited frequency range, the 
significance of the individual elements must be interpreted cor- 
rectly as has been pointed out by Alfrey (5). Over a wide fre- 
quency range a material will in general correspond to a series of 
Voigt elements with a wide range of delay times. In the four- 
element model which we have determined, the elements of delay 
times short compared with our time range of interest will be lumped 
with the instantaneous spring Z,, and those with delay times long 
compared with this time will be lumped with the dashpot mp. 
Thus the “‘permanent”’ viscous flow computed from this model will 
only remain if the stress falls to zero for times of the order of the 
period of the lowest frequency considered, and may relax away in 
longer times. In the same way, instantaneous response has a 
similarly restricted meaning. However, these restrictions do not 
impair the application of the model in the time range for which it 
was devised. 
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Analysis of Slip Damping With Reference 
to Turbine-Blade Vibration 


By L. E. GOODMAN! anv J. H. KLUMPP, 


Energy of vibration may be dissipated by microscopic 
slip-on interfaces where machine elements are joined in a 
press fit. In this paper slip damping is studied as an agent 
in reducing turbine-blade resonant stresses and prolong- 
ing turbine life. A general theory of slip damping is de- 
veloped and an expression for the energy loss per cycle of 
oscillation is found. The predictions of the theory are 
compared with the results of controlled experiments. It 
appears that the theory is in satisfactory agreement with 
experiment and with measurements made on turbine 
blades elsewhere in this country and abroad. The impli- 
cations of the general theory in the design of turbine 
blades are discussed. It appears that slip damping is 
capable of being an effective agent in reducing resonant 
stresses, especially in the “‘stall-flutter” condition where 
aerodynamic damping is inadequate. The design of a 
slip-damping joint which would achieve theoretically 
possible energy decrements much larger than are present 
in existing commercial construction is shown to depend 
on the maintenance of an optimum contact pressure. 


NOMENCLATURE 


The following nomenclature is used in the paper. Symbols are 
defined where first introduced in the text. They are listed here in 
the order of their appearance: 


Cartesian co-ordinates 
p(x, y) pressure clamping joint faces together 


Young’s modulus of elasticity 

Poisson’s ratio 

displacements in directions z and y, respectively 
components of stress 

a dummy variable 

, o(z, 0+) 

0 


u(x, O+ 
, 0 


- 


v( z, 
ui, Av 


x, 0+ 


4 


Co, 
o,(z, 0—) 

(o,)2—(o,): 

thickness of joint in z-direction 
coefficient of Coulomb friction 

energy dissipated per cycle 

length of slipped region 

half-depth of blade in flexure, see Fig. 2 
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cyclic exciting force 
= peak exciting force 
= exciting force require d to initiate slip 
lection at 


le 


exciting force required to produce unit 
OE th! 
lowest natural frequency of blade for 


rad 


the point J, 0 prior to slip; k = 


Iriction on mating surtaces St 


phase angle between exciting force at 


placement 
frec = 2 radians, rad 


juency at which @ T 

maximum value of extreme fiber stress at | 
of blade 

compliance of joint; 


0 


displacement p 


ati 


iorce, 


INTRODUCTION 


Service failures of gas-turbine blades in man uses can be at 
ration 
Failu 


induced have been matters of concern to the designers of ai 
in 


tributed to the high stresses accompanying resonant 


res 80 


These stresses reduce the fatigue life of the blading 
crait 


power plants and it has been thought that any sign unt increase 
the ture W 1 operate to 


Apart fr 


i 


in damping present in the blade struc 
redi 


aerody nan 


ice vibration stresses and to increase turbine lift om 


the 


available to the designer may 


\ damping mechanisms of energ issipatior 


be considered under two idings 


(a) internal damping inherent in the metal or cert 
slip damping which, in industrial designs 


associated with the mounting of the blade in 


present 


it In this 


paper slip damping is considered from a compreher point of 


view. A general theory of the energy-dissipatior perties of 
press-fit joints in the presence of Coulomb fri veloped 
ompared with the 


th: 


results 


and its predictions 


appears from our investigation at, under 


stances, the energy dissipated in slip damping ma ‘ ite large, 


not only compared with that dissipated in intern tion, but 
also when compared with the total strain et 
blade. 

The importance of damping in reducing the i 


of tur- 


and 


yuntry 


bine failures has been generally recognized in this 

abroad since about 1940. General discussions of the blade-design 

problem as well as experimental evidence 

is made may be found in the reports of Kroon 

and Schnittger (3). Manson, Meyer, Hanson ic 
rt 


6) have measured the total damping present in tw 


h later reference 


hannon (2 


45 


ines ol proto 


to whi 
i S 


vert 


type dimensions. The measurements of slip damping reported 


by these investigators are in agreement with the theory de- 


veloped here. 

A theory of structural damping 
described by Pian and Hallowell ( 
a beam fabricated in two parts connecter 
While useful in connection with the structural! pro 
ide 


is Deen 
nsidered 


I plates 


n a built-up be 
~ The 


DY rive 


} 


I 
‘ 


| tea 
r which 
it was developed, their analysis is limited by roperties 
ove 


attributed to the riveted connections and the 
cannot successfully be applied to turbine blades 


3 Numbers in parentheses refer to the Bibliography at the end of the 
paper. 
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Internal or material damping has been the subject of intensive 
study in recent years. For the purposes of the present paper, we 
are concerned with this aspect of the damping problem only to 
the extent of making comparisons between the amount of energy 
loss available from this source and from slip. Detailed informa- 
tion on the present status of technical research in the field of ma- 
terial damping may be found in the survey monograph of Lazan 
(9) or by reference to the bibliography contained in ATI 6174 
(10). 


GENERAL THEORY OF ENERGY DissIPATION IN Surp Joints 


We consider two mating parts, e.g., blade root and hub, which 
have a common interface or joint. The part of the interface 
which is to be investigated is taken to lie in the plane y = 0 and 
the structure as a whole is taken to be in a state of plane stress in 
the z-y plane. The most general joint would have a doubly 
curved mating surface and a three-dimensional state of stress. 
We do not consider this more general type in the present paper; 
it is felt that the possible advantages of complete generality would 
not be in proportion to the increased complexity of the analysis, 
at least in the present stage of its development. In practice the 
mating surface is usually built up of planes or cylinders for sim- 
plicity of fabrication. The contemplated applications to turbine- 
blade vibration all fall within the scope of a two-dimensional 
theory. 

The joint is shown schematically in Fig. 1. The region y > 0 
is designated as region 1 and the region y < 0 as region 2. The 
two regions are held in contact along the interface by static pres- 
sures p = p(z, y) which may include concentrated forces. Now 
suppose that in addition to the pressures p a further set of loads is 


Region | 


pintertoce 
Le 








Fie.1 Co-Orprnate System 


applied, either in the form of direct external excitation or in the 
form of a distributed ‘‘inertia’”’ loading, and that this second set 
first increases in magnitude to a peak positive value, then de- 
creases to a value equal in magnitude but opposite in sign to the 
first peak and finally returns to zero. At the beginning of the 
cycle, which may be repeated many times, the structure behaves 
as a solid elastic body. When the shear stress acting on the plane 
y = 0 exceeds a limiting value, microscopic slip occurs and there 
is a relative displacement of points on opposite sides of the inter- 
face in the slipped region. This relative displacement is parallel 
to the interface since the pressures p are assumed large enough to 
maintain contact. Corresponding to the discontinuity in dis- 
placement there is a discontinuity in the component of direct stress 
parallel to the interface. 

As the variable part of the external load increases, the slipped 
region grows in length and the magnitude of the relative slip at 
any point also increases. It must be assumed, of course, that 
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slip does not propagate along the entire plane, otherwise gross 
motion will occur. On decreasing the load from its peak value 
there is no change in the relative slip until the load has been re- 
duced twice the amount required to produce initial slip. After 
this stage, slip again occurs, reversed in direction. 

Using conventional notation (see nomenclature) we have, at 
any place in the structure 
E(du/dr) = o, — vo, [1] 


y 


Here E and v are Young’s modulus and Poisson’s ratio, respec- 
tively, u is the component of displacement in the z-direction, and 
o, and ¢, are components of direct stress. 

Equation [1] is true on either side of the interface, that is 


gp Out, 0) 


= g(r, 0 
Ox 


vo,(z, 0 
v 


xpression we have 


Integrating both sides of this 


’ z z 
Eu(z, 0) = f, o,(&, O)dE —» fi, o,(&, OdE + K 


In this equation & plays the role of a dummy variable which dis- 
appears on integration. We choose the origin of zx at the point 
where slip originates and measure displacement from that 
point. This imposes no loss of generality and it conveniently 
makes u(0,0) = 0 so that the constant of integration disappears. 
Now let 

relative slip at interface [4a] 
(o,), = discontinuity in oa, [4b] 


uy = u(r, 0+), w = uz, O 


(o,) = o,(z, 0+), (o,)2 = o,(z, 0 


Since Equation [3] holds in both region 1 and region 2 


a E> {* ao eae 


Use has here been made of the fact that ¢, must be continuous 
across the interface. The frictional force acting on the interface 
per unit of length, is taken to be 

ato, (x, 0 [7] 
where yu is the coefficient of (Coulomb) friction, and ¢ is the thick- 
ness of the joint in the z-direction; , is the compression holding 
the two regions in contact. The energy dissipated by the forces 
acting on either of the two surfaces which comprise the interface 
is the integral of the products of relative slip and frictional force 
taken along the length / of the slipped region. Energy is dissi- 
pated during intervals in which relative slip takes place, both 
when the load is increasing and when it is decreasing. Since the 
loading cycle is one of complete reversal, the graph of Au versus 
o, at any point will be a single-valued function of Au (except at 
Au = 0) symmetrical about Au = 0. The energy dissipated per 
cycle Dy will be four times the energy dissipated as the load in- 
creases from zero to its maximum value 


el 
D, = sue | | [ ox(z. of, Ao,(éndé | dz 


In view of the implications of Equation [8], the assumptions 
involved in its derivation deserve explicit statement. Apart from 
the assumption that the blade material behaves elastically, the 
principal limitations of this treatment are implicit in the simple 
form of Coulomb friction embodied in Expression [7]. 

In practice the friction characteristics will be velocity dependent 
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to a certain degree and may be expected to change somewhat with 
increase in the number of cycles of stress reversal to which the 
blade is subjected. No allowance has been made for a difference 
between static and kinetic coefficients of friction, although this 
difference can be incorporated in the theory at the expense of a 
slight additional complexity. In mitigation of the deficiencies of 
these assumptions it may be noted that after a relatively small 
number of slip cycles (2 X 10* in the case of the steels employed 
in the expe-iments described in the section Comparisqn of Slip and 
Material Damping) the coefficient of friction tends to stabilize. 
The difference between static and kinetic coefficients of friction 
has been detected by means of careful measurements described 
in the section mentioned, but it does not appear to be a serious 
factor in the estimation of energy loss due to slip damping. It is 
not detectable in any but the slowest slip cycles. 

It is believed that the generality of Equation [8] compensates 
to some degree for the fact that it is based on what may be de- 
scribed as a first-order theory. Certain conclusions of a general 
nature can be drawn directly from the form of the expression. At 
zero clamping pressure the integrand vanishes and the energy 
dissipation is zero, as it should be under these circumstances. At 
high clamping pressures the maximum length of the slipped region 
l also approaches zero and the energy dissipation again vanishes. 
This is less obvious from the form of Equation [8], but it should 
be noted that Ac, also approaches zero with 1. It follows that 
there is always an intermediate clamping pressure at which the 
energy dissipation per cycle is a maximum. The existence of an 
optimum pressure has interesting confirmation in technical ex- 
perience with torsional dampers in the form of press-fit rings used 
to deaden gear noise (11). 

Equation [8] gives the energy dissipation per cycle whether the 
stresses rise from external forces or from dynamic (inertia) load- 
ings. Of course, the stress distributions to be used in the applica- 
tion of the equation may be quite different in the two cases. An 
“exact”’ stress analysis is not required for the technical applica- 
tion of Equation [8] An approximate or experimental analysis 


i 


-—;! 
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such as may, for example, be obtained by a photoelastic investiga 
In checking the predictions of the theory we have 
however, preferred to restrict consideration to a joint for which a 


tion will serve 


theoretical analysis is obtainable, with the object of limiting the 
possible sources ol discrepancy bet ween slip theory and exper 
ment. 


ANALYSIS OF THE UNIFORM-PRESSURE JOIN’ 


\ simple joint geometry, chosen primarily for the purpose ol! 
checking the theory developed in the preceding section, is shown 
in Fig. 2. It consists of two identical regions of constant depth h 
held in contact by a uniform pressure p applied to the upper and 
lower boundaries. The extent of the interface is limited by a 
massive clamp at one end of the joint the cyclic force F is applied 
at the other end in a direction at right angles to the interface. In 
appearance the joint resembles a cantilevered beam, the interface 
lying at mid-depth 

The choice of this joint for an initial study has been motivated 
by the fact that an exact analysis of the postslip stress distribu 
tion is relatively simple Proceeding by a semi-inverse method 
we take ¢, = —p, aconstant. In view of the conditions of plane 
stress, 0, = T,, = T,, = 0. The stress equations of equilibrium 
(12) reduce to two 


0o,/O0r) + (Or,,/Oy) = Oand (d7,,/dr) = 0 9 


zy 


For the upper region of the joint in the postslip condition the 


boundary conditions on stress are 


| yo,(l, y)dy 
wv UV 

According to the second equation of equilibrium, the shear dis- 
tribution mav vary through the thickness but not along the length 
of the blade. The simplest such shear distribution which will 


satisfy the second, third, and fourth boundary conditions is 


+up + tup/h) + (3F/th?)] 
i Sup h? SF /th® j ll 
On substituting this expression into the first equation of equi 
ind solving for the remaining unknown stress, we have 


rium 
OF /t} 2 up h?\(6y th)x + ) 12 


represents an arbitrary function of y The 
the last of the boundary 


where the svmbol Y 
hoice of this function is determined by 


conditions Equation [10], which is satisfied by making 7, vanish 


dentically at the end of the blade 


6F /th*)\(y — h/2 6up/h 2h/3 


In order to establish the validity of this solution it is necessary 


first to investigate the displacements to which these stresses 


orrespond This may be done in the usual way by converting 


lisp! Ce 


trom stresses to strains and then int grating the strain 
ment relations. Denoting the displacement parallel to the inter 
face by u; and the displacement in the direction of the depth of 


we find, on the interface y = 0 
3F /th? 


(F/th Mp h? 


the blade by 


9 


tup/h))}(2?/2 
}(3lz? x 15 
Since the complete expressions for the displacements are poly 
is re 


nomials in z, y, no further investigation of compatibility 


quired 





424 


The foregoing stress analysis may be repeated, with obvious 
modifications, in the lower half of the blade shown in Fig. 2. 
Corresponding to Fig. 1, this is region 2. The significant stress 
and displacement components in this region are found to be 


Tz, = +up — [—(4up/h) + (3F/th*))y 
—[(3F/th*) — (3up/h*))y?. .. 


o, = (x —1)[(6F/th*)(y + h/2) — (Gup/h*(y + 2h/3)].. [17] 
Eu, = vpx + [(3F/th?) — (4up/h)] (22/2 — lr) 
Ev, = [(F/th®) — (up/h*)](3!xz? — 2°)... 


[16] 


We note that the displacements on the interface in a direction 
normal to it (v,; and v.) match, indicating that contact is main- 
tained in the postslip condition. This is a condition which the 
stress analysis must satisfy. 

The displacement discontinuity at the interface does not cor- 
respond to a rigid-body motion of the classic type formulated by 
Weingarten and by Volterra. This dislocation is a member of th« 
more general class recently described by E. H. Mann (14) and 
by J. L. Bogdanoff (15). From Equations [13] and [17] we have 

Ao, = +[(S8upl/h) — (6F1/th*?)](1 — z/l).. {20} 
This dislocation is contained in the first two terms of equation 
[4.23] of reference (15). 

For purposes of future reference we note displacement discon- 
tinuity and the load-deflection relationship in the postslip condi- 
tion 


r/T)2). [21] 


—E-'[(3Fl?/th?) + (4upl?/h)] [(2z/l) — (x/l [21] 
v(l,0) = 2E-"[(Fl8/th*®) — (pl*p/h?)] 
The application of the results of the stress analysis to the com 

putation of energy dissipation per cycle is quite straightforward 

Since slip is instantaneous and extends the length of the joint 

and since @, is constant, Equation [8] takes the form 


Au = 


(22 


Do = (Autp/E)|(6F/th*) 


l z 
— (Sup/h)) — £)dtdr 
(Sup/h)] LS (Z )dfd 


= (4/3)(utpl?/E)[(6Fl/th?) — (Supl/h)) 
The optimum pressure is 


po = (3/8)F/pth. . 


and the corresponding energy dissipation per cycle is 


Dy = 


[26] 
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The value of F to be used in Equations [24] and [25] is that 
corresponding to the peak applied force. The expression may be 
simplified in appearance by introducing the notation 


F,, = peak exciting force 
F, = exciting force required to initiate slip = (4/3)upth 
k-! = exciting force required to produce unit deflection at point 
l, 0 prior to slip 
k 2Eth?/l* 


In terms of these symbols Equation [24] becomes 
Dy = (12F,2/k)(F,,/F, — 1) 


EXPERIMENTS With UNIFORM-PRESSURE JOINT 


As a necessary preliminary to the design and testing of a uni- 
form-pressure joint, some of the frictional characteristics of lubri- 
cated mild steel were checked carefully. The requirement im- 
posed upon the experiment by the theory developed in the pre- 
vious sections of this work is the maintenance of a Coulomb type 
of friction with a coefficient essentially constant for a large number 
of cycles and independent of norma! pressure over a usable range. 
Ideally, static and kinetic coefficients of friction would be equal 
in magnitude. 

It was found that flat ground-steel surfaces which were rough- 
ened with an 80-grade emery paper and lubricated with a com- 
mercial mixture of MoS, and oil would approximately meet these 
requirements. The asperities produced by the emery paper pene- 
trate the lubricant and produce an over-all dry-friction character- 
istic with an average kinetic coefficient equal to 0.14, while the 
lubricant partially inhibits fretting or mechanical wear. The pre- 
liminary tests in which the coefficient of friction was studied have 
been reported previously (16). Briefly, they consisted in rubbing 
carefully prepared essentially identical surfaces under known 
normal pressure by means of a controlled tangential force. Ap- 
propriate instrumentation provided an oscilloscope display of 
frictional force versus time, frictional force versus velocity, and 
velocity versus time for the purpose of monitoring the change in 
frictional characteristics throughout the tests. Final results of 
these tests are shown in Fig. 3. It may be seen that for pressures 
in the range 40 to 200 psi the kinetic coefficient of friction sta- 
bilized after approximately 2 X 10% cycles. The rubbing velocity 
in these tests varied in amplitude between 4.0 and 10.0 ips and 
was found not to be a critical factor. 

Details of the jcint and test setup used to study the theory of 
the preceding section are shown in Fig. 4. The uniform pressure 
was approximated by 25 calibrated aluminum clamps set '/; in. 
apart and alternately staggered about the center line so as to 
assist in distributing the screw applied force. A pressure range 
Contoct : Se aes 
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DertaiL oF UN1IroRM-PREsSURE JOINT AND CLAMP 


s available through an individual clamp range 
of 5 to 50) Micrometer measurements of clamp-tip separation 
the clamp load to be set to within 2 psi at any given 


of 20 to 200 ps 


enabled 
setting. 

The joint was made of flat ground steel prepared as just de- 
scribed and the test setup was adapted to both static and dynamic 
measurements. The joint was mounted on a heavy, seismically 
sprung table, a part of a vibration exciter and controller de- 
scribed elsewhere (17). The weight of the beam, clamps, shaft, 


eccentric, and other attachments was counterbalanced by dead 


p80 ps 


—_— 


Typrcat Static Hysteresis Loop 


25 


weight acting through a soft spring. This arrangement estab 
lished the zero initial load condition postulated by the theory 
In addition, the soft springs served to isolate the joint from abrupt 
changes which occurred during the “‘static’’ tests. 

There was a minor deviation from the theory in that the end 
load was applied to the lower half of the end face instead of being 
distributed over the entire end face. The effects of this departure 
from theory were not observable except at low pressures, and 
even then they were quite small 

Dead-weight loading was used in the static tests with a maxi 
mum applied tip load F,, of 4 lb in the case of hysteresis-loop 
measurements. Deflection and relative slip were measured with 
a micrometer microscope. Maximum stress in all tests was less 
than 5000 psi. A typical hysteresis loop obtained in this fashion 


is illustrated in Fig. 5. The stepped, fine structure, there shown, 


is caused by the small difference in static and kinetic coefficients 
of friction which produces a slight effect each time the load is 
changed. This phenomenon accounts in part for measured co 
pliances slightly lower than the theoretically compute d ones (se 
l It also accounts for a small difference between calcu 
and measured maximum deflection at the end of the beam 
vugh check of the coefficient of friction is pro. ided by 
While a variabk 


the coefficient of 


the 


of load at slip initiation, wu = 0.75F,/pth. 
slim distribution existed in the joint (see Fig. 6), 
friction measured in the joint tests corresponded closely with that 
obtained in the preliminary friction tests A measurement of 
high load showed good agreement 


It may be worth 


slip distribution at a relatively 
with Equation [21], as is illustrated in Fig. 6 
» to mention again that a minimum of 2000 cycles of motion 

were applied to the joint before measurements were made 
A group of hysteresis loops plotted from measured data is 


} 


shown in Fig. 7. The loop area, a measure of energy loss per 


varies in accordance with Equation [24 > small area at 


(heavy lines) near p 
80 psi. The theoretical optimum pressure is 86 psi. 


low and high pressures with a maximum 

I Values of 
energy loss per cycle as obtained from the loop area are plotted in 
Fig. 8 as a function of pressure for the purpose of comparison wit! 
the theoretical predictions (see also Table 1). Agreement be 
tween theory and experiment is within 5 per cent in most cases 
The elastic strain energy of flexure which appears in the de 
nominator of the ordinate is that which would be developed in 
the absence of friction; it has been introduced in order to obtain a 
dimensionless plot. 
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Dynamic loading was obtained by means of an adjustable 


while-running eccentric. At a frequency corresponding to a 90 
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lb. For the relative motion versus time photograph, the 
strain gage was positioned so that one knife edge was on 
each side of the neutral axis of the blade. Two identical 
low-pass filters were introduced to eliminate high-fre- 
quency ‘‘noise.”” However, the filter also probably elimi- 
nates or distorts the high-frequency components of the 
force signal to a certain extent. Additional error is also 
possible because five pressure clamps were removed to por- 
mit installation of the strain pickup. In spite of thes: 
possible sources of experimental error, the photographs of 
Fig. 10 further confirm the static measurements and fulfill 
the predictions of the general theory. A parallelogram 
hysteresis loop exists throughout the range of test fre- 
quencies. The strain, which is proportional to the excited 
force-time trace, shows the effect of slip by the sharply 
slanted portion just prior to the peak force and peak dis- 
placement. The displacement-time relationship measured 
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at the blade tip is sinusoidal. 
The relative slip-time relationship illustrates the pre- 
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deg phase angle between force and displacement, the exciting 
force was adjusted so as to produce approximately (peak to peak ) 
the same amplitude that was measured previously for a static 
loop at the same pressure. The phase angle was measured with a 
General Radio Strobotac and checked against the output of a 
phase-discriminating circuit in the controller. Vibration ampli- 
tude was again measured with a micrometer microscope. Energy 
loss per cycle can be computed from the relation 


Dy = TF,,v(1, 0)max Sin g [28] 

Dynamic measurements of energy loss per cycle are given in 
Table 1 and plotted as solid circles in Fig. 8. Again, correlation 
with static and with theoretical results is within 5 per cent. This 
also may be taken as an indication that, provided the frequency 
of excitation does not greatly exceed the fundamental natural 
frequency of the blade, the dynamic stress distribution is essen- 
tially similar to the static one. 

To provide additional verification of the theory of the preceding 
section, the joint was instrumented as in Fig. 9 to obtain records 
of dynamic hysteresis loops, strain versus time, relative slip versus 
time, and displacement versus time. Fig. 10 shows typical photo- 
graphs taken at a pressure of 120 psi and an exciting force of 1.8 


dicted flat-topped wave form. The flat portion relates to 
nonslip conditions and the remainder indicates relative 
motion between the two mating surfaces. 
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COMPARISON OF SLIP AND MATERIAL DAMPING 


Useful comparisons of the relative magnitudes of slip and ma- 
terial damping are inherently elusive, owing to physical dif- 
ferences in the ways in which energy is dissipated in the two cases 
Material (internal) damping is, from a phenomenological point of 
view, a function of the mean stress amplitude, material constitu- 
tion, stress history, and temperature. In general, specific damp- 
ing energy increases markedly at stresses exceeding the so-called 
cyclic stress-sensitivity limit which is approximately 0.8 of the 
fatigue strength at 2 X 107 cycles of reversed stress. While ma- 
terial damping depends on volume-averaged properties of the 
turbine blade, siip damping depends upon the local stress dis 
tribution in the vicinity of the surface on which slip occurs. It 
depends on the mean coefficient of friction, the clamping stress, 
and the magnitude of the stress discontinuity at the interface 
As has been shown in preceding two sections of this paper, the 
latter two effects are interrelated so that there is an optimum 
pressure at which their product is a maximum. 

Since one form of damping is proportional to a volume and the 
other to a surface effect, it is always possible to conceive joints in 
which one or the other mode of energy dissipation will dominate 
The uniform-pressure joints discussed in the preceding two sec- 
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Fic. 9 Scuematic or INSTRUMENTATION FOR Dynamic MEaAsuRE- 


MENTS 
tions of this paper were chosen for analysis partly because it was 
anticipated, on the basis of the general theory developed in the 
third section, that slip damping would be large. 
fore, a reasonable expectation of making measurements accurate 


There was, there- 
enough to test the theory. For these joints the energy dissipated 
per cycle of oscillation is shown in the straight lines of Fig. 11 asa 
function of o,,, the maximum value of the extreme fiber stress ex- 
cited at the built-in end of the blade. 
directly from Equation [26]. 


These curves are derived 
They have been placed on a dimen- 
sionless basis by dividing abscissas by 36,000 psi, the fatigue 
strength at 2 & 107 cycles of reversed stress, and dividing ordinates 
by the elastic strain energy which would be stored in the blade if it 
were loaded axially to a uniform stress equal to the fatigue 
strength. The straight lines intersect the axis of abscissas to the 


right of the origin, a reflection of the fact that a certain minimum 


excited stress, depending on the clamping pressure p, is required 
to initiate slip. 


For purposes of comparison, a curve which repre- 
sents an estimate of the magnitude of material damping in a solid 


VARIATION OF EneRGy Loss per Cycit 


0s 
to Mosmum Applied 


Wits Joint Norma. Pressure 


10 PHorocrapnHs SHowine ofl, 0), F, Au Versus Tr 


Versus vil, 0 


blade 


curve has been computed by means ot the proce d i 


of the same dimensions has been drawn in |} ig. il 


e sugges 


reference (9), making use of a specific damping relationship 


representative of a wide range of technically important mater 


The curves afford a direct comparison between materia 
damping only for uniform-pressure joints 

It is in some respects more reveaiing to use as ordi 
ratio of the slip-energy loss per cycle to the maximu 
energy which would be stored in the vibrating blade in the 
Fig. 12 drawn with these ordinates reveal 


at low excited stresses slip damping predominates over 


of any friction 
materia 
damping. The experiments described in the preceding sectior 
were conducted in this low-stress region in order to avoid an 
possibility of confusing the two effects 

The general picture presented by Figs. 11 and 12 is one in whic! 
energy dissipation due to slip exceeds that due to material damp 
ing except at excited stresses which probably must be regarded 
as excessive from a design point of view. This conclusion is sup 
ported by measurements made by Shannon (2 


of British H1A design 


on turbine blades 
He reports a 5:1 ratio between slip and 
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agreement with the measurement reported by Shannon for a “‘fir- 
tree’’ joint. 

The very high theoretically possible values of slip damping are, 
however, never achieved in present-day fir-tree, “dovetail,” or 
‘‘ball-and-socket”’ root designs. This has been brought out by 
the work of Hanson, Meyer, and Manson (6) who have shown 
furthermore, that the damping decreases with rotor speed. Thes 
e * 36,000 ps results are understandable in the light of the general theory dk 
veloped in this paper. With high centripetal accelerations the 
blade root is forced against the hub and the optimum pressure is 
exceeded almost from the start. As speeds increase, one departs 
further from the optimum pressure. (In regard to this point 
reference should be made to Fig. 8 rather than to Fig. 12, in 
which the abscissas refer to the excited stresses.) Matters are 
somewhat improved if the blades are assembled initially loose, as 
is current fabricating practice in some assembly plants in this 
country, but the advantages of initial looseness disappear at 
elevated speeds. The proper course of improved design would 
appear to lie in the arrangement of a joint embodying radial! in 
terfacial surfaces whose contact pressures would not be affected 
by axial stress. 


Te 


Uniform Stress 


Energy 


Cycle to Strain 


per 


Loss 


Corrosion fretting accompanying slip has been suggested as a 
possible deterrent to the effective use of slip damping. In the 
present state of engineering knowledge it does not seem possi')le 
to decide this question dogmatically. But it should be borne in 


mind that in the troublesome stall-flutter condition aerod 
namic damping is inadequate and if turbine blades were brazed 
to the hub to prevent corrosion fretting, large resonant stress 
amplifications would occur. 

5 ConcLusIONs 


"03 04 05 06 07 08 O89 i) 12 13 14 
Om/Ce — Ratio of Cyclic Stress to Fotique Strength ot 210 Cycies 


Energy 


Rotio ot 








Over a cycle of load or displacement a turbine blade dissipates 


.11 Comparison or Siip AND MaTeriaL DAMPING FOR UNIFORM- . pipes 
energy due to microscopic slip of the blade root along its mating 


Pressure Joint (COMPARISON A) 





2 
~ Rotio of Energy Loss per Cycle to Elastic 
Strain Energy of Flesure 


jinton 
i@e 








'o 


Moteric! 











O6 08 


— Ratio of Cyclic Stress ¢ tique Strength ot 2010 Cycies 


Fie. 12 Comparison or Stip AND MaTerRIAL DampinG ror UNirorM-Pressure Jornt (Comparison B) 


An explicit formula for the energy dissi 


material damping at a cyclic stress equal to about 90 per cent of | surface with the hub. 
the fatigue limit. The ordinates of Fig. 12 are essentially equal pated per cycle of vibration has been developed, Equation [8 

to twice the logarithmic decrement. If proper allowance is made Notwithstanding the limitations of the analysis, which arise pri- 
for differences in the contact areas in the two cases, the quantita- marily from the assumption of a Coulomb friction effect at the 
tive value of decrement predicted by theory is in satisfactory interface, it appears that energy losses capable of providing a 
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highly beneficial reduction in resonant stresses can be achieved 


by means of slip damping. To achieve this maximum energy 
loss, joints must be designed so as to maintain a particular value 
of clamping pressure at the interface. In joints of conventional 
design the energy loss due to slip is inhibited by the high centrifu- 
gal pressures associated with full rotor speeds. Even in the 
case of these joints, however, slip damping may be expected to 
a role as important as that of 


minimization of stall-flutter effects 


play material damping in the 
The stress analysis of a plane interface under uniform pressure, 
but with variable slip, has been carried out. The predictions of 


the theory have been confirmed by experiment in this case 
Other investigators working with prototype turbine blades have 
reported experimental results which are in satisfactory agree- 
ment with the theory. 

Computations of the magnitudes of slip and material damping 


have been worked out for the uniform-pressure joint. 
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Flexural Vibrations of Rectangular Plates 


By R. D. MINDLIN,? A. SCHACKNOW,? ann H. DERESIEWICZ,* NEW YORK, N. Y. 


The influence of rotatory inertia and shear deformation 
on the flexural vibrations of isotropic, rectangular plates 
is investigated. Three independent families of modes are 
possible when the edges are simply supported. Coupling 
of the modes is studied for the case of one pair of parallel 
edges free and the other pair simply supported. The de- 
velopment of the coupling is traced by means ofa solution 
for elastically supported edges. Special attention is given 
to the higher modes and frequencies of vibration which 
are beyond the range of applicability of the classical theory 
of thin plates. 


PLATE EQUATIONS 


‘ ‘ Y HEN shear deformation and rotatory inertia terms are 
included, the flexural vibrations of a plate are governed 
by three differential equations each of which contains the 
deflection (w) and the two components of rotation (W,, y,). It 
was shown in a previous paper (1)° that the equations can be un- 
coupled by expressing y,, W,, and w in terms of three potentials 
(w;, w, H). Thus, omitting factors exp(ip,t), 7 = 1, 2, 3, from 
Ww), We, and H, respectively 


¥. = (0; — 1)dw,/dr + (a2 — 1)dw2/dx + OH /dy 


VW, = (a, — 1)dw,/dy + (a2 — 1)dw2/dy — 0H/dz 


w= wv + We 
and 


(V2? + 62)w = 0, (V2 + 62)u: = 0, (V2 + w2)H 


where 
6? = 6F,*[1 + g —(—1)'Q,Jh >, 
a, = 21 +g9—(—1)Q)", 3 
Q; = ((1 —g)? + 49F;-*]'", j = 1,2 
F, = pj/po, Jj ™°*G/ph? 


w = r(F;? lA, g = x*%(1 v)/2 


In Equations [3], G is the shear modulus, v is Poisson’s ratio, p is 
the density, A is the thickness of the plate, and pp» is the frequency 
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of simple thickness-shear vibration of an infinite plate. The sym- 
bols 6;, w, and a; have the same significance as in reference (1), 
but here they are expressed in terms of the frequency ratios F 
The constant «*, for which alternative values were given in ref- 
erence (1), has the value 7?/12 here. 

The bending moments, twisting moment, and shearing forces, 
per unit of length, are given by 


M,=D (o% a yer) M, = D (vs +y °e) 


or oy oy Or 


_ Di—») (2% i *v-/ 


- 2 ox oy 


- 


ow ow 
Q. = «Gh = . Q, = Kh 2 
: ‘ (v + Or ) ° pecan (v OV ) 


where 


M 


D = Gh*/6(1 


is the plate flexure modulus. 

Boundary conditions sufficient to assure a unique solution of 
Equations [2] are set by specifying, at each point of the edge of 
the plate, one member of each of the three products 


M,dy,/dt, M,,0y,/dt, Q,dw/dt (5 


where v and s are co-ordinates normal and tangential, respectively, 
to the edge. 


Simpty Supported REcTANGULAR PLATE 
The boundary conditions of a simply supported rectangular 
plate of length 2a and width 2b are taken to be 


M, =0, dy,/d%t = 0, w/t =0 on r=+a 


M, =0, dy,/dt =0, w/t =0 on y= +b 
It may be seen from Equation [5] that the conditions on y, and 
y, could be replaced by conditions on M,,, but the former are 
chosen because they lead to simple modes analogous to those of 
the classical theory of thin plates. 

Equations [2] have solutions 


w, = A; sin £2 sin my 
we = Az sin for sin oy 
H = A; cos &2 cos my 


provided that 


& + m? == 6,2, £2 J. ne? -_ 6.2, 2 4 ns? = wy? i. 
Substituting Equations [7] in [4] (where necessary) and [6], we 
find 


&, =rjw/2a, n; = 8j7/2b, j = 1, 2,3 {9 
where r; and s; are even integers. The first two of Equations [7] 
represent deflections odd in both z and y. Although H generates 
no deflection, it produces rotations with the same symmetry as 
Hence all three of Equations [7 
For modes even in z, 


those derived from w,; and we. 
will be termed modes odd in z and y. 
sin £,x and cos £,7 are interchanged in all three of Equations [7 


430 
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and the ire odd integers. Similarly, for modes even in y, sin 


n,y and cos 7, y are interchanged and the 8; are odd integers 
Substituting Equations [9] in [8] and solv ing tor the Trequency 


ratios F we find 


h 2a)? + (s h 2h . 


ix*y 4 , 


SESS 


Ree te ee 
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The three sets of frequency ratios are plotted against the length- ' 
exura 


thickness ratio, in Fig. 1, with 


meters ind v 


Ss pal 
*For given le ngth-width-thickness ratios and order of mode 
frequencies ol the three types of motion satisly the inequ ilities 


, the 


The lowest of these derives from the potential u 


p p p 
, is illustrated in 


its mode shape, as calculated from Equations [1 
Of the three types of motion, this is the one that 

In fact, Fr $} «6 VIBRATION 
PLATE ACCORDIN« 


, Simp.y SupPoRTED 
asicaL THEORY 


Fig. 2(a 
orresponds most closely to that of the classical theory 
for the lower modes of large, thin plates, this mode shape ap- 


proaches that of classical theory, in which 
For convenience of refs 


the normal to the pints 
vy, = Ow /or and vy = Ow / OY . , : 
‘ of motion generated by w, und H are called flexural, thickne 


Also, as p, diminishes, it approaches shear, and thickness-twist, 
Although Fig. 1 is convenient 

poW*k?/g three frequencies for wide ranges of modes and dimensional 
tios. it will be found useful to plot I quations 10) for a fixed ratio, 


— ~ 
Phe other two s h/2b, of thickness to nodal spacing along the direction of the 


‘ 


respectively 


for the rapid estimation of the 


as illustrated in Fig. 3 


the frequency obtained from the classical theor) 
frequencies are very much higher than p: and their mode shapes 44), 
In the case of p2, which is associated with the given by 


In this case, each type of motion has a low-frequen 


are quite different 
potential we, the thickness-shear deformation predominates over 
the flexural deformation, as illustrated in Fig. 2(6 The remain- 
ing mode shape, Fig. 2(c), contains no deflection and the two com- 
ponents of rotation are so related in phase as to form a twist about 
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where y;* and Q;* are given by Equations [11] with r;h/2a = 0. 
Equations [10] are plotted in Fig. 4 for s;h/2b = 0.2 andy = 
0.312. In this figure, r, = m, rz = n, andr; = q; i.e., the curves 
m,n,q = constant give the frequencies of the flexural, thickness- 
shear, and thickness-twist modes, respectively. Odd and even 
values of m, n, q identify modes even and odd, respectively, in z. 
All the curves apply to modes either odd or even in y. The range 
of F in Fig. 4 is 1.0198 to 1.20. Above 1.20 the results are not 
very reliable, as the theory does not contain the effects of vibra- 
tions having more than one nodal surface parallel to the faces 
z = +h/2. Below F = 1.0198 (the thickness-twist cutoff fre- 
quency for s,h/2b = 0.2) the curves m = constant look much the 
same as those derived from the classical theory, but the frequen- 
cies are lower. The two sets of curves coalesce as F; diminishes 
to its cutoff value 0.0578. 


One Pair or PARALLEL EpGes FREE 


When the plate is free along z = +a and simply supported 


along y = +b the boundary conditions become 


M, 0, =Q(0, Q, 0 on zr = sa 
[14] 


M, 0, dW,/dt = 0, Ww/%=0 on y = +b 
The solutions given by Equations [7] and [8] are applicable again, 
but w, w2, and H cannot each satisfy all the boundary conditions, 
as they did for the simply supported plate. This is because, on 
incidence at a free edge, a wave of each of the three types gives 
rise, in general, to reflected waves of all three types (2). 


The conditions on y = +b are satisfied if 
m = M2 = M3 = n = 8m/2b... 


where s is an even or odd integer for modes odd or even, respec- 
tively, in y. Substituting Equations [7] successively in [1], [4], 
and [14], the boundary conditions on z = +a are satisfied if 
Pi = Pp: = ps and 

Ajay sin fa + Asa: sin fa + Asay sin fa = 0 | 

Ajam cos a + Arde: cos a + Asa; cos fa = 0 > .. [16] 

A\ax cos fa > ArQy2 cos £4 + AsQig3 cos fa = 0 
where, with j = 1, 2 

Mm; = (7; — 1) EF? + vm’), Os = —(1 —v)bn 
Qj = Ac; — 1)& jn, aa = §,? _ 7? 
a; = o,€;, 


io Fy 


For modes even in z, sine and cosine are interchanged in Equa- 
tions [16]. 

Equations [16] determine amplitude ratios A;: A:: A; so that, 
except for special cases to be considered later, all three types of 
motion must be present when a pair of edges is free. For a non- 
trivial solution the determinant of the coefficients of the A; in 
Equations [16] must vanish. This leads to the equation 

M;, tan y — M; tan ay + M; tan By = 0.. . [18] 
where 


Eo, — 1)(E:? + vn?)(o2w? — 2n?) 


| 
£:(o2 — 1)(£:? + vn*)(ow* — 2?) | | 
Pine ge 
2(1 —<— VE se No, — 02) j 


fa, a= bh, B= &/é J 


The frequency spectrum may be computed as follows: For a 
given Poisson ratio (which fixes g) and a given ratio, sh/2b, of 
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thickness to nodal spacing along y, a choice of F fixes a, 3, and 
M ,ié. Equation [18] then has y as the only variable and a set of 
roots may be computed by successive approximations. For the 
chosen frequency, to each root y there corresponds a length- 
thickness ratio 


2a/h = (h*6,? + h?n? 7 20 


as obtained from the first of Equations [8]. Since Aé, is fixed by 
the choice of F and g, see Equations 
by the choice of sh/2b, all the quantities on the right-hand side of 
Equation [20] are known. 
tained for the chosen F. 
ber of suitably spaced values of F, with y = 0.312 and sh/2b = 
0.2 


[3], and since hy is fixed 


Thus a set of values of 2a/h is ob- 
This procedure was followed for a num- 


sufficient to enable plotting of the curves shown in Fig. 5 
The dashed and full lines are for modes odd and even, respec- 
tively, in z. 

The difference in character of the spectrum above and below 
each frequency F;* is due to the fact that &, &, 
imaginary as 6,, 52, and w, respectively, are greater or less than 
The changes occur when £; = 0; but 


and é are real or 


n, see Equations [8]. 
this is the condition used to determine the cutoff frequencies F ;* 
in the case of the simply supported plate. 
frequency ranges, separated by the three F ;*, in which the charac- 
ter of the frequency spectrum may be expected to be different, 
since one, two, or three of the transcendental functions in Equa- 


Hence there are four 


tion [18] are hyperbolic, depending on the frequency range 

In the range F < F;,*, all three &,; 
[18] has no real roots. Hence there are no frequencies of vibra- 
tion below F,*. For sh/2b = 0.2, F,* = 0.0578 and is not shown 


are imaginary and Equatior 


in Fig. 5. 

In the range F,* < F < F;*, only &, is real and, as a result, the 
spectrum has the simple character shown in Fig. 5. The lower 
part of this range (F — F,*) is not shown in Fig. 5 as it is given 
adequately by the classical theory of thin plates. 

In the next higher range, F;* < F < F.*, & and & are real and 
£,isimaginary. This results in a more complicated spectrum but 
also in some simple solutions, which may be found by noting that, 
with & and & real, Equations [16] are satisfied by 


cos fa = 0, cos a = 0, ‘ [21 


Thus the thickness-shear type of motion is absent and Equation 
[18] has roots 


r99 


2 m, q odd.. ++ (66 


& = mm/2a, & = qr/2a, 


These roots, and the condition F; = F;, determine the co-ordi- 
nates of the white squares in both Figs. 4 and 5. Hence, for a 
given nodal spacing in the direction of the width (for modes odd 
or even in y) points on the frequency spectrum of a simply sup- 
ported plate, where flexural and thickness-twist modes even in x 
have the same frequencies, are also points on the spectrum, for 
modes odd in z, of a plate with a pair of parallel edges free. Ac- 
cordingly, the curves of F versus 2a/h, determined by Equation 
[18], (the dashed curves), pass through the white squares in Fig. 5 
However, the dashed curves (modes odd in x) do not pass through 
the black squares since these are intersections of curves m even, q 
even, and these points are not solutions of Equations [21]. The 
converse is true for modes even in z, of the plate with a pair of 
edges free. Thus the full curves in Fig. 5 pass through the black 
squares but not the white squares. Points on the curves m = 
constant, g = constant, Fig. 4, lying between their intersections 
are not points on the spectrum shown in Fig. 5, as only the inter- 
sections satisfy the condition F; = F; which is required for free 
edges. 

It is interesting to observe the behavior of the lowest mode as 
a/h approaches zero. In this case Equation [18] becomes an 





MINDLIN, SCHACKNOW, DERESIEWICZ—FLEXURAL VIBRATIONS OF RECTANGULAR PLATES 


THE 


ING 


Between Nopes Ai 


DisTaANcE 


312) WHEN THE 


PHICKNESS 


z 


r 
~ 
- 
< 
Z 
< 
e 


VIBRATION oF Simpry Supportep Rere 


oF 


FREQUENCIES 











4 

















1956 


Ul ‘APPATVAdS04 ‘MAAR PUR Ppo sopou soy aan MIT] [[hy puw poysncy 


G9ILNOddAS ATAWIS HIV IAHL TELL t ~ V ~ ? V 4 A N { s { 
¢ ¢ INY ‘ar } 
d {) . 14u J ay IATIvu d 10 HIV INQ) HLI\Y ILV'Ig IVIQNONVLO ty] 40 NOLL MHA 40 1IONGAD|? | 
) ? } LVuE a) Cc ‘olg 


SEPTEMBER 




















RN 
rt 
—_ 
_— 
Z. 
< 
— 
=_ 
_ 
“ 
=~ 
_ 
rr 
— 
_ 
> 
— 
A 
_ 
5 
~ 
< 
ies 
, 
—_ 
< 
7. 
~~ 
= 
~ 
~ 
~- 
= 











MINDLIN, SCHACKNOW, DERESIEWICZ—FLEXURAI 


be 
ognizing that the lowest mode is even in z and that, 


indeterminate form, but the limiting frequency may found 


readily by re« 
as a/h — O, the plate degenerates to a beam rectangu- 
lar 
frequency Is given D 
that 1 v, in 


v in order to 


ol narrow 


section, simply supported aty = =f Hence the limiting 


the formula for / Equations [13], ex- 
cept 
(i + 
modulus of elasticity E 
E/(1 y? 

In the 


must be replaced by 
the 
responding quantity 
0.2, the resultis F = 1.0666 


the expression for g 


account for the difference between 
of a beam and the 


With sh /2b = 
range (F > F,*) all three g; 


fora piate 


highest fre juency are real 


Hence what w is said of the case &,, & real 
fied und black applies again in this 
Similar conclusions reached for the 


In the former case, the curves of the couple d spectrum, for 


ind the points identi- 


by white squares 


ange 


t 
combinations &, & 


ire and 


E2, & 
modes odd i Duss through the intersections of m odd, n odd 
black circles) and 
In the 


q odd (white tri- 


(white circles) but not through m even 


neven 
thickness-t wist mode ibsent 


odd 


at these intersections the 


is 


latter case the common intersections are ? 


angles) and the flexural mode is absent 


For the dese nption of 
odd” and 


the coupled spectrum of modes even in “even,” 


‘black”’ and ‘whit 


should be interchanged 


DEVELOPMENT OF CovuPLIN« 


The differe: 
ported plate Fig } 


between the simple spectrum of the simply sup- 


und the complicated spectrum of the plate 
with a is due to the absence, in the 


pair of edges free, Fig. 5, 


former, and presence, in the latter, of « oupling between the three 
types of motion. The development of the coupling, and hence 
the transition from one spectrum to the other, may be traced 
continuously by considering a case of elastically supported edges.® 
In order to simplify the discussion, the special case n; = Owill be 
considered, so that the mode shapes are independent of y and 
the flexural Then, 


from the first two of Equations [7 


only ind thickness-shear modes can couple 


and [8 


= A; sin d2, sin dor 


we = As 
and the boundary conditions are 
0, = : iz 24 


Substitut- 


{24 , we 


where A is the spring constant of the elastic support 


23] successively in Equations [4] and 


Ing Equations 
obtain 


1)6,2A; sin da + (a2 


K°Gh(0,6,A, cos 6a + Txb2A> cos 60a) 
K(A 


sin 6a + Ae sin da 


When A = 


9)- 


20 


, the edges are simply supported and Equations 
reduc eto 


1, sind,a = 0, Aosin da = 0 [26 


Thus, the modes w; and w: are not coupled and the roots of Equa- 
tions [26] are 


nr /2a, n even 


oF 
In the case of modes even in xz the roots have the same form but 
mand n are odd. A typical portion of the frequency spectrum in 


the range F | is shown in Fig. 6 by the curves m constant, n 


= constant = 0, F,* = F,;* = 1, F,* 


=) 
When K = 0 


(Note that, when 7 


the edges are free and Equations [25] reduce to 


(a; 1 )6,2A, sin da + (¢ 1 )b.2A» sin d:a 


[28 
cos ba 


@,6,A; cos da 4+ 1 


* This was suggested by E. Sternberg 
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These are the 
limiting case 7» = O 
have the 


first of | 
It will be observed that Equations 


Her 


ind free edges must 


sume as the und third juations [16 


2s 


solutions [27] for m and n both odd and even 


the spectral curves for modes odd in 


through the intersections of the spectr il curves both for 
and modes even in z (white circles 


\ typical 


odd in black circles 


simply supported edges curve (K = 0) is showr 
Fig. 6 
When 0 < 


by Equations 


or 


K « 


26), 


x , Equ tions still have the rootsdetermin« 


so that the curves giving the frequencies 
modes odd in z pass through the intersections of m even, n ever 
(black circles in Fig. 6 
black circles do not, however, pass through the intersections 
odd, n odd (white circles) because equations 25! are not satishe 
0, cos ba = 0 


white circles because the introduction of the elastic support is a1 


by cos ba = These portions pass above 


The portions of the curves between the 


the 


additional constraint which serves to raise the frequencies above 


those for free edges, as shown by the dashed curves lying betwee 
K = Oand K = 


definitely, 


in Fig. 6 
these curves approa h, asy mptot ally, the curves 
even, n even. Similar results apply 
odd and even, black and white are interchanged 

If » = 0, the situation is somewhat more complicated becaus 
there are no common points such as the black circles in | ig. © 
for modes odd in xz, the 


and similarl) 


For example, in the limiting case K = 0, 


curves pass through the intersections m odd, n but 


through the intersections m even, n even: for the 
networks n, g and q, m 


16 Is 


, as explained in the discussion of | yuatior 


and 


CONSTRUCTION OF APPROXIMATE COUPLED SPECTRUM 


The co-ordinates of the points marked by circles, squares 
4 and 
by explicit algebraic formulas obtained by eliminating / 
10), taken two at 


triangles in Figs 5 are easy to calculate, as they are give 


2a/h, in turn, from Equations a time 


the curves m, n, q = constant, tor the simply supported plate 


monotonic, they may be drawn with little error throug! 


7 More 
are given 
plates are treated 


h odd and even ir 
problems of 


modes be 


these 


extensive sets of curves for 
(3) and (4). Ir 
but when 7 = 


in references crysta 
It may also he 


well to beams 


isotropic requires only a change in the definition of g 
observed that Equations [23] to [28] apply equally 
It is only necessary to replace 1 » by 1 1+» 
for g given in Equation [3 With x? = r*/12 the solutions then apply 
to beams of rectangular section For 

appropriate values of « are given in reference (5 


in the expressior 


narrow 


sections 


As the support is stiffened in- 


to modes even in z, but 


ort 


0 the transition from crystalline to 


beams of other cross 
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FREQUENCY RANGE F3;* < F < F2* 


Fic. 7 

FOR A Mope Opp IN z. 
On the other hand, the calculation of the 
complicated curves of Fig 5 is a long and tedious process, involv- 
ing the determination of the roots of a transcendental equation. 


plotted points, Fig. 4. 


However, if only qualitative information is required, the spectrum 
may be sketched approximately, on the network of curves for the 
simply supported plate, in accordance with the following rules. 
The rules are given for modes odd in z. For modes even in z, 
odd and even are interchanged. 


1 Starting in the low-frequency range of the spectrum, pro- 
ceed to sketch a line upward. (The line should tend to the left, 
since, for a given mode, increasing frequencies correspond to de- 
creasing length-thickness ratios. ) 

2 The line cannot cross a curve m, n, or q odd except at the 
intersection with another curve m, n, or q odd. 

3 On approaching a curve m, n, or g odd, either from below 
or from the right, the line must bear upward and to the left, so 
that it converges, with the curve, to the nearest intersection with 
a second curve m, n, or g odd, at which point the crossing is made. 

4 The line may cross curves m, n, or g even, but must not pass 
through intersections of curves m, n, or g even. 

Typical applications of these rules are illustrated in Figs. 7 
and 8. 
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Momentum Diffusion From a Slot Jet 


Into a Moving Secondary 


By A. S. WEINSTEIN,? J. F. OSTERLE so W. FORSTALL,* PITTSBURGH, P 


Results are presented for an experimental, impact-tube 
study of the diffusion of momentum for the isothermal, 
incompressible, turbulent mixing of a slot jet issuing into 
a slower moving secondary region. The symmetric spread 
of the jet into a uniformly flowing secondary stream of low 
initial turbulence is well correlated by phenomenological 
expressions based on assumptions suggested by the Engi- 
neering Experiment Station of the University of Ilinois TI relation theory 
and extended in this paper to include the case of the slot ior y the work « 
jet issuing into a moving secondary. The single parameter of niversity of Illinois 
upon which this correlation is based, the spreading co- on for the velocity distributions 
efficient, is shown to have an interesting interpretation in ar) ll as moving seco! 


terms of the diffusion of a stream of fluid “particles” into ! resen 
uniformly flowing fields of homogeneous isotropic turbu- 


lence. 


INTRODUCTION 


of momentum from jets discharging into 


same fluid has been examined both theoreti- 


imentally by many investigators over the past 
three deca incipally, the past work has been concerned 
with the diffusion process occurring when jets discharge into 


stationary media. Only in recent years has the problem of jets 


issuing into moving secondaries been considered 


Ferstall (1 onducted an experimental investigation « stream wh 


diffusion of n ial and momentum when a round jet issues into 


a moving secondary stream. However, no similar work with slot 
jets is know! rthmann (3) has studied experimentally the arge to achie 
ioe \ centrifugal blower 


diffusion of momentum from a slot jet issuing into a stationary 
secondar Dut a bibliography on jets compile d by Forstall (1 CN oom air through the test secti 
and a more recent one by v. Krzywoblocki (2) do not show an 


r centrifugal blower with a plenum « 


. } 1 4 7 . ’ » > ] " 
references é blem of a slot jet issuing into a moving "022* supplied the slot jet or primar 
secondar iwrangement of the apparatus 
This p iper attempts to provide these data bv presenting the pitot-statu probe and its micrometer 
s ane } sialls me : s apparatus 
results of an experimental impact-tube study of the turbulent, iso- 1 were both specially designed for this apparatu 
} 7 ° ; \ s 5. a a L2e etae! } > ar ole (y 
thermal, incompressible mixing of two streams of the same fluid probe was 0.065-in OD stainle tee! with an impact hole 0.020 
at different ve ies when one stream issues from a slot diam and four static holes of 0.010 in. diam. It could be posit 


- laterally (y-direction) to within +0.0005 in. and axi 
’ The rese lerlving this e as partially sup ad b S } 

Th Jap teem ¢-pre partially upported by ion) to within +0.005 in. For the range of velocities usé 
the U.S j inder Contract AF 18(600)-969, and was done in 
part by Alvin in partial fulfillment of the requirements for 
the degree t Le r of Philosophy at the Carnegie Institute of and 
Technology of an inclined-tube manometer, pressures ¢ ould easily 


error in static pressure was less than 0.005 of the velocit 


the pitot-static tube factor was considered unit) 


? Assistant Professo Department of Mechanical Engineering within 0.005 in. of water. 
Carnegie Instit e of Tex hnology Assoc. Mem. ASME. 

Associate Professor, Department of Mechanical Engineering 

Mem. ASME within +0.25 deg (determined by a claw-type dire« 


The secondary stream w: varallel te » primal 
r} I t | 
Carnegie Institute of Technology. Assoc. tional 

‘Associate Professor, Department of Mechanical Engineering for the largest secondary velocity used and this error w 
Carnegie Institute of Technology. Mem. ASMI : less with the lower secondary velocities 

5’ Numbers in parentheses refer to the Bibliography at the end of the os : 
paper The variation in the primary and secondary velocities ir 

Contributed by the Applied Mechanics Division and presented direction, see Fig. 1, 
at the Diamond Jubilee Annual Meeting, Chicago, Ill., November 13 cent for the primary and 1 per cent for the secondary, to 

955, of T \ 8s “TY I iG , 
18, 1955, of Taz Auenican Sociery or Mecuantcat Ew a '/, in. of the upper and lower boundaries of the test sé 

Discussion of this paper should j)be addressed to the Secretary w.4 ; ' ; ; ; 

. ; ; : } “ew s uniformity indicates that the desire« o-dimensionalit 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted his uniformity indicates t t esl two-dimensiona 
until October 10, 1956, for publication at a later date Discussion the flow was obtained 
received after the closing date will be returned The outer boundary of mixing was always far enough aw 

Note: Statements and ——— advanced ae. PASSES .SeS 20 be from the side walls of the test section so that the appropriate 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics Di- 
vision, May 31, 1955. Paper No. 55—A-60. extent. 
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was found to be slight, no more thar 


model was a slot jet issuing into a moving secondary of infinite 
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TABLE 1 


Primary 


CONDITIONS OF TESTS 
Secondary 
velocity velocity 
Up, fps U's, fps 
140 70 
120 80 
120 10 
100 50 


The velocities were kept low so that the air streams could be 
treated as incompressible. As shown in Table 1, four series were 
run, with the velocities chosen to provide three different velocity 
ratios. 

The velocities of Series I and IV were chosen to show that the 
turbulent mixing is dependent on the velocity ratio and inde- 
pendent of the absolute velocities. 

The primary blower, taking its supply from the room, slightly 
heated the air issuing from the slot, so that its density was on the 
average about 2.6 per cent less than the secondary stream. It 
was deemed unnecessary to go to the complication of a refrigerated 
primary air source since Corrsin (5) points out that the density of 
the primary stream in a circular jet can be as much as 23 per cent 
lower than the secondary before the total head profiles depart 
However, the actual 
density is important in calculating local velocity. 


appreciably from the equal density case. 
Exploratory 
temperature runs were made for each of the four series and proper 
corrections were introduced into the velocity calculations wher- 
ever the temperature effect on density was greater than 0.5 per 
cent. 

Uncertainties in the measured quantities lead to an average 
Any 
error due to the effect of velocity fluctuations on the manometer 


uncertainty in the calculated velocity of +0.5 per cent. 


reading is believed small and has been ignored. 


THEORY OF CORRELATION 


In order that the data obtained in the experimental portion of 
this report may be an effective contribution to the present knowl- 
edge of the jet-mixing problem, it is necessary to correlate the re- 
sults 

The Engineering Experiment Station of the University of 
Illinois was quite successful in correlating the round-jet problem 
for both moving and stationary secondaries by use of the Reich- 
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BLOWER DIGCHARGE ardt hypothesis ee \ 


c correlation for the slot-jet data 
L ae J 


(7 | “BLAST GaTe 


4 


was attempted along the same 
lines, 
Use of the Reichardt hy- 


pothesis involves making ce 


SECONDARY 
BLOWER 


t tain about the 


assumptions 


and 


restrictions these as 


mixing determin- 
ing 
’ 


sumptions place 


process 
what 
on the mean 
On this 


By-Pass 
velocity distribution 
basis, the Engineering Experi 
ment Station was able to cor 
relate the round-jet problem 
in terms of a single parame- 
ter, called the spreading coeffi- 
which evaluated 


erent, was 


from the experimental data 
This 
' 


lar correlation for the slot-jet 


pape! presents a simi 

problem with a moving second- 

ary 
The 


concerning 


necess 


iry assumptions 
he 1 xing process 
Derall are: 

1 The 


region of the 


diffusion of momen- 


tum from same fluid is de- 


a point source into a 
scribed by the Gaussian probability function 

2 There are no external forces (pressure gradients, wall shear, 
etc.) 


3 Momentum from individual point sources treated as in- 


finitesimal area sources may be superimposed to give the momen- 


tum diffusion from a source of finite area 


For a stationary secondary, assumption 1 leads to 


in the fluid flow due to a point 


pl zZ; 2= K(x) 


for the velocity U at any pomt z,? 
source of momentum flux. The quantity p is the fluid density 
The factor K and the quantity 6 (called the spreading coefficient 
are considered to be functions of 2 only I quation l represents 
the momentum flux per unit area. 

It is assumed that 

pU? = pU? = pU? 

where the bar denotes time average. 

By assumption 2, the momentum flux across all planes normal 
The factor K 
may be evaluated from this condition 


to the z-axis must be the same in Equation [1 


J pU*2ar dr 
0 


where pl,? is the momentum flux issuing from a jet 


AA. leads to 


pU2AA = 


source ol ares 


Substituting Equation [1] into [2 


pU AA 


mw lb(a)}? 


K(z) = 


Equation {1] now becomes 


Equation [4] represents the distribution of the axial component 
of momentum flux downstream from a point source issuing into a 


stationary secondary. To apytly this result to a point source 
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issuing into a moving secondary, it is further assumed that the 
axial component of momentum flux at any point relative to the 
momentum flux of 


the secondary is conserved Equation 4 


AA. (*) 


rh? 


then becomes, see Fig. 2 


where U2 is the 


t 


ixial component of momentum flux at any point 


-is the discharge momentum flux from the point source; U,? is 
the momentum flux of the secondary stream 


On the basis of assumption 3, the pl ine of the slot is presumed 


The 
from these sources 
comprising the slot on a normal plane downstream is given by the 


to be composed of a number of sources of very small area 


total relative momentum-flux distribution 


superposition of the relative momentum flux from each source 


If the source areas become infinitesimal, the total 


momentum flux f 


relative 
from the slot is given by 


, see Fig. 3 


Pres a 
ea 
1? [ 
. a x 


I Axes AND NoTaTION FOR INFINITESIMAL AREA So 
. 


RCES IN 
PLANE oF Stor DiscHarat 
(y cy? i . 
exp : dndé¢ 


If the velocity fluctuations 
assuming that U’, is constant over the entire plane of the slot exit, manipulation leads to 
a is half the nozzle width D, and 7, ¢ are the co-ordinates of any 
point source of area dndf in the plane of the slot 
integrates to 


are neglected, a simple 


Equation [6 


where 
where eri(t 


a well-tabulated function 


a constant for any given initial velocity ratio 
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Fic. 4 Measvurep Pornts or Vetocity PrRoriLes 
The characteristic velocity ratio 
U—U, 


U.—U, 


U, 


where U, is the velocity at the jet center line (y = 0) is obtained by 
0 in Equation [8] which results in 


first setting y = 


U.—U, _ ff: owe. 2 


Here, and in what follows, the bars denoting time average are 


omitted for convenience. 
Equation [9], the dimensionless expressicn for the center-line 


velocity decay, is divided into Equation [8] yielding 


,) + 2e(1 solar}? (2 + 1)} 


1¢ (4-1) "= 


ld 


E + 4e(1 +oet(*)/ = 


Equations [9] and [10] are the desired phenomenological expres- 
sions for the center-line velocity decay and the transverse velocity 
profile in terms of the single unknown parameter b, the spreading 
coefficient. 

Far downstream from the slot exit it may be expected that the 
velocity distributions obtained from the finite-width slot would be 


19) 


oa U, — erf 
U, ene U, 
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FOR Series I Comparep WitTH PrepicTep ( 


very nearly the same as the distributions obtained from a line 
source of the same strength. 

If, in Equations [9] and [10], regions far downstream are con- 
sidered where the ratio a/b is very small (in effect suggesting a 
line-source distribution for which the nozzle half-width a becomes 
infinitesimal), the following simplified expressions are obtained for 
the center-line velocity decay and transverse velocity profile, re- 


spectively 


Equations [11] and [12] may also be derived directly, of course, by 
assuming that beyond the core region the velocity profiles are 
effectively those occurring when the primary stream issues from 
a line source rather than a slot. 


CoRRELATION OF EXPERIMENTAL RESULTS 


In order to employ Equation [10] for predicting the transverse 
velocity profile beyond the core region for some given value of the 
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initial velocity ratio, the spreading coefficient b must be known 
For a particular velocity ratio, 6 
as The 


method employed here was to use the experimentally found cen- 


for any desired transverse plane. 
a function of z must be determined experimentally 


ter-line velocity to determine the spreading coefficient b by means 
[9 With 6 thus determined Equation [10] was 


of Equation 
These results 


plotted and the measured data compared with it. 
are shown in Fig. 4 for Series I, the solid line in each representing 
Equation [10]. In general, the agreement is quite good. The re- 
sults for Series II, III, and IV at an z/D of 15 are shown in Fig. 5. 


4 SLOT JET 


p> t> “= 
wr. 

aa Hy — 

~ ibe 

< 
« 


= ie 


~ 
¥ 
» 


™ 
. 
x 


2 





ENTER-LINE VeLocity Decay ror ALL Series, INncLUDING 
STATIONARY SECONDARY 


T 
1s- 


VARIATION OF SPREADING CoerriciIentT WitrH AXxtAa 
STATIONARY SECONDARY 
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TANCE FOR ALL Series, INCLUDING 


The dotted line in Fig. 4(b) is the profile predicted by a Gaus- 
sian distribution from a line source as given by Equation [12 
Up to ipproximately 30 slot widths, the profiles given by the more 
a better fit for the observed 
Beyond 30 slot widths, 


exact analysis, Equation [10], are 
data than those given by Equation [12] 
however, the simpler analysis yields profiles almost identical with 


nite slot 


the more exact theory which takes into account the finit 
width 

Fig. 6 shows experimentally determined values for the center- 
line velocities from the four series of this investigation and from 


Straight lines 


Férthmann’s data for a stationary secondary. 
through the data on this logarithmic plot have nearly 
slopes, with Férthmann’s measurements fitting in nicely as 
limiting case of zero velocity ratio. Fig. 6 also shows that the re 
sults of Series I and IV, with the same velocity ratio but differi 
absolute velocities, are almost identical 

Reichardt (4) has indicated that for the slot jet issuing into 
stationary secondary the velocity on the center line beyond tl 
core region should vary inversely as the square root of the axi 
distance. The best fit to the data of Fig. 6 for both moving 
ry secondary is given by 


statior 


where 


L = 5.5 + 10A = 5.5 4 14 


which differs from Reichardt’s prediction by less than the experi 


mental uncertainty 
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Equations [9] and [10] have also been utilized for the correla- 
tion of Férthmann’s data for a slot jet issuing into a stationary 
secondary by setting U, = 0 and 1/e = 0. The transverse pro- 
files predicted by Equation [10] for this limiting case agree quite 
well with the data presented by Férthmann. 

THE SPREADING COEFFICIENT 

Fig. 7 shows the spreading coefficient as determined from Equa- 
tion [9] using the data of this investigation. The spreading co- 
efficient for the slot jet issuing into a stationary secondary as de- 
termined from Férthmann’s data using Equation [9] with U’, = 
0, 1/e = Ois also presented. In this plot of spreading coefficient 
against axial distance, the data for any given velocity ratio are 
well fitted (as far as 60 slot widths downstream) by successive 
straight-line segments. 

Since the center-line velocities beyond the core region vary in- 
versely very nearly as the square root of the dimensionless axial 
distance, an attempt was made to obtain, from Equation [11], a 
simple analytical expression for the variation of the spreading co- 
efficient far downstream. 

From Equation [11], for the slot jet issuing into a stationary 
secondary (U, = 0, 1/e = 0) 


[15] 


[16] 


Substituting Equation [16] into [15], squaring and solving for 
b/a 
2 z 
[17] 
LUr|D 
Equation [17] indicates the linear variation of the spreading co- 
efficient with axial distance. 
Substituting Z = 5.5 from Equation [14] 
b zr 
— = 0.205 - 
a D 


[18] 

The coefficient of x/D given by the approximate relationship, 
Equation [18], compares quite well with the value 0.190 obtained 
by Reichardt (4) in another manner. For the region of Férth- 
mann’s data z/D < 25 the slope 0.190 is a better fit for the cal- 
culated values of b/a. 

For the moving secondary, it is not possible to reduce Equation 
[11] to a simpler form for the range of experimental data pre- 
sented in this report. 

For the region 

+ 39 < < 60 
the graphical results of Fig. 7 may be generalized somewhat. 
If the abscissa intercepts and the slopes of the lines in this region, 
including the results obtained from Férthmann, are each plotted 
versus A = U;/U>», the curves shown in Fig. 8 are determined. 
From these curves, the variation of the spreading coefficient with 
axial distance may be found for values of \ < 5/6 by inserting the 
proper values of slope r and intercepting R into the equation 


b x 
a -(Z +R) 


= 1, the condition, for which theoretically no mixing 


[19] 
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Fic. 8 CORRELATION FOR SPREADING COEFFICIENT 

occurs, the spreading coefficient b, must be infinite for all values 
of «/D at this 
point and the intercept R approaches infinity as A approaches 


In Fig. 8 the slope curve (r versus A) is zero 


unity. 
INTERPRETATION OF SPREADING COEFFICIENT 


It has already been pointed out from the data of this experiment 
and the data of Férthmann, see Fig. 6, that the center-line ve- 
locity for the slot jet varies very nearly as the square root of the 
axial distance beyond the core region. It has also been shown, 
see Equation [17], that for the Gaussian diffusion this variatior 
implies a linear relationship between the spreading coefficient and 
axial distance. 

Baron and Alexander (6, 7) and Forstall (1 
for the round jet the center-line velocity varies inversely as the 
It can easily be show: 


have observed that 


axial distance beyond the core region. 
that for Gaussian diffusion from a round jet this variation also 
implies a linear relationship between the spreading coefficient and 
axial distance. 

Frenkiel (10), in analytically treating Gaussian diffusion of 
fluid particles from point and line sources into fields of homogene- 
ous isotropic turbulence, also predicted a linear relationship be- 
tween the term analogous to the spreading coefficient and axial 
distance, for axial distances comparable to those examined in the 
various experiments. Thus it would appear that jet diffusion is 
characterized by this linearity. Frenkiel was able further to ex- 
press the predicted linearity constant in terms of properties of the 
turbulence as follows 


_ RFT 
ne 


where 7’ is the intensity of turbulence, L, is the Lagrangian scale 
of turbulence, and U is the mean velocity of the flow into whicl 
the particles are emitted. These quantities are constants for 
the chosen diffusion model. 

Therefore the spreading coefficient is given by 


V2T 


6 = z 20 


UL, 
Equation [20] can be interpreted as indicating the dependence of 
the spreading coefficient on certain mean properties of the turbu- 
lent characteristics of the flow. 





WEINSTEIN, OSTERLE, FORSTALL—MOMENTUM DIFFUSION FROM 


CONCLUSIONS 


1 The phenomenological expression for the transverse velocity 
profile, Equation [10], based upon a finite-area slot was shown 
to be in excellent agreement with the experimental data. This 
agreement between predicted and experimental results justifies 
representation ol the 


the single-parameter (spreading-coefficient 


mixing process 

2 The spreading coefficient was observed to be well repre- 
sented by a series of straight-line segments up to 00 slot widths, 
and may be readily correlated as a function of the initial velocity 


ratio in this range 
3 The expression for the transverse velocity profile may be 
applied to the slot jet issuing into a stationary secondary as a 

limiting case of the slot jet issuing into a moving secondary 
} The spreading coefficients for round and slot jets indicate a 
linear depende nce on axial distances analogous to that obtained 
le stream issues from point or line sources into fields 


when a particle s 
ol homogeneous isotropic turbulence For the latter, the propor- 
tionality constant is a function of the turbulent intensity, the 


Lagrangian scale of turbulence, and the velocity of the flow field. 
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Studies on Plastic Flow of 
Anisotropic Metals 


By L. W. HU,' UNIVERSITY PARK, PA. 


This investigation deals with a study of the plastic be- 
havior of anisotropic metals. By extending Hill’s theory of 
plastic flew of anisotropic metals, plastic stress-strain rela- 
tions for anisotropic materials with strain hardening are 
developed. Applications of these relations are also made 
to plane-stress and plane-strain problems with anisotropy. 
The effect of anisotropy on the stress distribution and on 
the pressure to produce yielding in a thick-walled cylinder 
under internal pressure is discussed. The influence of 
anisotropy on the interpretation of conventional biaxial 
tension-tension and tension-torsion tests is also considered 
in this study. 


INTRODUCTION 


Y assuming that a material is isotropic, various theories of 
plasticity have been proposed and many problems on 
stress-strain determination in plastically deformed bodies 

have been investigated for both ideally plastic and strain-harden- 
ing materials (1, 2, 3, 4).? 
engineering materials are anisotropic to various degrees. 
them, such as sheet metals, fabricated forms, do manifest pre- 
dominant directional properties. In studying the plastic flow of 
such materials, it is necessary to consider the effect of anisotropy 


However, it is a well-known fact that 


Some of 


The significance of the effect of anisotropy on the plastic behav- 
ior of materials has been emphasized in recent years. Since 
1939, when Reuss (5) first considered the formulation of aniso- 
tropic loading functions, considerable attention has been given 
to the study of the plastic flow of anisotropic bodies. In 1948 a4 
theory of plastic flow of an initially anisotropic metal was sug- 
gested by Hill (6). At the same time, similar stress-strain rela- 
tions for anisotropic materials with strain hardening were proposed 
by Jackson, Smith, and Lankford (7), Dorn (8), Prager (5 
Fisher (9). Relatively little work has been done in the field of 
plasticity utilizing the plastic stress-strain relations for anisotropic 
bodies. Hill has studied several problems in plastic torsion of 
anisotropic bodies (1, 6, 10); the plastic flow of a thick-walled 
cylinder under internal pressure with a certain degree of anisot- 
ropy has been investigated by Fisher (9); the theory of slip- 
line fields for anisotropic metals has been presented by Hill (11 


, and 


the effect of anisotropy of metals on the “earing’’ of deep-drawn 
cups has been solved by Bourne and Hill (12); and the necking 
of an anisotropic tension specimen has been investigated by Hill 
(6, 13). 

Using the experimental facts available, an extension of Hill's 

1 Associate Professor of Engineering Mechanics, Department of 
Engineering Mechanics, The Pennsylvania State University. 

2? Numbers in parentheses refer to the Bibliography .t the end of 
the paper. 

Contributed by the Applied Mechanics Division and presented at 
the Diamond Jubilee Annual Meeting, Chicago, Ill., November 13-18, 
1955, of Tae American Society OF MECHANICAL ENGINEERS 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until October 10, 1956, for publication at a later date. Discussion 
received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, November 8, 1954. Paper No. 55—A-79. 


theory of plastic flow of anisotropic metals will be giv this 


paper. Such an extended theory will be shown to be applicable to 
the analysis of plastic flow of anisotropic bodies with strain 
hardening. The effects of anisotropy on various problems will 


also be discussed. 


FUNDAMENTAL EQtaTIONs 
The assumption will be made that the principal! axes of anisot 
ropy form an orthogonal set, which may or may not bear any re- 
lationship to the geometrical configuration of the anisotropic 
bod 
sidered, this assumption can be justified. 


considered If the phy sical properties of materials are con- 
For inst ince, the st ite 


} 


of anisotropy in a laminated plastic tube can be properly de- 


scribed only by a system of cylindrical co-ordinates; the direc- 
tional properties of sheet metals can be described by a system of 


Cartesian co-ordinates. Depending upon the mode of stressing 
the directions of the principal axes of anisotropy may, or may not, 
remain unchanged. However, the plastic stress-strain relations 
referred to the principal axes of anisotropy are assumed not to be 
affected by the change of the directions of the principal axes 
Defining the plastic potential or the effective stress & in a 
similar manner asin the theory of plasticity for isotropic materials 


1) 


22)? + Qo3( Ox 


+ as ; - Oy)" + SQyT12” 3Qs55T 23" S667 31" l 


where the o’s are stress components, a@’s are parameters of anisot 
ropy which may be functions of the state of stress and plasti 
deformation, and the subscripts 1, 2, 3 refer to the directions of the 


three principal axes of anisotropy. By analogy with the Levy- 


Mises plastic stress-strain relations for isotropic materials, the 
plastic stress-strain relations for anisotropic materials are then 


dé [QyO1 — Ayer Q3:03;)dX 


d€22 [Q22F22 — ; Qy201,]dX 


dés3 [Qt33033 — 


déi2 = 
dé23 


dé; mt dyx 


- 


3 
= QT AX 
2 
where the de’s are plastic strain-increment components, and 
i2 TT Ay 
= 3 + Ais 
= An + Ay 


In this paper, the a’s will be considered as constant during 


plastic deformation. This can be justified by the experimental 
results obtained by Hazlett, Robinson, and Dorn (14). In their 
investigation on the plastic flow of anisotropic sheet metals, both 
the ratio of axial plastic strain to lateral plastic strain and the 
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ratio of axial plastic strain to plastic shear strain are found to 
remain constant during the simple tension tests of steel, aluminum 
alloys, and magnesium alloys. In other words, the anisotropy fac- 
tors a’s can be considered as constant and can be directly de- 
termined by means of simple stress tests 

materials, the effective stress ¢ will have 


pl astically 


For perfectly 


plastic 


a value when materials are deformed 
the anisotropy factors a’s can be found by 
alternativ letting all stress components be equal to zero except 


om 


substitutir > Val Ss Equations 


uation 


3A 
Defining the increment of effective strain dé as 


Oi,déq2)? + a 


(di? = 


ANISOTROPIC METALS 


aX is found from 


jUantity 


f there is a f inction i! relation that exists betwee 


ind the effective stress, there must be a fun 
effective stress 

Hill (1 

value of dX 


n the 


It by 


Irom jua 


tions {12 


juli 


fundamental ¢ juations for determining the 


rain distributions in an bodies is obtained 


effective strain f'dé can b sumed to be a function « 


twee! > ctive stra 


tive stress & only, the relatior 


1 the effective stress ¢ can be determined fro i simple 


| 


1 test in which the axis of loading coincides 


ixes of anisotropy of the specimer ( that 


iple tension test is conducted by loading the specimen along the 


axis Of anisotropy 1, and that the plasti stress-strain re 


sin 


lation is 


where k and n are material constants 


€;, from Equation [13] into Equations 


dé, = kno,,"""'do 


But from Equation [1], the effective stress ¢ for simple tension is 


t= v/a o [15] 


Placing the value of o,, from Equation [15] into Eq 1 [14 


and integrating 


By assuming @, 1.0, the effective stress strain rel 


comes 
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Placing the value of é from Equation [17] into Equation [12] and 
taking a), = 1.0 


= kn{ou A120 22 3 O93] E" —7dF 


= kn[Q22022 23033 — A201, |E" "ds 


= kn [ Qt330 33 31011 Ql230 22] " °dé 


3 
kn [QtsT12] & 


des dyi2 


dé; = dy» kn | OtssT 03] &"~*de 


dés; ayn - kn | QesTs1] 5" —2do 

The plastic stress-strain-increment relation for an anisotropic body 
with strain hardening can now be determined by Equations [18]. 
In using Equations [18] the material constants k and n in simple 
tension for direction 1-1 are employed. 

= Qe = | 


For isotropic materials a), = Qe. = Qy; = Ay = Ass 


and Qi: = Q23 = Gy, = '/2, the flow rule Equations [7] will reduce 


to the well-known rule of plastic flow 


dé, dé. de dé 


19) 


1 
O11 Ox 02» 


Ox go Cin 


From Equation [19] the Lode’s variables for isotropic materials 
can be obtained 


(dés3 + deé,;) 


dé; 


Me? 21] 


The validity of the 4-» relationship, Equation [21], has been 
studied experimentally and is considered as a means to check 
various theories of plasticity. However, no good agreement has 
been found between the experimental results and theoretical pre- 
diction (1, 2). 

If the anisotropy of materials is considered, a new variable v* 
should be defined by using the flow rule Equation [7] 


203; d€o2 ( Qtoyd€y, + Ayo €3) 


Qo ess ~ Ae dé\; 


For materials which can be dealt with by the plastic stress-strain 
relations for anisotropic bodies given in this paper, it can be shown 
that 


[23] 


In other words, the u-v* relationship can be employed as a means 
to check the validity of the plastic stress-strain-increment rela- 
tions for anisotropic metals given in this paper. 


PLANE-STRAIN PROBLEMS 


In plane-strain problems, consider one of the principal axes of 
anisotropy normal to the planes of plastic flow which remain plane 


Then 


during deformation. 
dé33 = 0 24] 


From Equations [12] and [24], the normal stress o;; becomes 
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Equation [25] was first derived by Hill (11 
strain for anisotropic metals. 


in his theory of plane 


Assuming ideally plastic ma- 
terials, he gave a detailed discussion on the slip-line field in plane- 
strain problems. 
Substituting the value of a3; from Equation [25] into Equation 
[1] and considering T2; = T;, = 0, the effective stress & is found to 


be 


G 
o = »|* S 447127 26 
a 


Similarly, the stress-strain-increment relations are obtained from 


Equation [12] or 


where G is equal to Qj2Q@e3 + Qa, 4 a An examination of 


Equations [26] and [27] shows that both the effective stress and 
the stress-strain-increment relations for plane-strain problems are 
quite similar to those for isotropic materials, but Equation |2: 


shows that the stress distribution in the direction normal to the 


plane of plastic flow is characteristically different 

To illustrate the effect of anisotropy on plastic flow in a state of 
plane strain, the stress distribution in a thick-walled cylinder of 
ideally plastic material will be discussed 
outside diameter 6 and inside 


Consider a long cylinder of 


] 


diameter a subjected to an internal pressure p. In cylindrical 


co-ordinates, the equation of equilibrium is 


da 
dy 


The well-known solution for the plastic flow of thick-walled 


cylinder of an ideally plastic isotropic material was obtained by 


Nadai (2) as 


where Y is the yield stress in simple tension. In obtaining 


Equations [29], the assumption was made that there was no 


initial deformation. The pressure p under which the cylinder 


vields is found to be 


Now, in contrast, consider a thick-walled cylinder of aniso- 


tropic material. It must be assumed that the principal axes of 
the 


cylindrical co-ordinates of the cylinder and that the material of 


anisotropy form an orthogonal set which coincide with 


the cylinder is ideally plastic with yield stresses in the axial, tan- 


gential, and radial directions of Y,, Y,, and Y,, respectively. By 
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P= KY, Log,(2) 
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FACTOR 
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ANISOTROPY FACTOR Yo, = —* 
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Fic. | Errecr or ANISOTROPY ON STRENGTH oF THICK-WaLLep CyLiINpeR Unver INTERNAI 
Pressure P 


combining Equations [4], [26], and [27], the effective stress & l 
ai : i G= 
and the stre train-increment relations are found to be, respec- and : j 


tivels : , 
Substituting the difference of a, o, from Equation [31) int: 


Equations [28], the stress components become 


VG Y, In ( ~) 


yen 


When Equations [33] are compared with Equations [29], it can be 


seen that the distributions of radial and tangential stress in an 
anisotropic cylinder are entirely similar to those in an isotropic 
evlinder but the characteristics of the distribution of axial stress 


are changed by the anisotropy. 
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Using the first of Equations [33], the pressure p under which the 
| Qias 


cylinder yields is found to be 
i b 
p= \ ry ,in = 


In other words, the state of anisotropy in a thick-walled cylinder 
has a prominent effect on the pressure p under which the 
cylinder yields. The effect of various degrees of anisotropy on the 
vield pressure p as given by Equation [34] is plotted in Fig. 1. 
The significant result obtained is that the yield pressure p can be in- 
creased by reducing the axial yield stress Y,, or by increasing the 
radial yield stress Y,,, if the tangential yield stress Y, is kept con- 
stant. 


[34] 


PLANE-STREsS PROBLEMS 


For plane-stress problems in which 03; = T23 = T; = 0, the 
effective stress ¢ is found to be 





"2 +“ 7 < « ° ror 
B= V Ayn? — 2a n22 + 22022? + ZQuTi2*. . . [35] 


The stress-strain-increment relations given by Equation [12] 
then become 


dé, = [Q101; — AyOx] — 


dés2 = [Q2202.— A201] 


dé 
T @y0n)} - 
& 


de 3 — | A230 22 


1 3 dé 
dé\2 a dyi: = 5 AuTiz 


where 1, 2, 3 are the principal directions of an orthogonal set of 
This set of axes of anisotropy may change 
orientation during straining. The effect of the rotation of axes 
of anisotropy on plastic flow of anisotropic bodies was first con- 
sidered by Hill (1). 

In this section, only two special topics in plane stress dealing 
with the plastic flow of anisotropic bodies will be discussed, 


axes of anisotropy. 


namely, plastic behavior of thin-walled tubes under biaxial ten- 
sion-tension and under biaxial tension-torsion,. 

In attempting to verify the validity of various theories of 
plasticity, biaxial-stress tests have been conducted for several 
decades (2). 
produced by subjecting a thin-walled tubular specimen to either 


In such tests, the biaxial-stress state is generally 


axial load and internal pressure or axial load and torsion. Al- 
though the anisotropy of tubular materials caused by fabrication 
processes has long been realized, isotropy is usually assumed in 
In the following paragraphs, 
the effect of anisotropy on the interpretation of biaxial-stress tests 


the interpretation of test results. 


will be considered. 

The assumption will be made that the principal axes of anisot- 
ropy initially coincide with the cylindrical co-ordinates describ- 
ing the thin-walled tube considered. For biaxial tension-tension 
cases, it is reasonable to consider that the principal axes of anisot- 
ropy do not rotate during deformation. 
torsion cases, it is easy to visualize that the principal axes of 
anisotropy will rotate as the angle of twist increases, as shown in 
Fig. 2. 

Consider a thin-walled tube subjected to axial load and internal 
For the biaxial tension-tension state produced, the 


For biaxial tension- 


pressure. 
axes of principal stresses coincide with the axes of anisotropy. 
From Equation [1], the effective stress is 
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¢= V enous? — 2042011022 + A227 20? 37] 


and the stress-strain-increment relations are found, from Equa- 
tions [12], to be 


dé 


[Q1011 — Qy20 22] 
& 


dé; = de, = 


dé 
dé. = dé, 


[Qt22022 — Q20);] 
dé | 


— [An0n + Gad 
& 


dé33 de, 


The plastic stress-strain-increment relations for an anisotropic 
tube under biaxial tension are characteristically the same as those 
for an isotropic one (15). 
stress-ratio tests, the methods of interpretation suggested for 


For conventional constant and variable 


isotropic bodies are equally valid for anisotropic materials (1, 2, 
15). Furthermore, for constant stress-ratio tests where 0); /022 = 
c,/¢, = const, the ratio of strain increments deé,,/dé2 = de,/de, 
obtained from Equations [38] is a constant during the test. This 
is the condition under which the deformation theory of plasticity is 
valid. In other words, the deformation theory of plasticity can 
be used for the interpretation of the constant stress-ratio tests in 


INITIAL 


STRAINED 


t-a-r CYLINDRICAL COORDINATES 

-12-13 AXES OF ANISOTROPY 
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ANISOTROPY 
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biaxial tension in the case of anisotropic materials as well as for 
isotropic ones. 

Now consider the case of thin-walled tubes under biaxial ten- 
sion-torsion. Assume that the principal axesof anisotropy initially 
coincide with the cylindrical co-ordinate system describing the 
thin-walled tube under consideration as shown in Fig. 2. From 
Equations [1] and [12], the effective stress and the plastic stress- 
strain-increment relations are, respectively 


V A101? — 20)201:02 


3 = 


Suppose the thin-walled tube is subjected to an axial stress ¢ 
and shear stress 7, and that the axial extension is found to be AL 
and the angle of twist is ¢. At any point on the tube there is a 
rotation of the axes of anisotropy due to this deformation. Con- 
sider that the angle of rotation of the axes of anisotropy is equal 
to # as shown in Fig. 2. It can be shown that the stress com- 
ponents along the principal axes of anisotropy are (16) 


= ¢ sin? @ — 7 sin 20 


= ¢ cos? 6 + T sin 20 


= T COs 20 o sin 26 


Using Equations [40], the stress-strain-increment relations re- 


ferred to the prin ipal axes of anisotropy become 


dé; sin? @ Q;2 cos? 6 


sin 26 


Equations [42], the axial strain and shear deformation re- 
to the axes of loading are found by conventional procedure 


ain transformation 


sin? @de,, + Odeo sin 26de;. 


cos- 


= [dio 


sin 26( dé22 + 2 cos 20deé,2 


dé 


= [doo + dsr] 


and the effective stress is obtained by substituting the values of 
stress components from Equations [41] into Equation [39] 


= V dic? + Wor + gy7? 
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where 


sin‘ @ + 


2aj2 2a 


?) = (Say 


Bier 
sin? @ 


sin 26/( 2a 


« + (a 2a);2 + Ae 3a, )(sin 26)?) 


Therefore the plastic behavior of a thin-walled tube with 
given anisotropy under biaxial tension-torsion is completely de- 
fined by 


tween the angle of twist ¢ and the angle of rotation of the princi- 


Equations [43] and [44], provided the relationship be 


pal axes of anisotropy @ is specified 
The ratio of strain increments from Equations [43] is 


de Dit + get 
dy Qit + Quit 


For isotropic materials 


Substituting the values of a’s from | quations [46] into I 


[44 , the ratio of the strain increments becomes 


de o 
dy 3T 


t checks with the value obtained in the theory 


This resul 


ticity for 


ot p is- 


isotropic materials (2 However, since the angle of 
rotation of the axes of anisotropy @ changes with the angle of twist 
¢g of the tube during plastic deformation, the ratio of strain 


increments de/dy given in Equation 45] will not remain constar 
even though the stress ratio a /7 is kept a constant during loading 
Therefore the deformation theory of plasticity cannot be applied 
to interpret the conventional constant stress-ratio tests in biaxial 
tension-torsion if the material under consideration is anisotropi 

For the conventional variable stress-ratio tests in biaxial tension- 
torsion, in which either o or 7 is ke pt constant and the other stress 
varies during the test, the methods of interpretation suggested . 


and Hu and Marin (15) are 


presence of variable @ in 


Shepherd (17 no longer valid for 


anisotropie materials because of the 
the plastic stress-strain-increment relations given by I-quations 
13 Probably for the 
tween theoretical predictions and experimental results for some 


Thus, i 


interpreting test results of biaxial tension-torsion experiments, the 


t 


this may account poor 


agreement be 
of the published biaxial tension-torsion test data (18 


flow theorv of plasticit, for anisotropir materials must be used 


Cone LUSION 
Based on Hill’s theory of plasticity lor anisotropic met ils, the 
relations derived for 


plastic stress-strain-increment were 


terials with strain hardening.. The influence of anisotropy on the 
behavior of metals in a state of plane strain or plane stress 


For 


it was found that the pressure-carrying capacity can be in- 


plastic 
was discussed 4 thick-walled cylinder under internal pres- 
sure 
For conventional bi 


creased by decreasing the axial strength 


axial-stress tests, it was found that the existing methods of ir 
terpretation of test results are valid for biaxial tension-tension 
tests of anisotropic materials but not valid for biaxial tension-tor- 


s10n tests 


ACKNOWLEDGMENT 
The 


project on ‘ Plastic Flow of Metals.”’ sponsored by the Office of 


inalysis given in this paper was prepared as part of a 


Ordnance Research 





JOURNAL OF APPLIED MECHANICS 


BIBLIOGRAPHY 


1 “The Mathematical Theory of Plasticity,’’ by R. Hill, Oxford 
University Press, London, England, 1950. 

2 “Theory of Flow and Fracture of Solids,”’ by A. Nadai, Mc- 
Graw-Hill Book Company, Inc., New York, N. Y., 1950. 

3 “Theory of Perfectly Plastic Solids,”’ by W. Prager and P. G. 
Hodge, Jr., John Wiley & Sons, Inc., New York, N. Y., 1951. 

4 “Introduction to the Theory of Plasticity for Engineers,”’ by 
G. Sachs and O. Hoffman, McGraw-Hill Book Company, Inc., New 
York, N. Y., 1953. 

5 “Recent Developments in the Mathematical Theory of 
Plasticity,"’ by W. Prager, Journal of Applied Physics, vol. 20, March, 
1949, pp. 234-241. 

6 “A Theory of Yielding and Plastic Flow of Anisotropic 
Metals,”” by R. Hill, Proceedings of the Royal Society of London, 
series A, vol. 193, 1948, p. 281. 

7 “Plastic Flow in Anisotropic Sheet Metal,’’ by L. R. Jackson, 
K. F. Smith, and W. T. Lankford, Metals Technology, T. P. 2440, 
August, 1948. 

8 “Stress-Strain Relations for Anisotropic Plastic Flow,” by 
J. E. Dorn, Journal of Applied Physics, vol. 20, January, 1949, pp 
15-20. 

9 “Anisotropic Plastic Flow,’ by J. C. Fisher, Trans. ASME, 
vol. 71, 1949, pp. 349-356. 

10 “The Plastic Torsion of Anisotropic Bars,’”’ by R. Hill, Journal 
of Mechanics and Physics of Solids, vol. 2, 1954, pp. 87-91. 


SEPTEMBER, 


1956 


11 “The Theory of Plane Plastic Strain for Anisotropic Metals,’’ 
by R. Hill, Proceedings of the Royal Society of London, series A, vol. 
198, 1949, pp. 428-437. 

12 ‘On the Correlation of the Directional Properties of Rolled 
Sheet in Tension and Cupping Tests,” by L. Bourne and R. Hill 
Philosophical Magazine, vol. 41, 1950, p. 671. 

13. “A New Method for Determining the Yield Criterion and 
Plastic Potential of Ductile Metals,”’ by R. Hill, Journal of Mechanics 
and Physics of Solids, vol. 1, 1953, p. 271 

14 “An Evaluation of a Theory for Plastic Flow in Anisotropi« 
Sheet Metals,"’ by T. H. Hazlett, A. T. Robinson, and J. E. Dorn 
Trans. ASM, vol. 42, 1950, pp. 1326-1356 

15 ‘“‘Determination of Theoretical Plastic Stress-Strain Relations 
for Variable Combined Stress Ratios,”"’ by L. W. Hu and J. Marin 
JOURNAL OF AppLieD Mecuanics, Trans. ASME, vol. 74, 1952, pp 
485-458. 

16 “A Treatise on the Mathematical Theory of Elasticity,’’ by 
A. E. H. Love, Dover Publications, New York, N. Y., 1944 

17 ‘Plastic Stress-Strain Relations,’”’ by W. M. Shepherd, Pro- 
ceedings of The Institution of Mechanical Engineers, voi. 159, 1948 
pp. 95-99. 

18 ‘Preliminary Experiments for Testing Basic Assumptions of 
Plasticity Theories,"” by R. W. Peters, N. F. Dow, and 8. B. Batdorf 
Proceedings of the Society for Experimental Stress Analysis, vol. 7 
no. 2, 1950 

“Plastic Stress-Strain Relations for Combined Tension and Com- 
pression,”’ by J. Marin and H. A. B. Wiseman, NACA TN 2737, July 


1952 





















It is shown in this paper that along the root sections of 
filleted or notched bars there is a rapid rise in the trans- 
mitted shearing forces, and this may be regarded as the 
principal reason for the occurrence of stress peaks under 
these circumstances. By making a few assumptions con- 
cerning the distribution of these shear loads, the stress- 
concentration factors can be calculated with satisfactory 
accuracy for such cases which have been heretofore ana- 


lytically intractable. 


INTRODUCTION 


ET us consider a filleted-plane tension bar, as shown in Fig. 1 

If the two shoulder parts of this bar are removed and their 

effect is replaced along the lines of separation by correspond- 

ing normal and shearing stresses, the stress distribution in the re- 
maining net section of constant width will evidently remain the 
same as before, when this strip formed a contingent part of the 
original piece. The state of stress may then be calculated at any 
this 
normal and shearing stresses as external loads applied normally 


point of center strip by regarding the above-mentioned 


and tangentially along the straight boundary lines of separation. 


Though the exact distribution of these boundary loads is un- 


known, of course, for the type of problems which will be con- 


there are some pointers which will enable us to make 
We know, 


sidered here, 
satisfactory approximations as regards their nature 
for instance, that the shearing-load curve will rise rapidly in the 
neighborhood of the fillet, and the sharper the fillet the more 
Also, the 


to he 


rapid this rise will be total amount of transmitted 


shear loading will have the same on each side as the load 


arried by the respective shoulder ortion of the filleted bar, that 
I 


is, o,(D d)/2 in the notation of Fig l The effect of the normal 
loads on the straight boundaries will be comparatively small 
This follows from two considerations: The normal load on each 
boundary will be equivalent to a zero resultant force, since there 
is no transverse external load present. Furthermore, since the 
stresses in the boundary laver of an elastic h alf-pl ine will never 
f the 


ind will vanish outside that region, we may 


applied nurmal loading within the 


exceed the intensity « 


con- 


loaded region 
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clude that for tension pieces that are wide in terms of fillet radii, 


and which ¢ onseq ue ntlv give the highest concentrations of stress 











the effect of the normal loads will become small 
ys 
. ory ‘ 
, E : 
= x 
be 
} 2 
yin Fr l 
boundory shear 
\ 
. coding 
| ~~ 
ee" 
= o 
- 
> oatllions 
C ( o- 
on boundary normal loadingt— * 
ed i 
On the basis of these considerations we will proceed in cak 


‘ 


ing the stresses at the boundaries of the net section by taking i 


account cnly the shearing loads and disregarding the norm 


forces In this analysis the shear-load distribution will be as 


sumed in the form of triangles, which seems to be the simplest 
shown in the 


approximation permissible in these cases, as will be 


next section by means of curves derived from existing solutior 
for stress-concentration problems. Ina similar manner it would be 
possible to take into account in some simple form the effect of the 
normal forces also, though these were found entirely dispensable 


There 


alysis, however 


in all cases investigated here is one parti ular omissiot 


involved in this approximate which it may be 


namely, the calculation will give the stre 


well to point out now 


distribution only in the net section, while in the original problen 


ress is known to occur at a short distance withir 


the maximum st 
the fillet 


about 10 deg with the horizontal (as indicated in Fig. 6 


houndar ncludes 


Thi 


ition of the stre 


it a point where the tangent to the 


tion between the true loc 


small gap of separa 


veak and the point where the approximate stress peak is obtained 
I I > } 


on the straight boundary is entirely disregarded in the present 
calculation. It should be noted, however, that this deviation is 
present only in case of filleted members. In grooved tension bars 


the maximum stress occurs at the bottom of the grooves, that is 


at points which lie directly on the straight boundaries of the net 
These cases 
location of the 


naturally that 
notched bars will be assumed to consist of shear forces distributed 


section therefore Wii not invoive any approxima 


tion as far as the stress peaks are concerned It 


follows boundary loadings in the inalysis of 
svmmetrically with respect to the axis of the notch just as if the 
right side of Fig. 1 would be reproduced on the left by a mirror re 


flection around the y-axis 


Suear-Loap DistrRipvuTION IN KNOWN Cases 
To provide foundation for subsequent simplifying assumptions 
the distribution of shearing stresses has been calculated first for 


cases of stress concentration for whi h the exact analytical solu 
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tions are known. This has been done on the basis of H. Neuber’s 
formulas (1)* for tension bars with hyperbolic notches and elliptic 
holes. Since the original solutions of these problems are in terms 
of curvilinear co-ordinates u and v the derivation of the Car- 
tesian T,, component required rather lengthy transformations, 
the details of which will be omitted here. 

The co-ordinates 


z=csinhucosv and y = ccosh usin: 


provide a convenient system to describe elliptic holes as well as 
hyperbolic notches. Since 


zx 


» sinh u 


. y 

and : 
esint c cos v 

it is evident that the lines u = const will be confocal ellipses and 
the lines v = const will be confocal hyperbolas, as indicated in Fig 
2. The constant c denotes one half of the common focal length of 
this system and, in the tollowing, this ¢ will be taken equal to 
unity with the dimension of length. In this seale for any as- 
signed value of vu = ue we will have an ellipse of a particular size 
and shape, with a certain value for the major diameter 2¢ and a 
radius of curvature p at the end of the major axes, as shown in 
Fig. 2. Similarly, for any particular value of v = vp we will have 
a hyperbolic contour of certain proportions, with a net diameter 
of 2a and minimum root radius of curvature p. The symbols a, ¢, 
and p, as well as x and y, denote here absolute numbers, that is, 
ratios referred to c = 1 as a basis of unit length. 
Tt was not possible to obtain an explicit expression for the re- 
Instead, for 


each particular contour, the 7,,-values for the root section have 


quired r,, in terms of the Cartesian co-ordinate z. 


been calculated in successive steps by means of the formulas given 

in the following: 

Hyperbolic Notch (v = Vo) 

Half-diameter of net section: [ylu=<j0 = Sint) =a 
v=ve 


Minimum radius of curvature: p = a/tan? ro 


Fillet ratio: a/p = tan? v» 


For any assigned value of the z-co-ordinate, the corresponding 
u and v-values can be calculated from 


l — 
- z*) +3’ (1 — a* — z*) + ¢ 


cos? vy = - (1 — a? 
9 


and sinh u = 2/cos U%... [le] 


In terms of these, the shearing stress along the root section of 
the notched bar is obtained as 


To SiN Mp 


[Teyly =a = 


Yo + SIN Lp COS Up 
(a? — sin? vp)? tan v - - 2a? cot? 


a? cot v (a? sin? p 


rif] 


(sinh? u + cos? v)3 
where a, is the average stress in the net section. 


Elliptic Hole (u = uo 


Half major diameter of hole: [y]u=uo = cosh up = ¢. 


v=nr/2 


[2a] 


. [26] 


Minimum radius of curvature: p = t sinh? uo/cosh?* uo 


* Numbers in parentheses refer to the Bibliography at the end of the 
paper. 
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Fillet ratio: t/p = coth? 


the corresponding 


For any assigned value of the z-co-ordinate, 


« and v-values may be obtained from 


1 
(x? + #2—1) 4 
9 


sinh? u = 


and sinh uo 


cosSv = 72 


In terms of these, and of the average stress o», the shearing- 


stress values along the root sections through the ends of the 
major axes (as indicated in Fig. 2), may be calculated from the 
following formula 


, rldo 
[Teyly =e = ae : 
sinh? u + cos? 


,., Sinh u 
cos* t 


cosh d 


A cosh u 


inh? u ° 
sinh u 


— 4Be-™ sinh? uv f ~ 


cos*t 


Jsinh?u + cos*v 
: vr — iawn 


( sinh? u cosh u 


sinh u!) 


cos? vy + 5 sinh? u : J 
sinh? u + Came f 

where A — (1 + cosh 2u 

B = 1/(2e™9 — 4e + 3 


1 + eo 
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Shearing Stress Distribution 
the Longitudinal Root Section 
the Hyperbolic Notch @ ond 
the Elliptic Hole ® 














Fie. 3 


alculated from Equations [la] to 


The 7,,/@ curves, c [lf] and 
Equations 2a] to [2f for three ratios of the hyperbolic notch (a/p 
= 1,4, 16) and of the elliptic hole (t/p = 1, 4, 16), are shown in 
Fig. 3. It is seen that in every case the Tmax OcCUrs Very nearly 
atzrj/p = 
Tmax/@o Values vary about linearly with the t/p ratios, while for 


Furthermore, we find that for elliptic holes the 


hyperbolic notches a nearly linear relationship is obtained if 
Tmax/@o is plotted against the corresponding \/ a/p values, as 
shown in Fig. 4 

These conclusions provide us with sufficient information for 
making quantitative assumptions concerning the shear-load dis- 
tribution in the root section of any filleted or notched tension bar. 
In this approximate analysis the difference between the stress 
maxima for elliptical holes and semielliptical notches will be 
disregarded. The Tmax/@o values for elliptical holes in Fig. 4 
will be used for “‘shallow’”’ fillets or notches, while the Tmax/@ 
ratios obtained for hyperbolic contours will be used in the analysis 
of bars with ‘‘deep’’ notches or fillets. Before specifying the dis- 
tinction between these two classes, we must recall that three quan- 
tities are needed for identifying the shape of a filleted or notched 
tension bar (namely major diameter D, net diameter d, and fillet 
radius r), while the analytical solutions discussed for elliptical 
holes or hyperbolic notches involve only two variables in each 
ease (tandp,oraandp). It is seen that the ain the latter case is 
actually the same as d/2 (that is, the half-diameter of the net sec- 
tion), while ¢ will correspond to '/:(D — d), that is, the one 
shoulder depth. Through the equivalence of these quantities, 
the border line between shallow and deep notches or fillets will 
be defined by a bar of such proportions that the Tmax/@» value 
for this bar will be the same, no matter whether it is taken from 
Fig. 4 on the basis of V/ d/2r (that is, Va p), or according to (D — 
d)/2r(ort/p). Bars having a smaller D/d than this limiting case 
will be regarded as having shallow notches or fillets and will be 
analyzed on the basis of the Tmax/@o values obtained for elliptic 
holes. On the other hand, bars with larger D/d ratios than this 
borderline case will be classified in the deep notch or fillet class 
and in their calculation the Tmax/@o values will be used which were 
obtained for hyperbolic contours. 

In each case Tmax Will be assumed to occur as z = r/2, and the 
rest of the r-diagram will be completed in the form of a triangle, 

t This difference is likely to be about the same as that between the 


stress-concentration factors for circular holes and semicircular 
notches in an infinitely wide bar, which is known to be 2'/s per cent. 


ACTORS 








@ 
Cosh 2bz + | t 
= + | ses 2bz + Dbz cos az dz Ju sin 2€ a€ 


es es 
2 | Cosh 2bz + 1 
’ Jet 2bz + 2bz ” ** he cos 2€ a€ 


the area of which has to be the same as the tota 


These conditions define the shear- 


load « arried by 
the shoulder section of the bar. 
loading diagram completely in every case.* 


CALCULATION OF STRESS Maxima AT BOUNDARIES OF 
Net SEcTIONS 


On the basis of the previous considerations, the problem of 


filleted or notched tension bars is reduced to the calculation 
of stresses in an infinite strip of constant width, the boundaries of 
which are subjected to specified surface shear loadings. A general 
solution for an infinite strip under any type of boundary loads 
was presented by L. N. G. Filon (3). When the two boundaries 
are subjected to shearing forces that are symmetrically dis- 


tributed with respect to the center line of the strip of width d = 
2b, Filon’s solution can be written in the form 


Si 
rT J/0 


C) 
2 cosh 2hz +1 


x 
- sin rzdz T(t cos zEd~ 
2bz J =a 


This corresponds to the case shown in Fig. 5, which represents 


the equivalent shear loadings for filleted bars and can be obtained 


cosh 2bz + 1 


7 
- cos rzdz i T 
sinh 2bz + 2hz =e 


. 


7 Jo sinh 2bz + 


as a sum of an odd and an even function, as indicated in Equation 

* E. Weinel (2) appears to have been the first to propose that stress- 
concentration problems may be analyzed by means of equivalent 
shearing loads. His suggestion, however, that for symmetrically 
notched tension bars the transmitted shearing loads may be assumed 
to vary as the slope of the notch contour, leads to an entirely un- 
realistic distribution and was found by the authors to give erroneous 
results for the type of problems investigated here. 
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3]. The situation will be simpler in case of symmetrically 
notched bars, when the shear-load distribution will be an odd func- 
tion of x, the left side of which is a mirror image of the loading 
diagram in Fig. 5 around the y-axis and, consequently, the ex- 
pression for ¢, at the boundaries will contain in that case only the 
first half of the right side of Equation [3]. 

In order to make Equation [3] directly applicable to the 
analysis of filleted bars, the following substitutions and altera- 
tions will be made: 


1 According to the assumed linear variation in 7(&), we put 


. Tmax . 
T(E) = ~ g, for 
'/a@ 


Tmax(C 





The value for Tmax is to be taken out of the graph in Fig. 4, 
according to the rule previously described, and c is defined by the 
equilibrium condition 


W/o(r/2 + c)tTmax = '/2o(D -— d)o, = '/ed(1 — d/D)ao 


since 0; = ood/D according to the notation in Fig. 1. 

2 According to Equation [3] the total axial load on the strip 
(r/2 + c)Tmax is balanced by a uniform compressive stress at z = 
co and a uniform tension stress at r = — , as indicated in Fig. 5, 
the magnitude of which is 


mat) = 
P 2 D 


(r/2 + c)Tmax | l d \ 
= _ Oo 
/ 


2 d 


In order to satisfy the conditions existing in a filleted bar, that 
is, to make the normal stress equal to o» in the net section, it is 
seen that a uniform normal stress of the intensity 


1 d 
a) sla 
will have to be superimposed on the results of Equation [3}. 

3 By plotting the variation of o, at the boundary for triangu- 
larly distributed shear loadings of various proportions, it has been 
found that the maximum stress occurs in every case within the 
steep rise of the r-diagram, about halfway between the points of 
Tt = Oand T = Tmax, a8 shown in Fig.6. Hence a good approxi- 
mation for the required @max-value may be obtained by putting 
simply z = r/4 into Equation [3]. 
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With the outlined changes, the final formula for the maximum 
stress in filleted bars is reduced to the form 


la.) l ' d ‘ ao f ®,(z)2(z ; 
jmax = 7 oT : az 
ah ake 4 2 D Tr 0 2? 

> 


y= +d/2 
where 


cosh 4(d/r)z + 1 


@(2) = 
t(d/r)z 


sinh 4(d/r)z + 


sin (1 
n 


‘ d 
r Tmax D 


A similar expression may be obtained for symmetrically notched 
bars by doubling the first half of the right side of Equation [3 
The condi- 


tions at zr = + © will require now only the addition of a uniform 


and omitting the second half, as mentioned before. 
stress 0; = od/D to the expression in Equation [3], while the 
maximum stress will occur in this case at z = 0, on account of 
symmetry. 

This leads to the following formula for the maximum stress in 
symmetrically notched bars 


d : | WV,(z W2(z 
0 


2 


[Oz] max = do dz 
at s=0 D T 
9 


y=+d/2 


cosh 2(d/r)z + 1 


sinh 2(d/r)z + 2(d/r)z 


sin (1 + n)z 


sin z — 
n n 


c 2d a “) 
= = 1 


r/2 Tr Tmax D 


1+ 


n= 


The stress-concentration factors k = Omax/@o, calculated for a 
series of filleted and notched bars from Equations [4] and [5], are 
shown in Figs. 7 and 8. It is seen that the results agree very well 
with the experimental values obtained photoelastically by M. M 
Frocht (4) and Charles Lipson (5). 

The procedure used in the numerical evaluation of the formulas 
in Equations [4] and [5] is illustrated by two examples given in 
the Appendix. 


Errect or Stress-RELIEVING NOTCHES 


Perhaps the most interesting feature of the foregoing method 
is that it provides an easy understanding and quantitative ex- 
planation for the so-called stress-relieving effect of closely spaced 
notches and grooves. This will be illustrated now by means of an 
example shown in Fig. 9, where a row of equally spaced semi- 
circular notches is assumed along the edge of a tension bar of un- 
limited depth. 

In accordance with our basic rule, the maximum value of the 
shearing load will be assumed to occur for each notch at an r/2 
distance from the bottom of the notch. For a circular contour, 
corresponding to an ellipse of t/p = 1 ratio, we have from Fig. 4, 


Tmax = 0.57000. The rest of the triangular loading diagram, that 
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2 
Stress Concentration Factor 
for Filleted Tension Bars 
is, the dimension c in Fig. 6, is determined from the condition of 
equilibrium. For a single notch of r depth, this can be stated as 


the 
The total length of the base of 


vhich gives, on substituting the foregoing value for Tmax, 


equivalent distance « 3.00r 
the loading triangle will be thus 3.50r for a single notch, from 
which it follows that semicircular notches spaced at 7r center 
distance from each other therefore, 


will hardiy interfere and, 


will not produce iny noticeable amount of stress relief 
In order to calculate the stress relief for more closely spaced 
iotches, let us assume a spacing of tr, for w hich particular ratio an 
the stress-concentration 
. Weber (6 The equivalent shear-load 


distribution in this case will have the pattern shown in Fig. 9 


approximate value for factor was de- 


rived analytically by ¢ 


assumed to 
The 


2r orc = 1.5r, 


where, for reason of symmetry, the shear loads are 
vanish at the mid-points between two neighboring notches 
base of each of these tri ingles will be, therefore, 


which means that the transmitted shear load wil! be now only 


about one half of the value transmitted through the root section 


in case of a single notch. In the calculation of the peak stresses 


in this instance, use will be made of the following formulas for the 


boundary stress 7, in a semi-infinite plate subjected to triangu- 


larly distributed shearing loads Follow ing the notation in Fig 6, 


1 


and putting n = c/3r as before, we have the following: 


For values of x > (r/2 4 , that is, outside and to the right 
of the loading diagram in Fig. 6 
e(1 T 


27 max | Nz 


7 ne 
'6a 


To the left of the loading diagram in Fig. 6, measured from 


point O with positive values for x 


2Tmax | 22 2x 
log 
x . or 


2r 
log [6b] 


The latter formula gives for r = :, at the toe of the 


loading diagram 


log (1 + n [6c] 


METHOD FOR CALCULATING STRESS-CONCENTRATION 
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Stress Concentration Foctor 


for Grooved Tension Bars 


At Center Groove a As 4 
ngs ~ O, + REM(30526+01376 +0.0469)- (1+ 11746) ~218 O, 
At End Groove 


t ' 


Onox ~ F, + —$8*4.5442+ 4117600, = (i +1 4125)=2 410, 


hia. 9 


$y means of these formulas the maximum stress 


notch is obtained as 
, 607 


0.644 0.417 


0.180 


where the six terms in the parentheses represent the effect of the 


six loading triangles, numbered in Fig. 9. Out of these, the 


second, fourth, and sixth terms were calculated from | quation | 6a 
the third and the fifth from Equation [66], and thi 
The total effect. is doubled, of course, on 


first one trom 


Equation [6¢ wcount 
of the symmetry with respect to the center notch 
Putting Tmax = 0.5700, into the foregoing equation we get a 


stress-concentration factor 
Omax/O 2.175 


which is in good agreement with the value 
k = 2.13 obtained by C. Weber (6) for an 


also approximate 


infinite row of semi 
circular notches with this spacing 
er Weber's 


namely, it provides an explanation of the fact that in 


However, the present method has one advantage ov 
analysis; 
case of a finite number of equally spaced notches, the stress at th 
end notch will be somewhat higher than the rest. Since on the one 
side of the end notch the shear-load diagram is fully developed 
while on the other side the foregoing calculated sequence ¢ act is 


in force, we have for the end notch by means of Equation [fx 


Tmax . . ] 
Cmax = + } 


544 + l 
T 2 


17506 2.410% 
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which is indeed greater than the value obtained in the foregoing 
for the endless row. 
CONCLUSION 

Though it has been demonstrated that satisfactory quantita- 
tive values for the stress-concentration factors can be obtained 
in this manner, the greatest virtue of this method seems to be that 
it provides a physical] insight into the origin of stress concentra- 
tions, which is not afforded by formal analytical solutions, such 
as those derived by means of stress functions. A great deal of in- 
formation is available on the nature of stress concentrations and 
it is well established, chiefly by experimental means, how the 
place and magnitude of the stress peaks are affected by the pro- 
portions of the specimens. In conclusion, we list some of these 
established relationships, showing that they can all be explained 
by the present method of approach. 


1 Asr gets smaller, the ration = c/} r increases and leads to 
It is shown in the simplest way in Equation 
Ifr—0, 


higher stresses, 
[6c] that the increase is nonlinear and nonasymptotic. 
Omax > © at any value of a». 

2 If the shoulder depth (D — d) is increased in a tension bar, 
while d and r are kept the same, the area of the r-diagram gradu- 
ally approaches the limit when it equais one half of the total 
load. (See second example in the Appendix.) This increase is 
nonlinear, but asymptotic. If D— ©, Omax — const. 

3 In filleted tension bars the maximum stress occurs at a 
small distance within the fillet (at z = r/4 or at a 10-deg angle, 
as indicated in Fig. 6). 

4 The stress increase in symmetrically notched bars will be 
less than twice the stress increase produced in a filleted bar of the 
same proportions. This is evident from the curve in Fig.6. The 
value at x = 0 is less than the maximum. 

5 It has been shown in the last section that the effect of stress- 
relieving notches and the somewhat less favorable condition at 
the last notch in a row can all be explained by this method. 
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Appendix 


The procedure used in the evaluation of Equations [4] and [5] 
will be illustrated here by two numerical examples, one for a 
filleted and one for a symmetrically notched tension bar. 


FILLeTep TENSION Bar oF Proportions: r/d = 0.1 anp D/d = 
1.10 


This is obviously a case of shallow fillets and, therefore, the 
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data obtained in Fig. 4 for elliptical holes will be used in the 
analysis. 
For the ratio 


D—d 


= 0.5, we get Tmax = 0.45905 


t 
2r p 


This gives for 


Qd a ( a\* 
r= 1 - 
r Tmsx D 
The integral in Equation [4] will be evaluated numerically up 
to the value of the argument 4(d/r)z = 10, which corresponds to 
z = 0.25 for this particular d/r ratio. At this limit it is permissi- 
ble to put ®,(z) = 1, which simplification makes it possible to ob- 
tain an analytical expression for the remaining part of the inte- 
Thus writing 


= 2.9612 


gral. 


a 
—=j - de 
Tr 0 
ig P,(z)P2(z 3 2 P.(z 
a 
_/70 z* 0.25 = 


and denoting the first integral on the right side by J;(z) and the 
second one by J2(z), we have by Simpson’s rule 
I,(z) = (0.025/3){0.4570 + 4 X 0.5702 + 2 X 0.7708 
+4 1.1531 + 2 X 1.6147 + 4 X 2.0896 
+ 2 X 2.5329 + 4 X 2.9357 + 2 X 3.2989 
+ 4X 3.6251 + 3.9160} 


where the ordinates have been taken from Table 1. 


TABLE 1 
#(z) O2(z) /2* 


4570° 


- 
~ 


1.1691 
8463 
8502 
9047 
9496 


6251 
9160 


~ 

SCOBNAMk whore 

WWW OOO 
. . 


0.9992 


* This limiting value was obtained as 
. r(z) b2(z) 
ie 
z—>0 8 


r 


1 - . + 
"sq 1)(n 1 


Putting ®,(z) = 1, the second integral becomes 

f sin z 

\ z 
sin (1 + 2n)z 


Oy pnt 
(1 + 2n)z 


Iz) = (2+ — Ci(z),=0.25 
0.25 


£)2=0.25(1 


+ Ci 


0.25 


+ 2n) ( 


where the symbols Ci(z) denote cosine integral functions and 
their numerical values can be taken out of available tables. The 
result in this case J,(z) = 3.9932. 


Substituting the foregoing values into Equation [4] we have 


l 1 0.4590 


Cmax = = == 5 gi (0.5192 + 3.9932 
1.10 rT 


= 1.613805 
which is equivalent to a stress-concentration factor 


k = Omas/0 = 1.61 





HETENYI, LIU—METHOD FOR CALCULATING STRESS-CONCENTRATION FACTORS 


Bar or Proportions: r/d = 0.1 


AND D/d = 


SYMMETRICALLY NOTCHED 


This is an extreme case of a deep notch and, consequently, 
the data obtained in Fig. 4 for hyperbolic notches will be used in 
the calculation 

For the ratio d/2r = a/p = 5.0, we get Tmax = 0.62600, which 


gives for 


2d ao , d , 
r Tmax D 


= 30.9489 


In the evaluation of the integral in Equation [5] 


10 will now correspond to z = 


the limiting 
value for the argument 2(d/r)z = 
0.50 and, consequently, the calculation will be carried out in two 


parts 


4T max 
» 


20.50 Vy . Welz 


2? 


Vi(z W,(2z 


0.50 - 


{ 
dz 
‘ 
where the first integral on the right side will be denoted by 
K,(z) and the second by K,(z). 


By means of Simpson’s rule we get for the first integral 


K,(z) = (0.05/3)}8.7723 + 4 & 9.0230 + 2 x 8.8674 
+ 4 > 
+ 2 X 3.3638 + 4 X 3.1148 + 2 X 2.4582 


2.0123; = 2.4638 


7.0461 + 2 & 4.5609 + 4 & 3.3938 


+ 4 2.0583 + 


where the ordinates have been taken from Table 2 


TABLE 2 
¥i(z) 


1.1691 
0.8463 
0.8502 
0.9047 
0.9496 
0.9759 
0.9892 
0.9953 
0.9980 


0.9992 


INN OWWeIwDOoW & 


l, the secor d integral cal 


sin 


Substituting here the corresponding n rical values from tables 
we have K,(z L777 
With the foregoing values, we get from | 


peak stress, cod/D being zero now 


yuation [5] for the 


1 X 0.62605 
2.4638 + 1 2.90250 


T 


i stress-concentration factor k = Omax/@ = 2.90 


that is 


In this limiting case the conditions are nearl\ the s ime as those 
assumed in Neuber’s solution for an infinitely deep hyperbolicall 
notched bar, in which instance the exact formula for an a/p 


5.0 ratio gives 





Critical Thicknes 


s of Surtace Film 


in Boundary Lubrication 


By I-MING FENG! anp C. 


When the combined equivalent thickness of the surface 
film approaches and finally becomes greater than the criti- 
cal value, the weakening of the interlocking effect of the 
plastic roughening results in rapid decrease in wear and 
ultimately reduces wear to practically zero. This is veri- 
fied by experimental results of wear of pure metals with 
controlled surface film thickness in the region near the 
critical thickness. 


INTRODUCTION 


HE effect of the thickness of surface film on friction, metal 

transfer, and year has been brought out based upon the 

plastic roughening mechanism in papers by one of the 
authors.** The plastic roughening mechanism suggested in 
footnote 3 is summarized as follows. 

The inherent nature of plastic deformation involving abrupt 
movement along crystallographic planes causes roughening of the 
interface of actually contacting high spots which, in carrying the 
The plastically 
When 
a pair of firmly interlocked high spots is forced to move apart, 
Most of the energy dissipated during the 


normal load, are usually plastically deformed. 
roughened mating high spots create an interlocking effect. 


breakage will occur, 
process of breaking the high spots is transformed into heat which 
causes a temperature flash throughout the interface, resulting in 
momentary diffusion. If the diffusion process is rapid enough to 
cause welding of the sheared-off piece to the opponent high spot 
metal transfer take splace. If the conditions are such that no 
ippreciable diffusion occurs, the adhesive force, if present, may 


When both dif- 


fusion and adhesion are weak, the small piece of sheared metal 


keep the metal blob on the opposite high spot. 


becomes a loose wear particle. 

The significance of the thickness of surface film in its effect on 
friction, metal transfer, and wear is obvious. The presence of a 
surface film has little effect on the roughened interface in resist- 
ing tangential motion, unless its thickness is comparable to or 
greater than the average depth of plastic roughening, as illustrated 
in Figs. l(a and 6). The thickness of film when it 
just exceeds the average depth of plastic roughening will be 
called the critical thickness. 

When weak surface films are purposely introduced to the rub- 

‘ Research Laboratories Division, Bendix Aviation Corporation, 
Detroit, Mich. 

? Electronics Division, Sylvania Electric Products, Inc., Woburn, 
Mass. 

'**Metal Transfer and Wear,"’ by I-M. Feng, Journal of Applied 
Physics, vol. 23, 1952, pp. 1011-1019. 

***New Theory of Metal Transfer and Wear,’’ by I-M. 
Lubrication Engineering, vol. 10, 1954, pp. 34-38. 

Contributed by the Applied Mechanics Division and preserted 
it the Diamond Jubilee Annual Meeting, Chicago, Ill., November 
13-18, 1955, of Toe American Society oF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until October 10, 1956, for publication at a later date. Discussion 
received after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, February 7, 1955. Paper No. 55—A-84. 


surface 


Feng, 


M. CHANG? 


(a) 


1 Sketcues ILLUSTRATING THE ROUGHENED INTERFACE f 
Hieu Sports Coverep W1TH SurFAct 
FILM 


ured to the average dept! 
gZreater than the aver dey 


Fie. 
Pair oF ACTUALLY CONTACTING 


a, Thin surface film as comy vsughening 
interface b, film thickness is close to or 
of roughening of the interface 


bing surfaces as in the case of boundary lubrication, incre 


the film thickness from thicknesses smaller than the critical v: 

to thicknesses greatel than the critical value makes a great dif- 

film thickness 
The major 

which is 


ot influenced | 


ference in the wear characteristics. The case of 
smaller than the critical value has been analyzed 


conclusions reached are 1) that the total damage, 
equal to the sum of metal transfer and wear, is 
the film thickness; and (2) that only the distribution 


damage between metal transi: 


of the total 
the film 
These 
\W he nN 


mechanical 


+ and wear is eted by 


thickness, a thicker film causing a larger amount of wear 
conclusions are well supported by experimental results 6 
the film thickness approac hes the critical value, th 

ct of the plastic roughening is greatly weakened 
For film thick- 


interlocking eff 
and, consequently, wear drops rapidly to zero 
ness greater than the critical value, shear takes place inside the 
film and little damage is done to the surface. The present paper 
reports the experimental investigation of wear of pure metals 
with controlled surface-film thickness in the region near the critical 
value. 
CoMBINED EQUIVALENT THICKNESS 


The surface film is usually composite in nature, e.g., a layer of 
adsorbed gas, grease on top of an oxide scale The oxide seale 
, 


affects the tangential resistance of the plasticall) 
If the oxide scale is much weaker 


roughened 
interface in two different wavs. 
than the bulk metal, shear takes place inside the surface film when 
the total thickness of the oxide scale and the adsorbed gas laver 
than the bulk 


exceeds the critical thickness If it is stronger 


metal, the oxide scale tends to inhibit the pl istic roughening 
The thicker the oxide scale, the greater is its effect in reducing 
The combined effect of a 


composite surface film is, therefore, equivalent to a weak film of a 


the plastic roughening of the interface. 


certain thickness called the combined equivalent thickness. The 
combined equivalent thickness will be equal to the sum of the 
thicknesses of each individual layer in a composite film in case 
the layers are all weaker than the bulk metal 


5“*An Analysis of the Effect of Various Factors on Metal Transfer 
and Wear Between Specimen Pairs of Same Metal and Same Shape II 
Effect of the Surrounding Atmosphere,"’ by I-M. Feng, Journal of 
Applied Phystcs, vol. 26, January, 1955, pp. 28-32. 

®° “Effect of the Surrounding Atmosphere on Wear of Pure Copper,”’ 
by I-M. Fenx and C. M. Chang, Technical Report No. 1 on DIC 
Project No. 5-7021, under OOR Contract No. DA-19-020-ORD-1767 
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Fic. 2 Type I Isormerm (Puysicat Apso0RPTION 


RITICAL VAPOR 
PRESSURE 


PRESSURE 


Fic. 3 Curves ILLUSTRATING THE Errect or Surrace-FiLm TuHick- 
NESS ON WEAR WHEN THE CriticaL Tuickness Is APPROACHED 


SxHare or Wear Versus Vapor-PRESSURE CURVES 


The variation of the amount of physically adsorbed gas on a 
solid surface at constant temperature as a function of its vapor 
pressure is described by the adsorption isotherm. Fig. 2 shows a 
Type II isotherm. Almost all isotherms for physical adsorption 
of gases on metal are of this type. When the film present on the 
surface has a combined equivalent thickness smaller than the 
critical thickness, variation in the film thickness does not affect 
The 
to metal transfer and hence 
gives less metal transfer and more wear 


the total damage, the sum of metal transfer, and wear. 


surface film increases the barrier 
Thus the wear versus 
vapor-pressure curve is expected to have a similar shape to that 
of the adsorption isotherm. 

Since the combined equivalent thickness of the surface film in- 
creases with increasing vapor pressure, the critical film thickness 
corresponds to a critical vapor pressure. The wear versus vapor- 
pressure curve will follow the S-shape (shown by dotted curve in 


Fig. 3), until the critical vapor pressure is approached when wear 


drops rapidly and becomes practically zero at vapor pressures 


higher than the critical value, as shown by the solid curve in Fig 


Wear-Test ARRANGEMENT 


The experimental setup for wear tests is briefly described as 
follows: Two cylindrical specimens which are counterbored to 
leave an annular surface at the end are placed end to end with the 
annular surfaces in contact. One of them is rotating at a con- 
stant speed and the other is stationary. The load is applied nor- 


mal to the annular surface. The amount of wear is measured by 


AL THICKNESS OF SURFACE 


FILM IN BOUNDARY LUBRICATION 


POR PRESSURE 


mm mg 


Pressure tn AiR ON WEat 
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CT WaTer-VAaPor 
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2 3¢ a 


JOHOL VAPOR PRESSURE 


Fic. 5 Errect or Ermyt-Atcono.t Vapor 


Wear or Pure Copper Specimens 


PRESSURE IN AIR 


1100-G Loap 


the average weight loss of the two mating specimens. The test- 
emery paper 
put together, the specimens are thorough! 
cleaned in two steps, primary cleaning with benzene followed b 


final cleaning in boiling distilled benzene 


ing surfaces are finished by polishing with No. 1 
Before they are 


All experiments are 
a sliding speed of 4.5 
The thick- 
ness of adsorbed laver and hence the combined equivalent 


carried out at with 


em/sec and for a total distance of travel of 307.5 m. 


room temperature, 


thickness of the composite surface film are controlled by regulat- 
ing the temperature of alcohol through which air bubbles 


oXPERIMENTAL RESULTS 


The experimental wear 
(1100-¢ load)® has a 
sorption isotherm I 


versus water-vapor-pressure curve 
shape similar to that of the Type II ad- 
is reproduced in Fig. 4. As shown in Fig 
results of 
1100-¢ 


amounts of ethyl-alcohol vapor, ranging from 0 to ca. 56-mm Hg 


5, additional 
pitch . 


wear pure copper (electrolytic toug! 


obtained under load in air containing various 
vapor pressure, further substantiate the parallelism between the 
adsorption isotherm and the wear versus vapor-pressure curve 
When the normal load is reduced, the average depth of plasti 
roughening is decreased and, consequently, the critical thickness 


of surface film is also decreased With a load of 50 g, the critica 
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Fic. 6 Errect or Ernsyi-ALtcoHoL, Vapor PRESSURE IN AIR ON 
Wear or Pure Copper Spectmens NEAR THE CRITICAL VALUE 


10 40 


ETHYL ALCOHOL VAPOR PRESSURE - 


mm Hg 


7 Errect or Ersyt-Atconot Vapor PRESSURE IN AIR ON 


Wear or Pure Iron SPECIMENS 


Fic 


thickness becomes smaller than the maximum combined equiva- 
lent thickness at ca. 56-mm Hg alcohol vapor pressure. Wear 
data plotted in Fig. 6 demonstrate the sudden drop in wear near 
the critical vapor pressure for two different loads—30 g and 50 g. 

Results of wear experiments with pure iron which contains C 
and O» as low as only 0.003 and 0.0053 per cent, respectively, 
under various loads, in air containing various amounts of ethyl- 
alcohol vapor, are summarized in Fig. 7. These curves also 
show the sudden decrease in wear near the critical vapor pressure 
and the vanishing of wear above the critical vapor pressure. 


Discussion 


Although no weight loss of the rubbing specimens is detected 
above critical point, yet a small amount of superficial impairment 
to the surface is still present. This is because contacting high 
spots are not roughened to the same degree by plastic deformation. 
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Fig. 8 Critica Vapor Pressure Versus Loap Curve Demon- 
STRATING THaT THE AveRAGE Deptu or Prastic RovGHENING 
Increases WitH Loap 


When the film thickness exceeds the statistical average value of 
the depth of plastic roughening, the great majority of contacting 
high spots lose their interlocking effect. However, there may 
still remain a few high spots which are roughened to an extent 
greater than the statistical average. This accounts for the pres- 
ence of a small amount of superficial damage above the critical 
point. 

The sudden drop of wear to practically zero at the critical 
point leads to the possibility of studying the effect of load on the 
average depth of plastic roughening by determining the critical 
thickness of surface film at various loads. A qualitative picture 
of the variation of the average depth of plastic roughening with 
the normal load can be obtained by using critical vapor pressure 
to represent the critical film thickness. The critical vapor pres- 
sure, as determined from Fig. 7, is plotted against the normal load 
in Fig. 8, from which one can conclude indirectly that a larger 
load causes greater plastic roughening. 

The rapid rise of the wear versus ethyl-alcohol vapor-pressure 
curve in the region just below the critical point explains why 
boundary lubricated parts can be ruined or seized together so 
quickly during a momentary, unfavorable change in the operating 
conditions. To avoid such serious difficulties caused by load 
fluctuation or the variation of other operating conditions which 
influence the film thickness, the film thickness must be kept well 
above the critical value. 


ACKNOWLEDGMENT 


The authors are indebted to Prof. Brandon G. Rightmire of 
the Lubrication Laboratory, Massachusetts Institute of Tech- 
nology, for his encouragement and interest. 

The work was performed under the auspices of the project 
sponsored by the Office of Ordnance Research, U. 8. Army, with 
Mr. M. Petronio of the Frankford Arsenal as the technical super- 


visor. 





Plastic Twisting of Thick-Walled 
Circular Ring Sectors 


By W. FREIBERGER? ano W. PRAGER,* PROVIDENCE, R. I. 


The paper presents a graphical method of determining 
the fully plastic stress distribution in a twisted circular 
ring sector with hollow cross section and the warping of the 
cross sections of this ring in the ensuing plastic flow. 
The ring is assumed to consist of a rigid, perfectly plastic 
material. 


INTRODUCTION 
HE plastic twisting of circular ring sectors has been dis- 
Freiberger (1)* gave an analyti- 
For an 
arbitrary solid section, Wang and Prager (2) developed a graphical 
Whereas 
these papers were concerned with rings made of perfectly plastic 


cussed by several authors. 
cal treatment of the solid circular cross section. 


method based on Freiberger’s characteristic equation. 


materials, the plastic twisting of a thin-walled circular ring sector 
made of a work-hardening material was discussed by Wang (3). 

In the present paper, the graphical method of Wang and Prager 
is extended to the plastic twisting of a thick-walled circular ring 
Aside from the 
possible application to overstressed helical springs of small pitch, 


sector made of a perfectly plastic material. 


the solution of this problem is of interest because it illustrates the 
important role of discontinuities in the theory of perfectly plastic 
solids (4). 
STRESSES 

Fig. 1 shows a thick-walled ring sector, the loads acting on it, 
and the system of cylindrical co-ordinates r, z, 6 used in the 
For the 
sidered here, the stress transmitted across a generic element of 


following text. fully plastic stress distribution con- 


cross-sectional plane 6 = const is a shear stress of the intensity k, 
the yield stress in simple shear. If the angle between the stress 
vector and the positive r-direction is denoted by y, the com- 
ponents of the stress vector with respect to the axes of r and z are 
given by 


sin vy 1) 


stituted into the equation of 


When 


equilibrium 


these expressions 


! The results presented in this paper were obtained 


of research work sponsored by Watertown Arsenal 
under Contract DA-19-020-OR.D-2598, 

* Assistant Professor of Applied Mathematics, Brown University. 

* Chairman, Physical Sciences Council, Brown University. Mem 
ASME. 

4 Numbers in parent! 
paper. 

Contributed by the Applied Mechanics Division and presented at 
the Diamond Jubilee Annual Meeting, Chicago, Ill., November 13-18, 
1955, of Tae American Society or MecHantcat ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until October 10, 1956, for publication at a later date. 
received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, July 11, 1955. Paper No. 55—A-85. 
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the following differential equation is obtained for the ang 


mf 
( ¥ 


The characteristic equations « 


where ds is the line element of the characteristic. The first two 


Equations [4] show that the characteristic through a generic 
point @ of the cross section is normal to the stress vector at 
(. The positive direction of the characteristic is obtained by 
rotating the stress vector by a right angle in the sense which 
transforms the positive z-direction into the positive r-direction. 
The last E that the radius of curvature of 


the characteristic is given by 


juation [4] shows ther 


2 indicates how the center of curvature C at a point Q 


Fig : 
characteristic is found when the stress vector at Q is known 
lies on the line of action of the stress vector, and its distance 
the z-axis equals 1.5 times the distance of Q from this axis 
As in the case of a solid section, characteristics are con 
starting from a number of s litably chosen points on e exterior 
At a point Q on this boundary, 


ter of 


. he deter- 


bour d ary of the cross section. 
the stress vector is tangential to the boundary. The ce 
herefore 


f +} 


ture ol the ch 


curvat racteristic through Q can, 


mined in the manner indicated in Fig. 2 


In the neighborhood 
Q, the characteristic can be approximated by a short are QQ 
The stress vector at Q’ has the line of 
at Q’ can 
Proceeding in this manner, one appr 


its circle of curvature 


tion Q’C. The center of curvature C’ therefore, be 


termined as before 
mates the characteristic by a sequence if short circular arcs 
Characteristics starting from different parts of the boundary of 
the cross section may intersect in the points of a line of discon- 
tinuity of the stress field. This phenomenon is well known from 
the theory of plastic torsion of a prismatic bar, where the charac- 


teristics are the projections, on the cross-sectional plane, of the 
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lines of steepest descent on Nadai’s sand hill (5), and the lines of 
discontinuity are the projections of the ridges of the sand hill. 
For the plastic torsion of a prismatic bar as well as the plastic 
twisting of a circular ring sector, the line of discontinuity bisects 
the angles formed by the characteristics meeting on it. Fig. 3 
shows how this property is used to construct lines of discontinuity. 
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Let B-A-C be part of the boundary of the cross section. A line of 
discontinuity then starts from the corner A in the direction of the 
bisector of the angle B-A-C. The characteristics B,D and C,D 
starting from generic points on A-B and A-C, respectively, are 
constructed in the manner indicated in Fig. 2. At their inter- 
section D, the bisector of the angle formed by these characteristics 
is marked. As the positions of B, and C; are varied, a directional 
field is obtained in this manner. The line of discontinuity is the 
integral curve of this field that passes through A. 

As the characteristics are extended from the exterior boundary 
into the cross section, the shear lines can be drawn as the orthogo- 
nal trajectories of the characteristics. If the interior boundary 
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of the cross section happens to coincide with one of these shear 
lines, the determination of the stress field is complete. In general, 
however, the procedure leads eventually to a shear line that has a 
point or an are in common with the interior boundary, but does 
not coincide with it. Figs. 4 and 5 illustrate these possibilities. 
In each case the last shear line that is exclusively determined by 
the exterior boundary is A-B-C-D. In Fig. 4 this line contains 
only a corner of the interior boundary; in Fig. 5 it contains an en- 
tire side of the interior boundary. 

In each case, the construction of characteristics and shear lines 
is continued by envisaging the area enclosed by the last shear line 
A-B-C-D and the interior boundary as a solid cross section. In 
Fig. 6 the method is applied to a circular cross section with a con- 
centric circular hole. 


Srress RESULTANT 


Since the shearing stresses satisfy the condition of equilibrium, 
Equation [2], they can be derived from a stress function g(r, z) 


according to 
1 dy 1 da 


r? Oz’ F 


t = T= —_ — 

r z r2 or 
At a generic point of the boundary of the cross section, the re- 
sultant shearing stress is tangential to the boundary, i.e. 


7) 


T dz 7,dr = 0. . [7] 


Substitution of the Expressions [6] into the Boundary Condition 
[7] shows that the stress function must be constant along each 
boundary. For one of the boundaries, e.g., the exterior boundary 
B,, the constant value of the stress function may be taken as zero. 
The constant value of this function on the interior boundary B; 
will be denoted by ¢;. 

At a line of discontinuity of the stress field, the stress function 
and its tangential derivative are continuous, but the normal deriva- 
tive is discontinuous. 

The resultant P of the shearing stresses transmitted in a cross 
section of the ring is most conveniently evaluated in terms of the 


stress function. The resultant of the radial shearing stresses is 


P, = ff fe drdz = ff 1 of dr dz . [8] 
r2 Oz 


where the integration is extended over the entire cross section. 
In view of the boundary and continuity conditions on ¢, the last 
integral in Equation [8] can be transformed into the following 


given by 


line integral along B; 


P,=« f,.4 2 
i r 


since the integrand is single-valued and bounded on the closed 
curve B,. 

The resultant moment of the shearing stresses with respect to 
the origin of the r, z-plane is given by 


M = ff (rr, — er ard: = 
LG 
z/r, Equation [10] 


vf 


In view of the boundary and continuity conditions on ¢, the inte- 


a) z 0¢ 
OF — 1) dr ds 110 
re) 


r? Oz 


can be written in the form 


With f(r, z 


Og Of 
Or Oz 


, Op of 
Oz Or 


dr dz 11] 
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gral in Equation [11] can be transformed into the following line 


integral along B; 
12) 
The vanishing of R and M establishes the fact that the resultant 
of the shearing stresses in the cross section is a force acting along 
[1} this force is given by 


the z-axis. According to Equation 


P,=P= f fr. dr dz = kf fin W dr dz 13] 


When yw has been determined by the graphical method described 


in the section under Stresses, the integral in Equation [13 


is best evaluated graphically. 


VELOCITIES 
For all strain rates except the shear rates y,¢ and Y,¢ to vanish, 
the velocities of the plastic flow must be of the form 


= (). = all, 


‘ 9 = aw(r, z). 14 


where a is an arbitrary velocity and w the rate of warping of the 
l 


cross section when a = 1. Since the perfectly plastic material is 
inviscid, the velocities are determined only to within the arbitrary 
factor a 

follows the 


As W ang and 


ilong i line of discon- 


The determination of the warping function u 
same lines for a hollow as for 1 solid cross section. 


Prager (2) have shown, the variation of w 


tinuitv is given by) 


15] 


When the value o 
continuity 


w has been assumed at one point of a line of dis- 
graphical integration of Equation [15] furnishes w 


along this line. Since the circumferential velocity vg is determined 


only to within an arbitrary constant corresponding to a rigid-body 
ussumed to be zero at an arbi- 


rotation about the z-axis, w mav be 


trarily chosen point of the line of discontinuity 


As for 


istic is given by 


i solid cross section, the variation of w along a character- 


16] 


’ . : 
Since rand yw are know! ng ¢ i racteristic, graphical inte- 


furnishes w along any characteristic that 


gration ol bi 


intersects the lin f discontinuity, along which w has been deter- 


mined by the graphical integration of Equation [15]. Fig. 7 


ontour lin ; ‘ uined in this manner for the 


shows the 
cross section in Fig 
4 difficulty not 


countered with solid cross sections arises 
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Fie. 8 Warpine or Cross Section 


when the last shear line that is exclusively determines 

terior boundary has an arc in common with the interior boundary 
(see Figs 5 and 8). The warping function wr, z) then is not 
uniquely determined in the domain of the cross section that is 
bounded by this common arc, the characteristics through ite end 
in Fig. 8 
The inde 


terminacy of the warping function in this domain is a specia 


points, and part of the exterior boundary. Therefore, 


no contour lines have been indicated in this domain. 


case of the indeterr lunacy of pl istic deformation that is encour 


tered in many problems concerning perfectly plastic solids 


for inst 
strain. The 


expected to 


homogeneous plastic stress, ince, does not require hom« 


geneous velocity introduction of a small amount of 


hardening could be remove this indetern 


worl 


ping functior 
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Deflection of a Beam Referred to Any 
Set of Rectangular Centroidal Axes 


By J. C. LEVY, LONDON, ENGLAND 


An expression is developed for the deflection of a straight 
beam subjected to unsymmetrical bending which elimi- 
nates the necessity of first finding the principal axes and 
principal moments of inertia of the section. Since it is al- 
ready possible? to calculate the position of the neutral axis 
and also the stress distribution without referring to prin- 
cipal axes, the present work offers one method of complet- 
ing such a solution for the class of problems where deflec- 
tions besides stresses are required. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


any pair of rectangular axes through the centroid of 
the cross section of the bear 
moments of inertia of the beam section about OX 
and OY, respectively 
I,, = product of inertia about OX, OY 
4 principal axes through centroid of cross section of 
beam. OU is always taken in the first and third 
quadrants with respect to OX, OY when J, is 
greater than J, 
principal moments of inertia of beam section 
through centroid; i.e., 7,, = 0 
= angle between OX and OU or between OY and OV 
angle between loading plane and OY-axis 
angle between OX and neutral axis 
= deflection in direction perpendicular to axis OU’ 
= deflection in direction perpendicular to axis OV 


A /5,? + 6,2 


formerly 


OX, OY = 


EY A 


actual deflection = 


1 Lecturer, Northampton Polytechnic; Research As- 


sistant, Department of Theoreticaland Applied Mechanics, Univer 


sity of Illinois, Urbana, Il. 

?**Advanced Mechanics of Materials," by F. B. Seeley and J.O. 
Smith, John Wiley & Sons, Inc., New York, N. Y., second edition, 
1952, p. 128. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until October 10, 1956, for publication at a later date. Discussion 
received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, October 14, 1954 


deflection coefficient for section at which deflection 
is required (see Equation [1]) 

= component of K in direction perpendicular to OX 

= component of K in direction perpendicular to OY 


Ke 


K, 
K 


y 
INTRODUCTION 


When calculating the deflection of a beam which is subjected to 
unsymmetrical bending, it is usual to split the loading system into 
components, parallel to eacli of the two principal axes through 
the centroid of the cross section. Deflections about each of these 
axes are then calculated independently by ordinary bending 
theory and the results combined vectorially to give the required 
deflection. Provided the loads pass through the shear center, the 
direction of this deflection is always normal to the neutral axis of 
the beam. 

The foregoing procedure entails arbitrary selection of rectangu- 
lar axes through the centroid of the section, the computation of 
the moments of inertia and product of inertia for these axes and 
the subsequent numerical or graphical evaluation of the direc- 
tions of the principal axes and the principal moments of inertia 
through the centroid. 

In the following work an expression for the deflection is de- 
duced in terms of the original arbitrarily selected axes, the neces- 
sity for reference to principal axes and moments of inertia being 
eliminated. 

The procedure is to resolve the loading system, in the general 
case, into directions parallel to the selected axes and then to re- 
solve these components themselves into the directions of the 
principal axes. The ccnsequent expression for deflection is re- 
duced algebraically and geometrically to a relation between the 
moments and product of inertia about the arbitrary axes, and 
constants depending upon the system of loading and upon the 
length and material of the beam. 

Attention will be confined to straight beams having constant 
cross section and constant Young’s modulus. 

DEFINITION OF A “DEFLECTION COEFFICIENT’ 

It will be convenient when dealing with the deflection problem 

to designate a deflection coefficient which will incorporate in one 


symbol the material, lor zitudinal dimensions, manner of support, 
and load distribution of 2 particular beam. Thus 


6 = K/I [1] 


where 
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K = deflection coefficient 
6 deflection due to bending about appropriate axis 


l= 


For example, if a beam simply supported at the ends of a span L 


moment of inertia about that axis 


carries a central, concentrated load W 


WL 


~ 48EI 


WL 


48E 
Similarly, for a cantilever with distributed load w/unit length 


wl 
8E 


It is important to note that K will vary from point to point along 

any particular beam and its value must be freshly calculated for 

each section at which it is desired to find the deflection. 
THEORY 


Reference is made to I ig. 1. For bending about axis OU 




















K, cos 6 K, sin 0 
i, . 
For bending about axis OV 
K, sin @ | K,cos 6 
+ ~ 
a I, 


Also 6 = V5.2 + 6,2 


Substituting into Equation [4] from Equations [2] and [3] 


VIAK, con 0 — K, sin 0 + 1 (K, sin 0 + K, con 9) 


é = = 
J 


There is also the following relationship between the selected axes 
and the principal axes 


pases 


ay 


+1 


a 
I, 1, = 


l / - —a 
f+-V (I, - 1)" + 


9 
By substituting from Equation [6] into Equation [5], a value « 

6 may evidently be obtained which is independent of J, and /, 
It happens that such a substitution also eliminates @ but, in 
order to accomplish this, it is first necessary to determine how to 
allocate to J, and J, the positive and negative values of the squar: 
root in Equation [6] when J, is greater than J,. Two cases will 
be considered by use of the Mohr-Land circle,? a graphical co: 

struction representing Equation [6]. Fig. 2(a@) shows a positiv: 


7, is assumed | 


value of /,, and Fig. 2(b) a negative value of /,, 


so the principal axis in the first quadrant is 


be greater than J, 
designated OU 
~\CD =I, CT a i, 
,C’D’ = I,, C’T’ = I,,,. 


In Fig. 2(a) OC 
In Fig. 2(6) OC’ 
(a) Jy positive 

HT =1,, TE = 1, in Fig. 2(a@) 


which means that J, is greater than/,. Now 


QI, 


I,—I, 


tan 20 = — 


As /, > /,, a positive value of J,, means @ is greater than 45 deg. 


VI, - 14 iy 
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Hence sin 26 is positive and equals 


9] 


ol ey 


I,)* + 


¥ 


VU, ay ..? 
and cos 26 is negative and equals 
I I 


u 


VU,—1,) 4+ 


T..* 


zy 


Substituting Equation [6] in [5], /, taking the positive sign in [6] 


[ja +1, 
( 2 


5) I? 4 I? 


1.2) +K2V(,—1," + 41, 


~ LT, @/ I, + 
. \ K.* ¥ 1 ie > + 4/,,? (cos 20 * - : 


Substituting in here for sin 26 and cos 26 from Equations [7 


l us Pe. (7 + 27,7 + a) K2 
= (K,? + + | , 
Eee rN 2 


= /(K,*1,? + K,*I,,? + K,? 
py V (Kathy? + Kaley 


l - - * : ~ 
i,V Kel: K,1,,)? + (KJ, — K,l 


I 


u‘t 


=i J.—I.* 


Substituting this value into Equation [8] 


Now from Equation {6}, / 


a V (Kyl, — Kiley)? + (Kil, — Kj] 
I Jy — Teg? 


(b) i negative 
H'T’ = I,, T’E’ = I, in Fig. 2(b) 


which means that /, is greater than J, and, since the previous ex- 
pression for tan 26 is still valid, a negative value of J,, means @ is 
Hence sin 26 is positive 


less than 45 deg. and equals 


+ 4] 


2 
zy 


and cos 20 is positive and equals 


ry 


Substituting Equation [6] in [5], 7, this time taking the positive 
sign in Equation [6], and using values of sin 20 and cos 26 from 
Equations [10] instead of from Equations [7], the expression for 
6 is still found to be Equation [9], which therefore gives the de- 
flection irrespective of the sign of J,,. (Hawever, the correct sign 
of J,, must, of course, be used when substituting in Equation [9].) 


SPECIAL Cases 
As a check on Equation [9], let us take some special cases in 
which it may be reduced as follows: 
Suppose OX and OY are themselves principal axes, then J,, = 
0. Equation [9] then reduces to 
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(K,)? 
(/,)? : 


(K,)* 
(I,)? 


Suppose now, bending takes place about only one of these 
then either 


K,or K, = 0 


If A, = 0 


}K,? cos? @ K,? sin? @ KA, sin 


20} 


| K,? sin’@ + , sin 20} 


e (cos 20) — : 


K.K, (sin 20) (/, 


Equations [11], [12], and [13] are seen to be correct results fro 


the theory of simple bending and the definitions of K, and A 
SIGNS 


Considering the form of Equation [9], correct results will be 
given if K, is always reckoned positive, but K, is reckoned nega- 
tive if the loading plane is in the second and fourth quadrants in- 


stead of in the first and third as assumed in the theory 
DIRECTION OF DEFLECTION 


The direction of the deflection is always normal to the neutra 


axis of the beam. The neutral axis direction is given by? 


I 
I,, tang I 


I, tang 


ry 
tana = 


y 


NUMERICAL EXAMPLE 


An example will be worked both by substituting in Equatio: 
{9] and by first finding the principal axes and moments of inertia 
so that the identity of results may be seen and the lengths of solu- 
tion compared. The beam section chosen is shown in Fig. 3 and 
is taken as being simply supported on a span, length L, of 24 in 
with a uniformly distributed load of w = 500 lb per in. of length, 
the plane of loading being inclined 50 deg to the plane of the web. 
E = 10’ lb per sq in. and it is required to find the central de- 
flection. 
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OY is chosen on the center line of the web and the section con B entional method 


stants are found to be 


J. = 


z 


25.32 in.‘, I, 


= 9.11 in.*, J,, 11.5 in. 


125 


an 20 


10 


By the me thod proposed in this paper 
Proj pa} 


- E wl 5 - 500 & 244 oe : 62° 35’ 

= = = 0.216 in.’ ngle bet *n loading plane ar 
384 E 384 107 ’ ! Md eLvween i Ing pis 4 

sin?@ 2/, 


9.11 XK 0.7 


I, cos? 6 ] 
25.32 X 0.212 
0.460 
5.368 
0.139 * 11.5)" I 


0.165 & 11.5)" 
11.5? 


0.139 in.* 


= 0.165 in 


K, = ().216 cos 50 
K, = 0.216 sin 50° 
7.178 9.401 3.145 i 


(0.165 & 25.32 
y + (0.1389 9.11 


25.32 X 9.11 


sin? 6 + J, cos? @ os 6 


1.931 9 401 


2!, 


) 
s sin @ « 


19.952 4+ 31.284 in.‘ 
«x 500 & 244 sin 22° 25 
3.145 


0.0264 u 


V 2.593? + 0.637? 384 xX 10 


98.42 


0.0271 in 


o00 & 244 

0.0064 i 
AY 384 xk 10 
0.0271 in 


V 0.0264 0.0064 


CONCLUSION 





Equations [9] and [14] give a complete solution for the magni 
tude and direction of the deflection of a straight, uniform beam 


The 


necessity for calculating the directions of the principal centroidal 


with reference to any set ol rectangular, centroidal axes 








axes and moments of inertia is thus eliminated. 

When using Equation [9}, K 
but a negative value of K, must be used when the loading plane is 
in the second and fourth quadrants of OX, O} 


may always be taken as positive, 


S 
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Rational Analysis of Heat-Exchanger 
Tube-Sheet Stresses 


By YI-YUAN YU,' SYRACUSE, N. Y. 


The paper presents a rational method of analysis of 
heat-exchanger tube-sheet stresses. While the tube sheet 
is taken to be a perforated plate on an elastic foundation in 
the manner of Gardner and Miller, it is also considered as 
part of an integrated indeterminate structure, and the 
interaction between the tube sheet and the connecting 
cylindrical shells and flange of the exchanger is determined 
so that a condition may be formulated which the edge 
rotation and edge moment of the tube sheet must satisfy. 
In general, neither the edge rotation nor the edge moment 
is zero; the edge of a tube sheet is therefore neither 
clamped nor simply supported. Application of the present 
method to four different types of heat exchangers is de- 
scribed in detail. To illustrate the method, Gardner’s ex- 
ample of a fixed-tube-sheet exchanger is recalculated. 
While Gardner’s method yields only the two limiting 
values of the maximum stress in the tube sheet, which 
differ by more than 100 per cent, the present method 
makes it possible to determine the exact value of this 
maximum stress. By means of the present method, the 
stresses in the other parts of the heat exchanger, namely, 
the tubes, shell, head, and flange, also can be calculated. 
As a consequence of the present analysis, it is found that, 
in the external-floating-head type of exchanger, the tube- 
sheet stress is not independent of the shell-side pressure, 
which is contrary to Gardner’s and Miller’s conclusions. 


INTRODUCTION 


ATIONAL methods of design of the various parts of a heat 
R exchanger are given in the ASME Code (1)? and API- 
The design 

Empirical 


ASME Code (2) for unfired pressure vessels. 
of tube sheets, however, is not covered in either code. 
formulas now in use by the manufacturers of heat exchangers (3 
give the maximum stress in the tube sheet in terms of only its 
radius and thickness and the pressure acting on it. In 1947 the 
problem was considered on a semirational basis by Gardner (4, 
5), who first proposed a plate-on-elastic-fonniation analysis for 
the tube sheet, with the action of the tube bundle considered as 
that of an elastic foundation, and with the effect of perforation in 
the tube sheet taken care of by the so-called deflection and liga- 
ment efficiencies. These efficiencies were proposed originally by 
Gardner in a somewhat empirical manner, but one of these, the 
deflection efficiency, was later put on a rational basis by Malkin (6) 
and Horvay (7). The same approach as Gardner’s also was used 
by Miller (8) more recently in England. 

One of the main shortcomings of Gardner’s analysis is that no 


1 Associate Professor of Mechanical Engineering, L. C. Smith Col- 
lege of Engineering, Syracuse University. Assoc. Mem. ASME. 

? Numbers in parentheses refer to the Bibliography at end of paper. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until October 10, 1956, for publication at a later date. Discussion 
received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, August 25, 1955. 


consideration has been given to the interaction between the tube 
sheet and the connecting shell and flange. While Gardner as- 
sumes the edge condition of the tube sheet to be either simply sup- 
ported or clamped, the actual edge condition lies somewhere be- 
tween the two. Since, in general, the tube sheet has a higher maxi- 
mum stress in the clamped case and the tube has a higher 
maximum stress in the simply supported case, and the maximum 
stresses in the two cases of different edge conditions may differ by 
more than 100 per cent, it is clearly desirable to determine the 
exact edge condition, so that the exact value of the maximum 
stress may be calculated, which is the main theme of the present 
paper. 

The typical arrangement of a tube sheet in a heat exchanger is 
given in Fig. 1 in which a longitudinal cross section of part of the 
exchanger is shown. Although the shell and head are usually 
cylindrical shells of the same diameter, their thicknesses may be 
different. Sometimes the flange may be absent, and the tube sheet 
is welded to the shell directly in such a case. 

Four different types of heat exchangers will be discussed in this 
paper; namely, (a) U-tube type, (5) fixed-tube-sheet type, (c) 
external-floating-head type, and (d) internal-floating-head type. 
In the U-tube type the tube sheet shown in Fig. 1 is the only one 
in the exchanger. In the fixed-tube-sheet type there is a second 
tube sheet at the other end of the exchanger, which is usually 
identical to the first. A second tube sheet also exists in both the 
external- and internal-floating-head type of exchangers, but the 
arrangement for this second tube sheet is always different from 
that shown in Fig. 1. However, for simplicity’s sake, both tube 


Joint 


Tube Sheet 


Flange 


Fieg.1 Tuse Sweet in Heat EXCHANGER 
sheets in all of the last three types of exchangers will be assumed 
to be identically built. Since the second tube sheet in the floating- 
head-type exchangers is usually smaller in diameter than the first, 
any design based upon this assumption probably will be on the 
safe side. An analysis of two tube sheets of different construction 
in a heat exchanger is also possible but will not be considered here. 
In the following the action of the cylindrical shells and flange 
will be discussed first. The condition at the joint where the edge 
of the tube sheet, the edges of the shell and head, and the flange 
meet together will next be formulated, based upon the fact that 
the sum of the moments acting on various parts at the joint must 
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be equal to zero. This condition will replace the usual one of zero 
edge moment for a simply supported tube sheet or one of zero edge 
rotation for a clamped tube sheet. The tube-sheet problem will 
then be solved by making use of this condition at the joint. 

While the problem for a U-tube-type exchanger will be dis- 
cussed separately, those for the other three types of exchangers 
will be investigated together on a more or less common basis. 

Notations will be defined as they are first introduced. 


SuHeit, HEAD, AND FLANGE 
? ’ 


Since the effect of bending is concentrated in a region very near 
the supporting edge for a cylindrical shell subjected to uniform 
pressure, the shell and head of a heat exchanger will be assumed 
to be semi-infinite cylindrical shells with their supportng edges at 
the joint. The edge rotation of a hinged semi-infinite cylindrical 
shell subjected to uniform pressure may be shown to be (9) 


where p is the uniform pressure, E Young’s modulus, v Poisson's 
ratio, a the radius of shell, and ¢ the thickness of shell. A counter- 
clockwise rotation at the upper joint in Fig. 1 will be considered 
positive. When this rule and the foregoing formula are applied 
to the shell and head, as shown in Fig. 2, their edge rotations are 


where the subscript s refers to the shell, subscript A refers to the 
head, and p, and p, are, respectively, the shell-side and tube-side 
pressures. 








: 


a 


Rotations oF SHELL AND Heap at Joint 


The term “rotation stiffness’’ will now be introduced. The ro- 
tation stiffness of the edge of a semi-infinite cylindrical shell is de- 
fined to be the moment applied at the edge which will rotate the 


edge through a unit angle. This may be shown to be (10) 


K 


K, = 


for the shell and head, respectively. 

Similarly, the rotation stiffness of a flange is defined to be the 
moment applied at the inside edge of the flange which will rotate 
the cross section of the flange through a unit angle. Here it is 
assumed that the cross section will rotate rigidly, and the rotation 
stiffness is seen to be equal to the reciprocal of Horvay and Clau- 
sen’s “‘flexibility’’ of the flange (11); accordingly, the rotation 
stiffness of a flange is 

. EI, 
K,= 
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where £, is Young’s modulus of the flange material and J, is the 
moment of inertia of the flange cross section. The varios dimen- 
sions are shown in Fig. 3, in which the shaded area represents the 
cross section of the flange. It is seen that the portion of the tube 
sheet which lies outside the shell is considered to be part of the 
flange and any irregularity in the cross section is rounded off by 


the straight sides. When the various parts of the flange are of 








FLANGE 


materials, an estimated average value for 2, is to be 
that the 


different 
All thes« 


cross section of th 


used simplifications together with the one 
flange rotates rigidly are justified on the basis 
of the that the 


flange are small compared with its radius, which is most often the 


issumption the cross-sectional dimensions of 


case. When the cross-sectional dimensions are not small, some re- 


finement may be necessary. 


ConpITION AT JOINT 


Let M, and @, be the as yet undetermined edge moment and 
edge rotation of the tube sheet, both considered positive when 
counterclockwise at the upper joint in Fig. 1. If the joint is a 
rigid one, as is assumed to be the case, all other elements meeting 
at the joint will finally be rotated through the same angle @, at 
the joint from their undeformed configurations. The edge mo- 


ments needed to bring about such a rotation are 


for the shell 
for the head 
for the flange 


K(0, + 8,) 
K h 6, 6,) 
K 0, 


1 in which the dotted lines represent the 
deflected positions of the edges of the shell and head, if hinged 
under the action of shell-side and tube-side pressures respectively 


as may be seen from Fig 


Q, 
Flange 
—> K; 6, 


dhell 
al K.(0,+ 8s) 


~~ 


&~- 
0,* 0, | 8 


Tube Sheet 
6, 


Fia.4 Epes Rotations anp Moments at Joint 
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Since the four edge moments must balance each other at the 
joint, there results immediately, according to Fig. 5 


M, + K{0, + 0.) + K,(6. 6,) + K,O, = 


M, + (K, + Ky + Ky). = K,0; 


K,6, . [4] 


which is the condition to replace the one of zero moment for a 
simply supported edge or one of zero rotation for a clamped edge. 
In general neither /, nor @, vanishes, and the two must be re- 
lated to one another in such a manner as to satisfy Equation [4]. 


Fic. 5 Batance or Moments at Joint 


When a flange is absent, the value of K, is taken equal to zero in 
the equation. 
U-Tuse-Tyre ExcHANGERS 

The analysis is the simplest for this type of exchanger, since 
the tube bundle does not act as an elastic foundation. 

The general solution for the deflection of a circular plate under 
uniform pressure is 

qir*— at) Cr? — a?) 
y= — 

64D 4 


" r 
+ C2 log - 
a 


where q is the uniform pressure, r the radial co-ordinate, a the 
radius of plate, D the flexural rigidity of plate, and C; and C2 are 
constants. When the solution is applied to the tube sheet, the 
uniform pressure on the plate takes the form 


q=SPi—SP, 


N (: rae “ N ( d 
’ pA = 5 % 
4 a 4 \a 


where f, is the fraction of tube-side face of the tube sheet includ- 
ing tube ends on which the tube-side pressure acts directly, f, the 
fraction of shell-side face of tube sheet on which shell-side pres- 
sure acts directly. N the number of tubes, d the outside diameter 
of tubes, and ¢ the tube-wall thickness. The worst case in which 
either p, or p, acts alone should be considered. The flexural rigid- 
ity for a tube sheet has the form 


Enns 
12(1 — pv?) 


f,=1 


D= 


where h is the tube-sheet thickness and 7, is the deflection ef- 
ficiency. 

The deflection efficiency of a uniformly perforated plate, such 
as the tube sheet is assumed to be, is the ratio between the flexural 
rigidity of the perforated plate and that of a solid plate of identical 
dimensions without perforation, Working formulas based upon 
the results of Malkin, Horvay, and Miller (12) are, respectively 
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0.35 (: 
: ( d 
= 0.50 1 — 0.952 
P 


rvV3 d 


6 p? 


and 
N = 1 


where d is the outside diameter of tube and P is the tube pitch 
The second formula was derived on a more sound basis than the 
other two. 

The slope and radial moment for the tube sheet are 


hp te 
16D 


C; 
+ D(l+ypr 

2 
The presence of C; in these expressions would make @ and M, equal 
to infinity at the center of the tube sheet; C, must therefore be 
set equal to zero. To determine C;, the edge values 6, and M, of 
the slope and moment are obtained from Equations [5] and sub- 
stituted into the edge condition, Equation [4]; the result yields 


2(K,9, K,6,) 
Dl +) + aK, + K, + K, 
ga* D(3 + v) + af K, + K, + K,) 
~ $D DL + v) + a(K, + K, + K,) 


C7 


The maximum moment (.V,)max occurs either at the center or at 
the edge, and the maximum bending stress is given by 
6(M,)max 
Omax = 
h'ne 
where 7¢, the ligament efficiency, is in essence the reciprocal of a 
stress-concentration factor due to the perforation in the tube 
sheet. The following formulas for 7, are available at the present 


time 
ee) 
= sin 29 P (square pitch ) 


3. (v24 ee 
- sin~ (trianguls nh) 
- 1 2 P (triangular pitch 


rV3 a 


, pa (triangular pitch 
) 


Ne = 
The first two are due to Gardner (4); the last one is due to Miller 
(8) and is the same as his formula for the deflection efficiency. 
Horvay (7) also has indicated how stresses in the ligament of a 
In spite of these existing results, 
the determination of the ligament efficiency still seems to be an 


tube sheet may be computed. 


open question. 
OrnerR THREE Types or EXCHANGERS 
The tube bundle in these types of exchangers acts as an elastic 
foundation to the tube sheet. The governing differential equa- 
tion and its solution are*® 


3 Horvay (13) pointed out that for tube sheets of square layout the 
bending becomes anisotropic; the present solution, as also used 
by Gardner, therefore holds strictly for only tube sheets with triangu- 
lar layout. 
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3 d*q - 


dz 


ad di 
2 q +7 = + rq = 0 
dz? ax 


q= A ber z + Bbeiz 


A (ber To ber x + B (bei re bei z)] 


1 ber’xs + B bei'zx 


D 


Vi(d Uk 
atl 


where & is the tube-bundle modulus, £, Young's modulus of the 
tube material, L the tube length, and A, B are constants. The 
positive directions of @ and M, in these equations are in agree- 
ment with those of their edge values 8, and M, specified before; 
namely, positive when counterclockwise at the upper joint in Fig. 
1. The nonuniform effective pressure on the tube sheet is, for the 
fixed-tube-sheet-type exchanger (5 


q Sp Sp.) + kim a,T L 2w [10a } 


or, for the internal- or ¢ xternal-floating-h« ad-ty pe exchanger (4) 


q ID: Sp.) + k(m 2w .. [106] 


where m is the distance the tube-sheet edges move with respect to 
each other under load, a, the linear coefficient of thermal expan- 
and 7 
Three conditions are needed for the determination of the three 
t,andB 


constitutes the first one. 


sion of tube the tube temperature 

constants m The condition at the joint given in Equa- 
tion [4 The edge values @, and M, of 
the slope and moment are first obtained from Equations [8] and 


{9} and substituted into Equation [4). which then vields 


I vy K,+k,+ K, 
ber’x, 
BD 
K, + K, + K, 
BD 


8% K,0, — K,0,) [11] 


Since the deflection w has been chosen to be zero at the edge of 


the tube sheet, the edge value of q 1s, according to Equations {6 
and [10 


q. = A ber zx, + B beiz, km + fp. — SP, ka,T L.. {12a} 


for the fixed-tube-sheet-type exchanger, or 


Ga {i ber z, + B beiz, = km + fp, [12d] 


LPs 
Equation [12a] or [12b] 
The third and last 


condition deals with the balance of forces on the tube sheet. In 


for the floating-head-type exchangers 
represents the second required condition 


the case of the fixed-tube-sheet-type exchanger this is given by (5 


' rat, B 
2mrq dr (A bei’z, — B ber’z,) 
0 Lo 


2rak J, 
(m - 


a,7T,L) 


= 7a*p, — 


where a, is the linear coefficient of thermal expansion of shell and 


7’, is the shell temperature. Denoting 


2E,t 


akL 


1 bei B ber Kkm + Kka,T,L. |13a} 


The corresponding condition‘ for the internal-floating-head-typ 
exchanger is 


1 bei’r, — B ber’r, 


and that for the external-floating-head-type exchanger is 


> 
1 bei B ber’s D, 
Th 0, and 
VM. For the flo ating-head-ty pe exchangers the constants A and 
[11] and [136] or 
For the fixed-tube-sheet-type exchanger, m has to be 
thus 


constant m is nonessential for the calculation of g, u 


B may be determined directly from Equations 
13¢ 


eliminated first from Equations 


2 bei’z, 2 ber’: 
A (x ber z, + + B (x bei x ; 
; zx 


Ia ‘ 3 


12a] and [l3a 


P. + ACS ep, fp KkL(a,T, a,7 14] 


The constants A ind B may then be solved from Equ itions {11 
and [14 


Once 


in this case. 
{ and B are 
may all be computed according to Equations [6] to [9], for 


determined, the quantities g, w, 6, and M, 
various 
locations in the tube sheet defined by r, and for various combina 
tions of the indepen lent effects due to tube-side pressure, shell 


side pressure, and thermal expansion. However, there will be no 


straightforward procedure for the determination of the location 


and the combination of the three elements for which the stresses 


in the tube sheet and tubes would be the most critical. Calcula 
tion of these stresses will be illustrated by the numerical example 
given later. 

It is noteworthy that A and B and consequently the tube-sheet 
moment and stress in the « <ternal-floating head type ol exch anger 
are not zero if p, is zero but p, is not, for the right-hand side of 
Both Gardner 
and Miller arrived at the erroneous conclusion that in this type 


Equation [11] will be nonvanishing in such a case 
of exchanger the tube-sheet stress was independent of p, and 


would be zero if only Pr should vanish which was due to their 


overlooking the interaction between the tube sheet and the shell.* 


EXAMPLE 


Gardner's ¢ xample of a fixed-tube-sheet ex¢ hanger (5) will be 
recalculated by using the foregoing results. The « xample will be 
taken as one of analyzing the stresses rather than one of design 
IS-BWG steel 
tubes 12 ft long on 1-in. triangular pitch, and 5 semi-support plates 
on 27-in. centers. The shell thickness is */, in 
to be the thickness also of the head 


The exchanger has a 20-in. ID, with 260%/,-in 


, Which will be taken 
Young’s modulus for all parts 


‘ The difference between the two floating-head ty pes of exchangers 
was not made clear by Gardner but was indicated by Miller (8). 
* Gardner in his 1952 paper (5 


erred further ir 


considering the design pressure to be independent of the shell-side 


seems to have 
pressure also in an internal-floating-head exchanger. He obviously 
did not consider so in his 1948 paper (4), for the design pressure used 
in his example was the shell-side pressure 
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is 30 X 10 psi, Poisson’s ratio is 0.3, and the coefficient of thermal 
expansion is 6.7 X 10~* per deg F. The design conditions are 


Pp, = 400 psi 
T, = 290° F 


P, = 150 psi 
T, = 300° F 


The stresses in a 1'/,-in. tube sheet will be computed. 
The values of the following constants are taken from Gardner’s 
calculations: 


I, = 0.723 

f, = 0.635 

k 1.86 X 10¢ 
n, = 0.171 

Ne = 0.3 


= 0.84 

0.915 X 108 
= 0.449 
= 4.49 


Other constants are computed as follows: By Equations [1] 
6, = 2360 K 10-* 6, = 885 x 10-* 
By Equations [2] 
K, = K, = 0.1922 x 108 
and, since there is no flange 
K, = 0 
The quantities on the right-hand sides of Equations [11] and [14] 


become, respectively 


8 K,9, — K,0,) = 34.3 — 91.5 + 0 


yp, + K(f, —Sp,.) + Kkl(a,T, — a,T,) = 241 — 213 — 151 


which are written with the respective contributions of the tube- 
side pressure, shell-side pressure, and thermal expansions kept 
separated. Equations [11] and [14] are now 


4.63 A + 5.83 B = 34.3 —91.5 +0 


—4,48 A + 3.10 B = 241 — 213 — 151 
from which 
A = —32.1 + 23.7 + 21.8 (15) 
B = 31.4 — 34.5 — 17.3 ane ; 


These are also written with the respective contributions kept 
separated. 

To determine the tube-sheet stress, an expression for the radial 
moment is first obtained according to Equation [9], which be- 
comes for the present example 

~» ) 
ber’ z 


1 
M, = (—159.6 + 118.0 + 108.4) (ei z+ 


l—vp.., 
+ (—156.2 + 171.5 + 86.0) (ser — —_ bei’ 2) 
x 


The values of M, for various ratios of z/z, are next computed and 
are given in Table 1. 


VALUES OF Mr FOR VARIOUS RATIOS OF 2z/ze 


—_——__—__—_— Mr due to 
Ds Thermal expansion 
+111 +56 
+130 +73 
+164 +11 
+148 +14 
— 36 +73 
— 544 -21 


TABLE 1 
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It is clear now that the maximum radial moment occurs at the 
edge of the tube sheet when the tube-side pressure is absent. Its 
value is 
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(M,)max = M, = —544 — 218 = —762 in-lb 
The corresponding maximum bending stress is then 
6M, 6 X 762 


= - = 9750 psi 
hn, (1.25)? X 03 “am 


Omax 


as compared with the following results of Gardner’s 
Tmax = 14,300 psi (clamped) 
Cmax = 6450 psi (simply supported ) 


To see the shell action at the joint, the edge rotation 6, of the 
tube sheet is calculated according to Equation [8] 


1 

(,=— ——- 
“ (0.449)? X 0.915 x 10° 
{(23.7 + 21.8)—3.75) + ( 


34.5—17.3) 


+ 803 X 10~* radian 


2.01)] 


in which the contribution of p, to A and B has been put equal to 
zero due to the absence of p,. The moments acting on the edges 
of the shell and the head are, respectively 
K(0, + 9,) = 
K,(0, — 9,) = +154 in-lb 


+-G08 in-lb 


in which 6, is zero since p, is absent. The sum of the three 
moments at the joint is obviously equal to zero, as it should be. 
To determine the direct 


stress in the tube, the effective pressure will be found first. 


The tube stresses are next computed. 
Sub- 
stitution of A and B from Equation [15] into [6] yields 


q = (—32.1 + 23.7 + 21.8) ber z + (31.4 — 34.5 17.3) bei z 


The load on any tube is then given by (5) 


ra? 


W, = V i SPs + IP.) 


_ © X 100 


ee , 
oa (4 — 9-723 X 150 


+ 0.635 X 400) 
which is computed for various ratios of x/zr, (Table 2). 


TABLE 2 VALUES OF W:; FOR VARIOUS RATIOS OF 2z/ze 


———— W: due to- LT, 
Thermal expansion 


mM Ps 
—170 +336 
— 162 +327 
— 133 +298 

—75 243 

+12 +170 
+100 114 


— 


The maximum tensile load is seen to be 


W, = +336 + 26 = +352 lb 
which acts on the tube at the center when the tube-side pressure 


fails. The maximum compressive load is 
W, = —170 lb 


which also acts on the tube at the center, but now when the tube- 
side pressure alone is acting. The maximum direct tube stress is 
therefore 


+352 _ 


( Ww \max , = 


: - —— = +3350 pei 
nid —t) ~ © X 0.0490.75 —0.049) 7 ™™ 


Omax = 
Possible failure of the tube as a result of buckling under the 
maximum compressive load also may be investigated (5). The 
bending stress in the tube at this location is zero since the slope 
of the tube sheet vanishes at the center. 
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The stresses introduced in the shell, head, and flange also may 
be computed if desired. 


DiscuUSsION 


Any motion of the joint in a direction normal to the shell axis 
has been neglected in the present treatment. The inclusion of 
this translation in the problem would result in great complica- 
tion, for, in such a case, the tube sheet will be subjected to forces 
in its middle plane, and the problem becomes one of a circular 
plate under the simultaneous action of lateral pressures, forces in 
its middle plane, and an elastic foundation. Not only is the plate 
problem itself much complicated (14), but also the application of 
its solution to the design of tube sheet will not be so straight- 
forward owing to the fact that the force in the middle plane of the 
plate will not appear linearly in the solution. 

Computations have been carried out on the basis of the as- 
sumption that the force in the middle plane does not affect 
that the induced is 
magnitude that the stresses caused by it in the tube sheet are 


much smaller than the bending stresses; 


Results show force of such a 


bending. 
therefore the error in- 
troduced by neglecting the translation of the joint and thus the 
force in the middle plane is probably small. However, since a 
thorough investigation of the effect of the forces in the middle 
plane of the tube sheet is essential to a fuller understanding of 
the problem, it is ¢ xpected to be carried out in the future. 
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Theory of Fatigue Fracture 


A. ALI KHEIRALLA,' BOSTON, MASS. 


fatigue fracture 
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where 

v loading frequency (cps) 

V = volume of specimen 

N = number of cycles to fracture 
The latter is assumed to be large compared to the number of cy- 
cles required to attain the limit of strain hardening. 

The fracture criterion adopted is 


Oo, + nT, = Maximum... ‘ jin won 


where 
7; = local tensile stress in direction of slip plane (taken normal 
to crack) 
T, = local shear stress in direction of slip plane 
n = number of similar edge dislocations moving on slip plane 
and since n is assumed to be proportional to 7,, Equation [4] be- 
comes 


o, + Cor,? = maximum oe 


The free energy associated with crack formation is approxi- 
mated as 
16(1 — p*)r3q? 


a (a, + 


: -- [6] 
3E 


F = 2xpr? — nT;)? 


where 

crack radius 
solid surface 
Poisson’s ratio 


r — 
p= 
= 


This has a maximum value of 


tension 


F Tp k? 
4 


24(1 w*)*go. + nti 


If the stress range is S and a; and 7, be replaced by the average 
value of S over a half cycle, one obtains using Equations [5], [7], 
[3], and [1] in [2] 

1A 


0g? Co 2 
-f1+ ae = 
2r°E T pe Sa 
4g*(1+— 8S) S* 
T 


VZ,ATN 
i) a) 
WwW 





= f—kT log 


The left-hand side of Equation [8] is then replaced by what the 
author calls a “rough approximation’’ log (C,S )!/@ leading to the 


_ ( hy )ees B/T ' 9] 
VZ,kT 


] : C; 
and ( , 
ak log. 10 10” 


result 


where 
B= 


This completes the summary of Yokobori’s paper. 

One notices immediately from Equation [9] that the number of 
cycles to failure N is given as proportional to the loading frequency 
and that this conclusion in no way depends on the left side of 
Equation [8]. It stems from the arbitrary assumption that the 
frequency factor in Equation [2] is (k7'/h), a procedure which has 
been criticized by Zener. Without denying the possibility of the 
existence of a dependence on loading frequency (particularly at 


‘The Role of Statistical Mechanics in Physical Metallurgy,’”’ by 
C. Zener, “Thermodynamics in Physical Metallurgy,’’ American 
Society for Metals, 1950, p. 23. 
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higher frequencies) the common engineering observation is that 
there is very littJe or no frequency dependence for the usual low- 
frequency fatigue tests. It is clear that this undesirable propor- 
tionality would be immediately removed by assuming a crack- 
nucleation frequency in Equation [2] proportional to the loading 
frequency v instead of simply introducing the value (k7'/h). The 
assumption suggested amounts to saying that the number of 
cracks per unit time exceeding a critical size is proportional to the 
number of cycles per unit time. Utilizing the foregoing assump- 
tion, Equation [8] may be rewritten 

g(S) = kT log (VZ,AN) [10] 
where A is the ratio of crack-nucleation frequency to loading fre- 
quency. Now if we assume A and Z, to be independent of tem- 
perature the relation between relative change in number of cycles 
to failure and relative change in (absolute) temperature for any 
given stress range S is given by 

5N 6T 
N log (VZ,AN) a T 


This is independent of the form of g(S). 


A Criterion for the Constancy of 
the Gage Factor of SR-4 


Type Strain Gages 


By G. C. KUCZYNSKI,' NOTRE DAME, IND 


It has been shown that the criterion of the gage-factor 
constancy of SR-4 type strain gages is that it is equal to 2 
or nearly so. The experimental results agree with this 


theoretical conclusion. 


A STRAIN gage is said to be stable if its output is not ap- 
preciably changed by changes In temperature, time, hu- 
midity, its previous strain history, and soon. In the present note 
the problem of the stability of an SR-4 type strain gage with re- 
It is desirable that 


the gage material could be stretched beyond its yield point with- 


spect to its strain history will be discussed. 
out changing its gage factor. In other words, a plot of fractional 
resistance increment AR/R versus strain € for such a material, for 
tension followed by compression, should consist of two coincident 
straight lines, even though the yield point has been exceeded 
Advance (also called constantan), the alioy used in the SR-4 gage, 
is precisely such a material. This exceptional behavior of Ad- 
vance may be contrasted with that of such metals as copper or 
platinum, whose gage factors decrease as soon as their yield point 
is exceeded. This decrease causes a permanent change in re- 
sistivity, resulting in a hysteresis loop when wires of these metals 


The follow- 
ing reasoning will help us to understand the peculiar gage-factor 


are cycled between tensile and compressive stresses. 


constancy of the Advance alloy used in the SR-4 strain gages and 
derive a general criterion for this phenomenon. 

After the yield stress is exceeded the wire will be permanently 
deformed and the permanent strain is € — €, (Fig. 1) where e is 
the total strain at the stress ¢, and e, the elastic strain at the same 
stress. The electrical resistance of the wire increases linearly with 
elastic strain; i.e., for strains less than the yield strain € (Fig. 1). 
The resistance FP will therefore follow the equation 

R = Rofl + ge) 

1 Professor of Metallurgy, University of Notre Dame. 

Manuscript received by ASME Applied Mechanics Division, April 
21, 1955. 
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stress 








strain & 


tactor lor 


where R 


strains 


is the ince at € age 


resist 


elastic lefined as follows 


dR 


Rode 
Two effects are responsible for the value of g.?. First, the change 
of length and diameter during stretching contributes the quantity 
1 + 2u, where uw is Poisson’s ratio for the wire material, and then 
the changes in atomic and electronic structure manifest them- 
selves in a change of specific resistivity 


dp 
pde 


Both effects are additive and can be conveniently summarized in 


the following equation 


Owing to the continuous relaxation of the material during plas- 
tic deformation, its specific resistivity should not change greatly. 
Indeed, at 
change their specific resistivity only by a few per cent, and such 


metals when cold-worked room temperature 


most 
changes can be neglected here. There is, however, a permanent 
change in the resistance of a plastically deformed wire caused by 
its change in shape. This change of resistance, per unit re- 
sistance, per unit strain, is given by the term (1 + 24). During 
plastic flow the volume remains constant at least to a first ap- 


It follows 


that the gage factor for the plastic part of the total strain is equal 


proximation, and therefore u = 0.5 for all materials. 
to 2.0. Let us consider now the change of electrical resistance of 
a wire which is stretched beyond the vield strain €. Its resistance 
is composed of two parts, one due to elastic 


We 


increase, R R 


strain €, and the other due to plastic strain (¢€ € Fig. 1 


shall therefore have 


R Ryo = Ro [2e €:) + gé] 


and the gage factor observed, due to this deformation is 


de, 
= 2/i1 +g 
de 


Resistance of Metals,” 
1954 pp. 61-64. 


de, 
de 


dR 


Rode 


(1) 


astic Strain on the Electric 


ki, Physical Review, vol. 94 


NOTES 


Be 


work 


suse Young's modulus does not change appreciably w 


1eld stress of the laterial 


wire ll 


introduced into |] 


For plastic ally deformed metals (do /de) is not constant 
function of € and therefore the gage factor changes with 
= 2 


unless gq = 2 


Now it is clear that only for metals and alloys with a gage 


I 2, ind Advance is one of the m, will the resistance-strain 


nain linear even after the vield point is exceeded 


increment of resistance AR 
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th cold 


Dut some 


strau 


factor 
curve 


For 





strain € 


Fia. 2 


factors larger or smaller 


metals and alloys having gage 


there will be lesser or greater departures from linearity, dey 


If the stress-strain curve is ste 
dR )/( Rode e vit 
it the v il 1@ ol g Ho 


bevond tl 


on the value of (da de 
ibove the vield stress, the change in 
wi 


stress-stral 


may only be very slight no matter 


in a good many cases the curve 


point is comparative ly flat and therefore sharp changes i 
Rode 
Excellent experimental support for the foregoing 


near the vield point should be exper ted 
the 


conclusions is supplied by the work of Kammer and Pard 
Fine Wires During | 
Kammer anc E. Pardue, Pr 


Str vol. 7, no 


“Electric Resistance Changes of 
Plastic by E. W 
the Society for Experimental 
7-20 


Strains,” 
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on the basis of their results come to similar conclusions. They in- 
vestigated the change of resistance as a function of strain of 
commercial metals and alloys such as Tophet A and C, Nichrome 
V, iron, and platinum. All these materials have gage factors ex- 
ceeding 2. Their AR versus € curves all resemble the upper curve 
of Fig. 2. After the yield point is exceeded the gage factors de- 
crease to 2. On the other hand, the curve for Manganin, whose 
gage factor g = 0.8, resembles the lower curve of Fig. 2; i.e., 
its gage factor increases to 2 in the plastic region. 
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New Numerical Results of the 
Theory of Buckling of Sandwich 
Cylinders 
By A. C. ERINGEN,' LAFAYETTE, IND. 


4 IBM card program calculator has been used to obtain 
numerical results from the theory developed in an earlier 
paper. Buckling stress ¢cr of a sandwich cylinder under axial 
compressive load is given by 


1 l 
Cr = IR Alf" t+ = E, (a,~? + a7*) 


j 
( 


l 
+ (G,/27;) [Sim(a1) + Sem(Q2)] ¥F < [5 E,(a@,~*? — a2~*) 


+ (G,/2r,) [Sim (G1) — Sam (a2) i] 


+ (G,/17)* Sim(Q2) Sam (oer) 
where E,, v, are modulus of elasticity, Poisson’s ratio for the 
faces, G, is the shear modulus of the core, and r, = mat,/L,T = 
mrt/L, and a; = mma,/L. Here t,, t, L are the face thickness, 
core thickness, and the length of the cylinder, and m = 1, 2,.... 
Functions S,,, are given by Equations [33] and [47] of the paper.? 

In Table 1 and in Figs. 1 and 2, two sets of minimum critical 
stresses, Oer* and der~, are given. They are obtained by numeri- 
cally minimizing Equation [1] with respect to r, for fixed values 
of the parameter tT. In Table 1 there are also shown values of 
tT, for which these minimums occur. Of the two critical stresses, 
+ corresponds to Equation [1] with (+) sign before the radical 
The latter stress oor~ was 
Also, the present numeri- 


Ou 
and dcr~ to that with the (—) sign. 
not calculated in the previous paper. 

1 Associate Professor of Engineering Sciences, Purdue University. 
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pressive Load,”’ by A. C. Eringen, JouRNAL or APPLIED MECHANICS, 
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cal results on der* were found to differ considerably from the 
ones contained in the paper. The early computations contained 
error. 

Physically, oer* and der~ produce ripple type of buckling with 
both faces deformed in the same direction and in the opposite 
direction, respectively. These are the analogs of antisymmet- 
rical and symmetrical buckling of beams. However, com- 
pletely antisymmetrical or completely symmetrical buckling is 
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not possible except for the case of cylinders having infinite radii 
(i.e., flat columns). 

The von Karman-Engesser reduced modulus curves given: by 
Fig. 16 of the paper? are used to modify stresses beyond the 
proportional limit. 

Finally, a few errors were discovered in the original manuscript: 
[20], [21] m should have the range (m = 


| 


In Equations [15], 
0, 1, 2, 
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should be {15}. In Equation [27], 
D(a, a) should be replaced by D,;’(a, a); (—)* should be 
placed in front of a, (a,, z) in Equation [30] and in front of R,,, 
(a,) in Equation Incidentally, in ¢, of Equation [42] 
side of the radical G, factors were missing. Equation [1] of this 
note contains the corrected form of this radical. Further, in 
Equation [47] 2:2, and 27:,, (a) should replace R,, and Tim 
(a) and 2R,,, and 271, (a) should replace R:, and Tm (as). 


Finally, 7; Tom (a) and A, of Equation [47] should read 


inserted after Equation 


129) 
oo}. in- 


m (Qe), 


A cosh 2r 


respective ly 


“he author Dunkin fi arrving out the 


tions in the IBM card program calculator. 


computa 


The Complex-Variable Approach to 
Stress Singularities—II 


By M. L. WILLIAMS,' PASADENA, CALIF. 


] N a recent note? Dr. Huth suggested the application of com- 
plex variable techniques as an alternate method for treating 


the problem of stress singularities at the vertex of an infinite 
wedge subject to extension in its plane. The method is indeed 
well suited to this problem and furnishes a concise representation 
of the phenomenon. In applying the technique to one of the 
specific problems solved by the more common approach,’ he has, 
however, been led to the conclusion that the solutions are not 
completely compatible. Since apparently this point has not yet 
been resolved in the literature, it is pertinent to show that the 
results as obtained by the two methods are identical. 

Using the previous notation,? the stresses and displacements can 
be represented in terms of two analytic functions ® (z) and WV (z) 
such that 


+ ¥(@)) 


+ (2/2) [2 B®’ 


() 


[1] 


z O'(é) — V(z)..... [2] 

For the case of one radial edge clamped and the other edge free, 
Huth has transformed the wedge to the half plane and defined 
YV such that ® can be continued analytically across the clamped 


! Associate Professor of Aeronautics, California Institute of Tech- 
nology. 

2**The Complex-Variable Approach to Stress Singularities,’ by 
J. H. Huth, Journat or Appitrep Mecuanics, Trans. ASME, vol. 
75, 1953, p. 561. 

Stress Singularities Resulting From Various Boundary Condi- 
tions in Angular Corners of Plates in Extension,” by M. L. Williams, 
JouRNAL or AppLieD Mecuanics, Trans. ASME, vol. 74, 1952, p. 526. 
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edge. The condition that the other edge be free results in the 
cut condition along the negative real axis, Equation [6].* 

Huth then assumes solutions of the form ®(w) = (a 4 
-w)" where a, b, and n are real and, after obtaining the eigen- 
equation, finds agreement with the earlier results; but then as- 


7¥+s8 


suming ®(w) = (a + ib) (—w) where a, b, y, and @ are real, 


is led to the inconsistency that complex roots y + 78, are inad- 


missibie as postulated previously.? 


CoMPATIBILITY OF SOLUTIONS 


f 


purpose of this note is to state that functions of the 


The first 


id) 


and lead to the same 
if \ is identified with y + 78 


resolve the inconsistency eigenequation® 


As a second point, it may be mentioned that as the conforma! 
mapping function from the wedge to half plane is a power varia 


tion, the of analytic continuation is not necessary, but on¢ 


and [2] ar 


ise 
use 


can obtain the proper results by using Equations [1] 


letting 


+ D'zr 


r) . . ray 
where z re’, substituting directly into Equations [1] and 


and requiring u,(r, 0) + iv,(r, 0) = O and aoe(r, a iT,o(r, a 


0. Four complex homogeneous equations in the four (comple 
constants A’, B’, C’, and D 


tions independent of r* and ri, 


are obtained by investigating solu 
The use of analytical continu 
ation through an edge with a homogeneous boundary conditior 
merely amounts to providing a simple and convenient method 
and D’ to A’ and B’ It should be noted that 


without providing for the possibility of functions varying wit! 


for relating C’ 


zd in Equations [3] and [4], the indeterminacy in the eigenvalues 
observed by Huth results 


Turning now to a specilic illustration, consider again 


clamped-free case using analytical continuation and Huth’s 


) that 


t 


pression (Equation 


T 
w oS u 

a 
ufter 


which when substituted into Equation [1] ising the 


r/a 


formation w = 27/4, 6 gives 


with w = pe’ 


Dé a8 
2tad/e 
} u 


—— 
2iad/a , 
k u + 


> , T 
e- tad/ ry i) P' (ua ) 
a 


It 1s observed that i.~ TW, = O at the fixed edge r) = 0 
required, 


Upon setting 


D(w) = Aw + Bw 


and substituting into Equation [6] 

oe — it = w { [1 + ke 2a tAs8/e) 4 

+ (1 — e~2!@*/r) [(\9/a) + Je? B 
+ wr {[1 + ke-2i(at+Ar)8/r] B 


+ (1 e~ 24a8/r) (hr ‘a 
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Evaluating at 6 7, (0 = a) for zero stress on the unloaded 
edge 


= 9 + ) il 
paw fi +. ke tla A*™)) A oh 


0 = pe [(Aw/a) + 1] 


(1 — e~ 24) 2!" B} + pr e—ide {[1 + ke—2i(at+ix)] B 


+ [(Aw/a) + 1](1 e~ *#@) @—2idkx J} 


whereupon, requiring independence of p, the determinant of the 
two (complex) homogeneous equations yields the previous eigen- 
equation® 

+ Am)? sin? a 


sin? (a + Ar) = 


k a? 


which holds for complex as well as real A. There results an in- 
finite number of eigenvalues from which an infinite set of eigen- 
functions can be generated; the lowest controls a possible stress 
singularity.* 

While the main emphasis has been on the stress singularities, 
a third point should be mentioned. In contrast with the con- 
clusion drawn in the last paragraph of Dr. Huth’s paper, the set 
of functions not only can be used to analyze a finite sector but 
indeed several applications have been published for sector plates 
in extension‘ and the closely related problem of bending.® ¢ 
From the standpoint of mathematical precision, however, the 
completeness of the set of functions has not, to the author’s 
knowledge, been established. With standard methods of proof 
being complicated by the nonorthogonality of the functions it 
may be that the Fourier integral method used by Brahtz could 
be applied to guarantee the exactness of the solution in the limit. 


Stress-Concentration Factors in 


Shafts Containing Transverse 
Holes and Subjected to Bending 


By H. OKUBO! anv K. TAKAI,? NAGOYA, JAPAN 


HE peak stresses in shafts containing transverse holes and 
subjected to torsion were presented in a previous paper by 
means of the electroplating method.* 
The stress concentration arising from bending has been investi- 
Test 


pieces used are 15-mm diam with transverse holes, the diameters 


gated in the same manner and the results are given here. 
of which vary from 1.01 mm to 5.06 mm. _ The stress-concentra- 
tion factors both in the bore m and at the edge of the hole n, Fig. 1, 
were obtained for the mentioned values of the hole diameter. 
Their values based on the nominal stress calculated using the full 
section of the shaft are shown in Fig. 2, where open circles give 
the values for the bore and filled circles for the edge of the hole. 

With decrease of the hole diameter, the two curves of stress- 
concentration factors both approach the theoretical value 3 for an 
infinitely small hole in a tension field. The results of various pre- 
vious investigators derived from different techniques, such as 

‘Stress Distribution in a Reentrant Corner,”’ by J. H. A. Brahtz, 
Trans. ASME, vol. 55, paper APM-55-6, 1933. 

5 ‘Some Problems in the Bending of Thin Plates,’’ by G. F. Carrier 
and F. 8. Shaw, Proceeding of the Symposium on Applied Mathe- 
matics, vol. 3, 1950, p. 125. 

*“Surface Stress Singularities From Various Boundary Condi- 
tions in Angular Corners of Plates Under Bending,” by M. L. Williams, 
Proceedings of First U. 8. National Congress of Applied Mechanics, 
1951, pp. 1-11. 
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photoelasticity, mechanical strain gages, and plaster models, are 
Their results all indicate that 
there is a comparatively rapid fall in the value of the stress- 


also shown in the same figure.‘ 


concentration factor as the hole diameter is increased from zero 

It is interesting, however, to note that the results of Peterson 
and Wahl are in agreement with those herein obtained within the 
discrepancy of several per cent. Furthermore, the curve con 
necting their experimental points runs almost parallel to the 
present one, as is indicated by the dashed line in Fig. 2 


‘Stress Concentration at Fillets, Holes and Keyways as Found 
by the Plaster-Model Method,”’ by F. B. Seely and T. J. Dolan, 
University of Illinois Engng. Experimental Station Bulletin No. 276, 
1935. 

“Two- and Three-Dimensional Cases of Stress Concentration, and 
Comparison With Fatigue Tests,’’ by R. E. Peterson and A. M. Wahl 
JOURNAL OF AppLieD Mecuanics, Trans. ASME, vol. 58, 1936, p 
A-15. 

“Tension, Bending and Torsion of Bars Containing a Transverse 
Hole, and Combinations Thereof,’’ by A. Thum and W. Kirmser, 
VDI-Forschungsheft, No. 419, March-April, 1943. 

“Stresses in Bent Circular Shafts With Transverse Holes,”’ by 
M. M. Frocht, Journat or AppLtiep Mecuanics, Trans. ASME, vol. 
66, 1944, p. A-10. 

Manuscript received by ASME Applied Mechanics Division, May 
9, 1955. 





BRIEF NOTES 


The Bauschinger Effect on Columns 
By P. C. PARIS,! BETHLEHEM, PA. 


Earthquakes or the passing shock wave of an atomic blast 
may cause tensile yield in members before collapse in com- 
pression (1).?. In order to examine the effect of this re- 
versal, the reduction of compressive properties of struc- 
tural steel are analyzed after a variety of tensile pre- 
strains and these properties are applied to calculate col- 
lapseloads. The calculated maximum loads are then com- 
pared with test results to determine a practical method 
whereby they may be predicted. 


MATERIAL-Properties TEstTs 


’ Teemone prestrains were chosen to examine the variation of 
compressive properties from a prestrain just greater than 
initial yield strain to a prestrain a little less than the strain at 


1 Instructor of Mechanics, Lehigh University. 

2 Numbers in parentheses refer to the Bibliography at the end of 
the 

Manuscript 
December 8 


note 


received by ASME Applied Mechanics Division, 
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E.29.3KS.. 


which strain hardening commences. The third prestrain 
chosen to be a mean of the other prestrains 

The tensile prestrain was applied by putting a 24-in-long, '/;-in- 
square bar in the tension grips of a universal testing machine. A 
2-in. Metzger strain gage was applied to the center of length of the 
bar. Its maximum strain reading in tension was recorded as the 
prestrain 

Compressive properties were examined after prestraining by 
testing the center portion of the bar, using the same strain gage 
This center portion (4 in. long) was cut from the prestrained bar 
and compressed between surface plates. The compressive proper 
ties for each level of prestrain are recorded in Fig. 1 to compar 
the gradient reduction of these properties 

Co_umn TEstTs 

Column specimens were prestrained in the same manner as it 
the material-properties tests. The columns were then cut with 
the gaged portion from the prestrain application comprising the 
central portion of the column. Cylindrical end fixtures were used 
to attain a pin-end condition [these fixtures are described in the 
author’s previous works (2, 3)}. 

{ variety of lengths was chosen for the column tests so as to 
ry 4 


cover the usual design L/r-values for columns (L/r from 21 to 


126 tesults of column tests are shown in Fig. 2 
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TuHeory AND CoMPARISON WitTH TEstTs 


The Engesser-Shanley theory and the von Karman theory (4), 
i.e. the tangent modulus and double modulus formulas, respec- 
tively, have been discussed at length and are well known as cri- 
teria of column strength for materials of variable modulus (5). 
The conclusion of these discussions is that a column begins to de- 
flect upon reaching the tangent modulus load and reaches its ul- 
timate load between the tangent modulus and the double modulus 
loads. No simple theory for determining the exact ultimate load 
has been devised, though a complex method for finding it has been 
derived (6). 

The question of where the ultimate load lies with respect to the 
tangent modulus and double modulus loads becomes of interest on 
inspecting Fig. 2. The ultimate loads recorded in the column 
tests lie close to the double modulus values. Where the test data 
show scatter, the mean values also seem to indicate correlation 
with the double modulus theory. The cause of the scatter proba- 
bly was nonuniform yielding during prestraining, and thus would 
cause scatter to be both positive and negative. Therefore the 
mean value should be close to the correct criterion. The data ex- 
hibited ultimate loads which seem to correspond to the double 
modulus theory. 

Duberg and Wilder (7) have shown for columns of materials 
without a well-defined yield point (which do not have a sharp 
“knee” in their stress-strain curve) that the compressive ultimate 
load lies considerably above the tangent modulus load. Their 
conclusion seems well exhibited in the tests recorded in Fig. 2, 
since the ultimate loads are close to the double modulus curves. 


CONCLUSIONS 
1 Previous tensile yield considerably reduces the buckling 
properties of steel columns (sometimes greater than 50 per cent). 
2 The buckling loads of prestrained columns may be suffi- 


ciently predicted from ordinary materials-properties tests of ma- 
terial with the same prestrain history. 
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3 The tangent-modulus column theory is a conservative cri- 
terion for predicting the collapse loads of prestrained structural- 
steel columns. (Test data show collapse loads closer to the double 
modulus theory, but scatter of results makes it an unreliable cri- 
terion.) 
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Discussion 





Displacements in an Elastic- 


Plastic Cylindrical Shell’ 


Evcene Levin.? The difficulties involved in solving an 
elastic-plastic problem are well known, and hence any such 
solution represents an important addition to the state of the art. 
The present contribution is particularly welcome since informa- 
tion concerning the displacements is provided for a problem of 
great practical interest. 

Although the paper was primarily concerned with analysis, 
it should be noted that the results also may be used for design 
purposes. In particular, Fig. 7, which relates the central dis- 
placement to the dimensionless length, may be used to determine 
the spacing of the reinforcing rings. If the cross-sectional 
dimensions and physical properties of the shell are known, then 
the equations preceding Fig. 7 provide a relation between the 
reinforcement spacing and the maximum deformation which may 
be tolerated. 


1 By P. G. Hodge, Jr., published in the March, 1956, issue of the 
JOURNAL or AppLiep Mecuanics, Trans. ASME, vol. 78, pp. 73-79. 

2 Mathematical Analysis Group, Computer Systems Division, The 
Ramo-Wooldridge Corporation, Los Angeles, Calif. 


The assumption of an idealized sandwich cross section was 
quite convenient, but it would appear that the description of this 
cross section is incomplete. In the example considered, the 
maximum elastic dimensionless load (Equation [18]) was found 


to be 


Thus it would appear that some knowledge of the thickness h of 
the “indefinitely thin’’ outer faces is required in order to perform 
any actual computation. A particular computation of great 
interest would be a comparison of this maximum elastic load with 
the critical buckling load of a long cylindrical shell. This buck- 
ling load is given by the formula 


rate) 
sia 4(1 — wv?) \a 


where H is the equivalent uniform thickness of the shell. 





DISCUSSION 


AuTnHor’s CLOSURE , 


The author would like to thank Dr. Levin for his kind words 
and interesting comments and questions. If the results are to be 
used for an actual sandwich shell, then the values of A and ¢ will, 
of course, be known. On the other hand, if the results are to be 
applied as an approximation to a uniform shell, it appears reasona- 
ble to relate the dimensions so that the maximum pure moment 
and maximum direct stress are the same. Thus if H is the thick- 
ness of the uniform shell and K the yield stress in shear 

My = (1/2) KH* = 4 kht 

No = 2 KH = 4kh 
Obviously, then, the equivalent sandwich dimensions are 
kh = KH/2, t= H/4 


Therefore, the maximum elastic load for the uniform 
proximately 


shell is ap- 


p* = V/3 KH/a 


A comparison of this with the critical buckling load shows that 


. . (B/K) (H/a)? 
Per p = 7 


As an example, if 
= 30 X 10 
= 2 X 104 
= 03 
then 
Per/p* 238 (H/a)? 
In other words, if H/a is less than 0.065, the shell will buckle 
before any part of it becomes plastic, while if H/a is greater than 
0.065 it will become at least partially plastic at a lower load. 
For shorter shells the equation for per must be modified to account 
for the built-in ends, while the value of p* is independent of 
length. Therefore the shorter a shell is, the smaller is the value 
of H/a at which plasticity will occur before buckling. 


A Matrix Solution for the Vib sation 
Mode of Nonuniform Disks’ 


S. H. Cranpauu.*? In extending the methods of Myklestad* and 
Thomson‘ to organize the more involved computations for rotat- 
ing-disk structures, the author has made a valuable contribution. 
The separation of the elastic behavior into a primary bending 
stiffness in the matrix FE, and the secondary stiffnesses due to 
centrifugal forces and membrane action represented in the matrix 
L, is interesting. 

Although for simplicity of exposition the author has introduced 
the summary matrix H, the writer would suppose that in actual 
calculation one would obtain the X, in sequence according to 
Equation [53] of the paper. This would provide a picture of the 
appropriate mode shape which would be very useful in selecting 

1 By F. F. Ehrich, published in the March, 1956, issue of the Jour- 
NAL OF AppLiep Mecuanics, Trans. ASME, vol. 78, pp. 109-115. 
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*“‘New Method of Calculating Natural Modes of Uncoupled 
Bending Vibrations,"" by N. O. Myklestad, Journal of the Aeronautical 
Sciences, vol. 11, 1944, pp. 153-162. 

4“Matrix Solution for the Vibration of Nonuniform Beams,” by 
W. T. Thomson, Journnat or Appurep Mecuanics, Trans. ASME, 
vol. 72. 1950, pp. 337-339. 


181 


the ne 


Myklestad processes the writer has found it efficient® to apply 


xt trial w. In similar computations with the Holzer and 
Rayleigh’s principle to the approximate mode shape obtained from 
one calculation in order to get the next trial frequency 

It occurs to the writer that when the matrixes F, for a particu- 
lar disk have been obtained, they may be used for other design 
hose of natural frequencies. For instance, if 
when the disk is rotating at speed { its axle is tipped at an angular 
velocity ¥ 
(® $2 


a 
could be « 


, 
calculations besides 


it will be subjected to a gyroscopic force field 2y Yr cos 
per unit mass. The resulting deformations and stresses 
l and 


omputed by using the matrixes FE, and L, forn = 
w = {2 and the recurrence formula 


Xen = EX LyX, + Gi) 


where G, = (0, 0, 0, QusyQr,*) 
ror process would not be necessary but two cal 

Thus, if the disk were 
the solution wouid be that linear combi 

s for X, = (1, 0, 0, 0) and X, = (0, 1, 0, 0 
satisfied the inner-edge boundary conditions. 


For this kind of computation a 


trial-and-er liauions 
across the disk would be required. free at 
the outer edge ition of 


the result which 


AutTuor’s C1 


SURE 


Professor Crandall has aptly pointed out that convergence of 
the successive frequency trials can be speeded by using Rayleigh’s 
rated at 
should be noted that the deflection shape cannot be 


principle on the deflection shape gen iny intermediate 


guess It 
- 
caiculated dl 


ectly in the course of calculating the residual de- 


terminant When the calculation is initiated, the relationship 
between the deflection and slope at the free outer edge (for in- 
Therefore the calculation is performed in 


stance) Is 


the form 


wn, 


After testing the residual determinant for zero 


hu hs! 
‘wi = 
wW™ 


the actual state of deflection, slope, moment, and force at any 


termediate station may be calculated by computing 


| ] 
, , hay 2 
X,= El, Eula) 0 
| 0 
This would give at the clamped inner edge 


0 
he hy heh A 


” TK? 
vxrx® 


Unless the residual determinant is zero, the slope at the 


h, 


edge will be nonzero and application of the Rayleigh prin« 
must take into account this nonsatisfaction of the boundary 
ditions. 

Professor Crandall points out an interesting extension in the 
application of the matrix treatment of disk problems in applying 
it to the problem of gyroscopic moments. The author has been 


working on a similar extension to the problem of steady-state, 


‘Iterative Procedures Related to Relaxation Methods for Eigen- 
value Problems,” by 8. H. Crandall, Proceedings of the Royal So- 
ciety of London, England, series A, vol. 207, 1951, pp. 416-423. 
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axisymmetric pressure forces acting on disks acting in combina- 
tion with the stiffening effect of disk rotation. The recurrence 
formula takes the form (with w = 0 and n = 0) 


Xu = Ex(LxeXx + Px) 


where P;, = (0,0,0,perz’) where p, is the pressure force acting at 
any loading circumference. 

In addition to the torsion calculation of Holzer and the beam 
or shaft calculation of Myklestad,* the author has found that the 
system of successive multiplication of elasticity and loading ma- 
trices is a very efficient format for formulation and calculation of 
a wide variety of one-dimensional problems in elasticity as well as 
two-dimensional problems reducible to one-dimensional form by 
separation of variables. 


The Stress Distribution in a Strip 
Loaded in Tension by Means 
of a Central Pin' 

G. Mesmer.?_ This contribution to the question of the stresses 
in a pin-loaded strip is very interesting because of the unusual 
simplification of the problem; some of its results are encouraging 
for similar further calculations of loaded pins. Without mention- 
ing it explicitly, the author’s calculations are based upon the as- 
sumption that the pin (disk, loaded at its center) has the same 
thickness and equal elastic behavior as the strip, and that the 
front side of the disk, the pressure side, is rigidly connected with 
the inner surface of the hole in the strip. This is equivalent to 
assuming an infinitely high coefficient of friction between disk and 
hole. As the results are in agreement with some experimental 
data of similar cases for small values of \ = d;/do, these assump- 
tions seem to be reasonable, when the relatively wide strip does 
not deform very much. For larger values of A, however, this is 
not valid, and one must assume certain relative tangential dis- 
placements between the deformable strip and the more rigid 
disk. 
of the disk changes; 
the sides, and the “open slot’’ behind the disk becomes shorter. 


In this case, the pressure distribution on the front half of 
its maximum flattens or may even shift to 


As the directions of the principal stresses o, and o2 are only ap- 
proximately tangential and radial to the pin, their numerical 
values are not exactly the values of the pressure and the circum- 
The integral of o, dy in the horizontal cross sec- 
This 
effect may be partly responsible for the errors found by the author. 


ferential stress. 
tion is not. necessarily equal to the load but must be larger. 


The writer hesitates to use the expression ‘‘exact’’ solution of a 
mechanical problem for solutions of this type. Most of them are 
they fulfill the two-dimensional equa- 


certain 


exact only in the sense that 


tions for equilibrium and compatibility, assuming 


boundary conditions. These assumptions, however, are quite 
arbitrary and are, in fact, only approximations of the real physical 


problem, convenient for a rigorous mathematical treatment 


AvuTHOR’s CLOSURE 


The author appreciates the interest of Professor G. Mesmer 
and his valuable discussion of the paper. As is pointed out, the 
paper assumes that the diameter of the hole does not exceed the 
half width of the strip (A = a/b < 0.5). The reason for this re- 
striction is that the convergence of the series expressing the stress 
function ceases to be good for values of \ larger than 0.5 and that, 
in practice, A would rarely be greater than 0.5. 


1 By P. S. Theocaris, published in the March, 1956, issue of the 
JournaL or Appirep Mecr antics, Trans. ASME, vol. 78, pp. 85-90. 

? Head, Department of Applied Mechanics, Washington University, 
St. Louis, Mo. 
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It may be of interest to add that experimental data obtained by 
the author using the methods of photoelasticity and the conduct- 
ing-paper analogy are in close agreement with the results ob- 
tained analytically in the paper.* Some discrepancies occurring 
are always in the neighborhood of the hole’s boundary where the 
assumptions of the theory may not be well justified. They can, 
however, be explained by the difficulty of making optical meas- 
urements very close to the rim of the hole due to the imperfection 
of the contact between the strip and the pin and the very narrow 
region in the vicinity of the rim of the hole which is hidden by the 
deformed pin. It is, therefore, not possible to determine experi- 
mentally the stresses at the rim exactly because in this region the 
stresses vary rapidly. 


Studies in Dynamic Photoelasticity' 


A. J. Duretu.? The authors should be congratulated for 
developing Tuzi and Nisida’s method of streak photography 
Fig. 7 in their paper shows a striking corroboration of the theo- 
retical thinking on wave reflection. The streak method, how- 
ever, is subjected to very important limitations. The interpre- 
tation of the fringe pattern is complicated and the coverage of 
Fig. 3 shows that the 
authors, with their technique, have not been able to detect th 
a disk The 


reaction at the end of the diameter opposite to the one on which 


the field is restricted to a thin zone. 


wave-propagation phenomenon in under impact 


the impact is applied takes place when only the 1'/:-order fringe 
appears at the point of contact, and the rest of the disk is not 
stressed sufficiently to produce an optical response. 

The writer and some of his associates have developed, in the 
past year and a half, a “whole field’? method of dynamic photo- 
elasticity, in conjunction with a grid method of dynamic-strain 
measurements. A plastic of the epoxy family, exhibiting a low 
modulus of elasticity, was especially developed for this purpose, 
and the photographs were taken using the commercially available 
Fastax camera. The description of these methods will be sub- 
mitted for publication shortly. An example of the results that 
can be obtained is shown in Fig. 1 of this discussion. The point 
of the disk to which the load is applied shows fringes up to the 
ninth order before the reaction at the other end begins to develop 
and the stress distribution can be seen within the entire field of 
the disk. The 
disk-streak photograph is covered by ten frames like the ones 
It is obvious that this whole-field 


60-microsec interval shown in the authors’ 
shown in the writer’s figure. 
technique allows not only a much easier interpretation of the 
photoelastic patterns, but also a more precise determination of 
the wave propagation. 

Another example of the kind of work that can be conducted 
using this method is shown in Fig. 2 of this discussion. Here 
the phenomenon of wave propagation in a rectangular strut, 
rigidly supported at one end and under a uniformly distributed 
impact at the other, is illustrated. Both photoelasticity and 
grids were used in this study of wave propagation. Two fixed 
wires (shown near the center of each photograph) were placed 
in the field to be used as a reference for measurements and to 
correct for film shrinkage. Some features of the wave-propaga- 
tion phenomenon can be observed in these whole-field photo- 

3“La Distribution des Tensions autour d’un Trou de Rivet dues 
a un Effort appliqué sur ce Rivet,”’ by P. 8. Theocaris, Doctor's 
thesis presented at the University of Brussels, Belgium, in March, 
1953. 

1 By M. M. Frocht and P. D. Flynn, published in the March, 1956, 
issue of the JourNat or AppLiep Mecuanics, Trans. ASME, vol. 78, 
pp. 116-122. 

* Supervisor, Stress Analysis Section, Armour Research Foundation 
of Illinois Institute of Technology, Chicago, Ill. Assoc. Mem. ASME, 
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AuTHORS’ CLOSURE 


Dr Durelli and his associates should be congratulated 


lor 


having obtained very good full-image dynamic stress patterns 


The claim of developing a new ‘‘whole field’’ method for dy nami 


photoelasticity can refer only to the grid aspect of the method 
since Perkins, in 1953 published dynamic stress patterns from 
photoelastic rubber taken with a Fastax camera 


Dr. Durelli makes three criticisms of the method of streak 
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terial and of the magnitude of the force employed in impact, and 
not of the method of photography. Had we used a larger force 
or a more sensitive material, higher fringe orders would have been 
obtained from our disk by streak photography. 

Dr. Durelli’s explanation of the curving of the fringes in his 
stress patterns of the strut seems to us untenable. The patterns 
do not show surface effects but effects which penetrate to the 
very center of the body. Also, since surface waves are the slowest 
waves, the fringes should curve in a direction opposite to that 
obtained by Dr. Durelli experimentally. Moreover, the results 
from our studies with Castolite show that when the hammer and 
the bar are carefully aligned, the resulting fringes are straight 
and transverse and become curved only when the load is concen- 
trated or in cases of misalignment. 

A salient feature of streak photography is that it yields a con- 
tinuous time record at extremely short exposures. Also, it is not 
limited to materials in which the velocity of wave propagation is 
low. Since the properties of wave propagation vary with the 
material, it is obviously desirable to have methods which are not 
restricted to soft materials. 

Streak photography has already yielded valuable results. It 
provided an important tool for the study of the dynamic stress- 
optic law in elastic materials such as Castolite for which the 
Fastax camera proved inadequate. Specifically, it furnished a 
continuous time record of birefringence which could be related 
to a continuous time record of dynamic strain.‘ It also proved 
effective in the study of the maximum tensile stresses in beams 
under central impact.’ Moreover, the method can be applied 
with equal ease to the study of more complicated plane structures. 

Both streak and full-image photography have their place and 
use. It is not a matter of “either-or’’ but, as is generally the case 
in research, of judiciously utilizing the best features of all availa- 
ble methods which collectively are still inadequate to solve the 
complex problem of dynamic stresses. 


Free Vibrations of Thin Cylindrical 
Shells Having Finite Lengths With 
Freely Supported and Clamped 


Edges' 


G. B. Warsurton.? The sources of error in deriving the fre- 
quencies of vibration of thin cylindrical shells can be divided into 
three types: (a) Approximations in the strain expressions used 
in the analysis; (6) simplifying assumptions made in the analysis; 
and (c) the use of approximate vibration forms for the shell. The 
effect on frequency of various small approximations in the strain 
expressions has been shown to be very small for most modes of 
practical eylinders.* 

‘The Stress-Optic Law for Castolite Under Impact Loading,”’ by 
A. A. Betser, P. D. Flynn, and M. M. Frocht, to be presented at the 
Ninth International Congress of Applied Mechanics, Brussels, 
Belgium, September 5-13, 1956. 

5‘‘A Photoelastic Study of Maximum Tensile Stresses in Simply 
Supported Short Beams Under Central Transverse Impact,’”’ by 
M. M. Frocht and A. A. Betser, Technical Report to the Office of 
Ordnance Research, U. S. Army, under Contract DA-11-022-ORD- 
1609, October, 1955. 


'By Yi-Yuan Yu, published in the December, 1955, issue of the 
JourRNAL oF ApptreD Mecuanics, Trans. ASME, vol. 77, pp. 547 
552. 

? Lecturer, Department of Engineering, University of Edinburgh 
Edinburgh, Scotland. 

+ Contribution by G. B. Warburton to discussion of ‘*Tables for 
Frequencies and Modes of Free Vibration of Infinitely Long Thin 
Cylindrical Shells,’ Journat or Apptiep Mecnantcs, Trans. ASME, 
vol. 77, 1955, pp. 135-136. 
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The writer would like to comment on the effect of the two 
simplifying assumptions used in the author’s analysis—the as- 


nta\? _ 
) <= 1 
ml 


and that the shear term Q,/a in the second of Equations 
be neglected. It is difficult to differentiate between the numerical 
effects of the two assumptions, but the limitations of the first 


(This assumption must 


sumptions that 


[1] can 


assumption can be demonstrated easily. 
be made, if more complex methods are not to be adopted.) 
The author gives only one numerical example; it relates to a 
freely supported shell and the data are taken from Fliigge’s 
book.* Frequencies are calculated by various methods for the 
mode m = 4,n = 1; i.e., the number of circumferential nodes 
2m = 8 and the number of axial half wavesn = 1. For any nodal 
pattern m/n there are three frequencies, f; (=«,/27), fo, and f;, of 
which the lowest f, is usually of most practical interest. For 
Fliigge’s example the lowest frequency of the shell is f,; for the 
mode m = 3,n = 1. In order of ascending values of f, the modes 
are 3/1, 4/1, 5/1, 2/1, 5/2, 4/2 
cylindrical shell roof, bounded by the lines @ = 0 and ¢@ = r 
Thus only modes with nodal lines along @ = 0 and @ = 7 were 
considered; of these the mode 4/1 has the lowest frequency.) In 
Table 1, herewith, the three frequencies corresponding to each of 
the modes 2/1, 3/1, 4/1, and 5/1 are given for Fliigge’s example; 
each frequency is derived: (a) By the author’s method from Equa- 
from Arnold and Warburton’s analysis;> (c) by 


(Fliigge was considering a 


tion [21]; (6 
Fliigge’s method using Equation [23]. 


TABLE 1 FREQUENCIES OF CYLINDRICAL SHELL I. VALUES 
OF w (=2r/) 


a= 8.50 m,!1 = 42.30 m, A = 9.3 cm, pg = 2.4 tons/cum, EF = 210,000 
kg/cem!, » = Ven = 
Number of circumferential nodes (2m) 


Method 


+ 
31.05 
449 
los 781 
b) Arnold and Warburton , 27.91 
485 
805 
27.91 
485 
805 


a) Yu é8 


bio S>OSw~] 
=~ 


© 


Fligge 


From Table 1 it is seen that for these four modes the author’s 
values of w, are from 2.5 to 11.2 per cent higher than those 
derived from Fliigge’s or Arnold and Warburton’s analyses. The 
good agreement between frequencies obtained by methods (6) and 
(c) again shows that approximations made in some small strain 
terms have little effect on frequency. For the higher frequencies, 
Ww, and ws, the percentage differences between the author’s values 
and those of either Fliigge or Arnold and Warburton are smaller 
than the differences for w,. The writer considers that the value of 
w, derived from Arnold and Warburton’s equations for the mode 
4/1 should be 18.36 and not 18.1 as stated by the author. It 
should be noted that in deriving the curves showing the variation 
of frequency factor Q,'/* with nodal pattern, Arnold and Warbur- 
ton have assumed that Poisson’s ratio is 0.29. These curves can 
be used to find the frequency factors for shells of most metals, as 
small variations in uw have a negligible effect on frequency factor. 
Changing u from 0.29 to 1/6 as in Fliigge’s example, the frequency 
factor Q,'/? for the mode 4/1 is increased by only 0.7 per cent. 

‘Statik und Dynamik der Schalen,”’ by W. Flagge, Julius Springer, 
Berlin, Germany, 1934, pp. 227-232. 

5*‘Flexural Vibrations of the Walls of Thin Cylindrical Shells Hav- 
ing Freely Supported Ends,”’’ by R. N. Arnold and G. B. Warburton, 
Proceedings of the Royal Society, London, England, series A, vol. 
197, 1949, pp. 238-256. 





DISCUSSION 


The author’s method depends on the satisfaction of the in- 


nra\? _ 
<1 


equality 


\ ml 


Thus the percentage error in the frequencies given by the author’s 
method increases as m decreases. The author writes that his 
method only applies to comparatively long shells with a fairly 
large number of circumferential waves. Possibly it is unfair to 
give values of frequency obtained by his method for m = 2 and 
m = 3, but the writer considers that for a method of analysis to 
have general use it should be possible to apply it to the modes 2/1 
and 3/1. Although the author states that his method is applicable 
to comparatively long shells, it should be stated that it is only 
applicable to shells with axial wave lengths long compared with 
the radius; i.e., //na should be large. Thus for most cylinders the 
frequencies of the higher modes in which there are several nodal 
circles along the length cannot be found accurately by his method. 

For many cylinders the lowest frequency is the value of w,/27 
for the mode 2/1. In Table 2 the frequency factors 2,'/*, propor- 
tional to w,, for a cylinder in which l/a = 4.975, h/a = 0.0547, 
and uw = 1/6 are given; i.e., a cylinder with freely supported ends 
and similar to that of Fliigge’s example but with ratio of thickness 
to radius increased five times. The errors in values obtained by 
the author’s method are slightly increased and the most important 
is now 2/1, for which of 


mode—that with the lowest frequency 


course the error is greatest. 
FREQUENCY * FOR CYLINDE 


TABLE 2 


node 


Method 


a) Yu 
b) Arnold and War 
c) Fligge 


Thus the necessity 


makes the author’s method unsuitable for the accurate determina- 


tion of the frequencies of many modes of all cylindrical shells, in- 


cluding the gravest modes for many shells. All of the foregoing 


calculations are for shells with freely supported ends, but the 


limitations associated with this assumption will be similar for the 


other end conditions. 

One effect of the author’s second assumption, that the shear 
term Q,/a in the second of Equations [1] can be neglected, can be 
seen by considering a cylindrical shell in which the axial wave 
length tends to infinity. For this shell the end effects can be neg- 
lected and each cross section performs the same inextensional mo- 


tion. The frequency, as given by Rayleigh,‘ is 


l Eh*g 71 mm? 


é*) 


27 | 12pa1 m? + ] 


Using the frequency factor (2'’? of the paper, this can be expressed 
as 


7h 77 2 


(m? + 1 


It is possible to obtain this expression, as the limiting value of the 
lowest root of the frequency equation as 1/n — ©, from Arnold, 


2 


and Warburton’s theory and also from Equation [23] based on 


*“‘Theory of Sound,”’ by Lord Rayleigh, Macmillan and Co, Ltd., 
London, England, second edition, vol. 1, 1894, p. 417. 


485 


Fliigge’s analysis. However, from the author’s analysis the 


corresponding expression 1s 


m? 


(m? + 1)'/8 


the fundamental lrequency corresponding to m 2) 


1uthor’s value is 33.3 per cent too high; this error decreases 


as m increases. This error, which cannot be caused by 


issumMption as 


curs because the 


squations [2] are omitted in Equation [4]; thus 


he term Q,/a in the second of Equations 


igth decreases from infinity, the per- 


centage ol the strain energy due to stre tching increases [rol zero 


ellect on [requency of ne glecting O,/a decreases 


» vibration form obtained by the author for shells with both 


ends freely supported is exact, as it satisfies the boundary condi- 


th ‘ 


juations of motion of a shell (1 quations [2 
ms obtained for shells 


her freely suppor 


with either both ends 


nd clamped and the ot ted are 


as they do not satisfy Equations [2 For 


litions the approximate variation of displac e- 
ixis of the cylinder is found to be the same as that 
with similar end conditions undergoing transverse 
For a shell with both ends clamped Arnold and War- 
med that the displacement along the axis had the 
as that of a beam with cl amped ends, 
and experiment suggests that this 
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Mirsky.” On the basis of the thin-shell theory including the 
influence of transverse shear and rotational inertia, the same 
axisymmetrical problem has also been solved by Lin-Morgan!"! 
and Hermann-Mirsky."” The numerical data given by the latter 
authors indicate that, while there is a large discrepancy between 
the usual shell solution (not including transverse shear and rota- 
tion) and the elasticity solution for certain range of the wave 
length, the new shell solution (including transverse shear and 
rotation) shows very good agreement with the elasticity solution. 
However, these data are for the lowest mode only and are for a 
particular shell having the thickness-to-radius ratio equal to 
1/30. 
well as for the more general vibration problems, it is very proba- 
ble that even this new shell theory will not be accurate enough 


For higher modes, for other dimensions of the shell, as 


compared with the elasticity theory. 
Recognizing these facts, one would not consider Mr. Warbur- 
ton’s comparison given in the two tables as a means of evaluating 


the error involved in the author’s theory. Instead, the com- 


parison shows only the difference between frequency values cal- 


culated from various approximate frequency equations. To 
show the comparison more effectively, the maximum percentage 
difference between Row (a) 
the corresponding values of (nta/ml)* are computed and added 
to the tables as in Tables 1 and 2 (continued). 


and Row (b) or (c) in each table and 


continued 


TABLE 1 
Value of 2m 
6 s 10 
Maximum percentage difference between 
(a) and (b) or (¢ 
Value of (nza/mil) 


3.8 2.5 
0.025 0 O16 


5.6 


0.044 


Sa.2 


continued 


rABLE 2 
Value of 2m 
4 6 
Maximum percentage difference between (a) 
and (b) or (c) 
Value of (nra/ml) 


14.0 6.9 
0.10 0.044 


0.10, for which the 
author’s method was not supposed to be valid, the maximum 
For values of (nara/ml)? be- 


It is seen that, even when (n7a/ml)? = 


difference is still only 14 per cent. 
low 0.05, the difference becomes even smaller and may well be 
neglected. Thus, on the basis of the calculations made in these 
tables, we see that, even if the frequency values given by Fliigge’s 
equations were exact, those computed by the author’s method 
would still be accurate enough for engineering purposes. In 
fact, from the engineer's viewpoint, any inaccuracy of the method 
which might be reflected in these small differences would be more 
than compensated for by the great simplicity associated with the 
method, which is therefore suitable for the calculation of fre- 
quencies of cylindrical shells and is rather valuable to engineers. 
The simplicity of the method is also shared by the original 
Donnell’s static equations when applied to bending and buckling 
problems of cylindrical shells, except that the difference between 
the results obtained from Donnell’s and Fliigge’s equations for 
bending problems may at times be as high as 40 per cent, as was 
recently shown by Hoff.'? The percentage difference between the 
frequencies based on the corresponding dynamic equations is 
thus comparatively much smaller. 

0 ‘*Three-Dimensional and Shell Theory Analysis of Axially-Sym- 
metric Motions of Cylinders,”’ by G. Herrmann and I. Mirsky, Office 
of Scientific Research Technical Note, April, 1955. 

11 **A Study of Axisymmetric Vibrations of Cylindrical Shells as 
Affected by Rotatory Inertia and Transverse Shear,’’ by T. C. Lin 
and G. W. Morgan, JourNnat or Appiiep Mecnanics, Trans. 
ASME, vol. 78, 1956, pp. 255-261. 

12 **The Accuracy of Donnell’s Equations,’’ by N. J. Hoff, Journau 
or Apptiep Mecuanics, Trans. ASME, vol. 77, 1955, pp. 329-334. 
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The degenerated limiting case of a shell executing inextensional 
vibration with a longitudinal wave of infinite length is a very 
special one to be chosen as a basis for comparing the equations 
In this case not only the shell has to behave in the manner of a 
ring, but it also must be infinitely thin (to be inextensional) as 
well as infinitely long (to be free from boundary conditions 
Some terms have to be omitted from the frequency Equations 
{21] and [24] for the two values of 2'/? given by Mr. Warburton 
to be deduced. The large discrepancy between the two values 
when m = 2 may hardly be taken as an indication of the accuracy 
of the original unabridged frequency equations. 


The assumption 
na \? 
(") <1 
ml 


for the freely supported case implies various conditions. How 
these conditions are stated depends upon which among the four 
parameters m, n, a, and | are involved. The parameters which 
are not involved are considered to be held constant. 
stance, when Mr. Warburton states, “Thus the percentage error 


. in- 


For in- 


(which, by the way, should preferably be ‘difference’ 
creases as m decreases,”’ it is implied that n, a, and / are held 
constant, else the statement may always be shown to be untrue 
by increasing / or decreasing n ora. In entirely the same manner 
the author’s statement “the method is applicable to comparatively 
long shells’’ is made, in which the only parameter concerned is l 
When the parameter n is singled out, the condition is that the 
number of longitudinal waves should be fairly small, which was 
not mentioned in the preprint of the paper but was added to the 
paper in its final published form.'* The statement, however, 
does not mean that the method is necessarily poor for large n, 
that is, with several or more nodal circles, for the assumption 


("™)’ 

<1 

ml 

may still be satisfied provided that the other three parameters 
are of such values as to make it so. More than one parameter 
may be included when a condition is stated. Indeed, an example 
has already been given, although unknowingly, by Mr. Warbur- 
ton, when he made the statement that the longitudina: wave 
length should be long compared with the radius, in which three 
parameters, n, a, and 1. were involved. Similarly, we may 
choose m, a, and I and state that 

length should be short compared with the length of the shell. 
All these should now suffice to emphasize that the primary con- 


nia \* 
(a) 
ml 


in which the four parameters are, strictly speaking, not separable 


the circumferential wave 


cern of ours is 


A most complete statement would be that the circumferential 
wave length should be short compared with the longitudinal 
wave length, which is another way of stating the first and second 
lines of page 550. Needless to say, the present discussion applies 
equally well to the assumptions for the other two cases in which 
one or both edges of the shell are clamped. 

The fact that, by the author’s method, the normal functions of 
the shell in the longitudinal direction have been shown to be, at 
least approximately, the same as those for a beam may be con- 
sidered as the reason why good results are obtainable by assum- 
ing so to start with. When the assumed functions 
satisfy only the boundary conditions but not the differential 


normal 


13 See p. 550, first line; also footnote 5. 
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equation, such as in the case of a shell with one or both edges 
clamped, better results may be obtained by the Galerkin method 
using a series of functions instead of a single-term function, and 
then the accuracy of the result may always be improved by tak- 
ing more terms in the properly chosen series. If the boundary 
conditions in a problem are ‘‘natural boundary conditions,’’ the 
normal functions need not even satisfy the boundary conditions 
if the Ritz method is used. Such is the case of cylindrical shells 
with one or both edges free, for the vibration problem of which 
the author has proposed to use normal functions of a beam with 
one or both ends free as norma! functions for the shell in the 
longitudinal direction.'* Similar procedure has been successfully 
applied to plate vibration problems by Young 


Theoretical Determination of Rigidity 
Properties of Orthogonally 
Stiffened Plates’ 


Henri Marcus.*? The purpose of the very remarkable in- 
vestigations presented by the author is to demonstrate that the 
analysis of stress and strain in orthogonally stiffened plates is 
greatly simplified if the actual plate-stiffener combination can be 
replaced by an “equivalent’’ homogeneous orthotropic plate of 
constant thickness 

The author does not neglect to point out that the “term equiva- 
lent requires careful definition since the orthotropic plate ob- 
viously cannot be equivalent to the stiffened plate in every re- 
spect.’’ One of the criteria of equivalency used in his analysis is 
based upon the « quality of the strain energy of the two systems 

Considering the suitability of the proposed concept, one must 
keep in mind that the four rigidity constants, _e Dy, D,, ass ol 
the homogeneous orthotropic plate have in terms of Timoshenko’s 


notations the re spective v ilue 


h 
a 
12 
ind that the def 
tion 


O*u 
2( f 
Oxr'* 
The elastic moduli £, E.’, E”, G are p 


irely physi al con- 


material, whereas 


stants, depe nding only upon the nature of the 
the rigidity constants D,, D,, Di, D,,, 


author, are dependent not only upon the conventional modulus E 


as determined by the 
and the conventional Poisson’s coefficient v, but also upon the 
dimensions and spacing of the stiffening ribs and, moreover, upon 
the span and the support conditions of the whole syst« m 

The applic ation of the principle ol equivalent-strain energies 
correlation between these numerous factors and the 


Dy Day: 


these correlations are indeed extremely complex in all cases when 


leads to a 


rigidity constants D,, D,, The equations expressing 


4 “Flexural Vibration of Cylindrical Shells With Free and Clamped 
Edges by the Ritz Method,” a research proposal, by Yi-Yuan Yu, 
Syracuse University Research Institute, Syracuse, N. Y., 1955 

6 ‘*Vibration of Rectangular Plates by the Ritz Method,”’ by Dana 
Young, JouRNAL oF APPLIED Mecnanics, Trans. ASME, vol. 72, 
1950, pp. 448-453 

1 By N. J. Huffington, Jr., published in the March, 1956, issue of 
the JouRNAL or ApPLiED Mecnanics, Trans. ASME, vol. 78, pp 
15-20 

?Code 6205, Mechanics Division, Naval Research Laboratory 
Washington, D. ¢ ; 


the spacing of the stiffening ribs is not very smal! as compared 
with the spans a and b. 
On the the correlation becomes very 


contrary, simple if the 


spans are much larger than the spacing of the ribs. In such a 


case the same correlation has been advanced by other authors 
who treated the stiffened plate as a wide beam, without any ref- 
erence to the equivalency of strain energies. In fact, the equa- 
tions used by the author for a comparison of the theoretical with 
the « xp rimental values are those so-called asymptotic re lations 
which are not dependent upon the size of the slab and upon the 
boundary conditions 

Although the difference between the two sets of values does not 
appear significant, the justification for substituting an orthotropi: 
plate of constant thickness to a rib-stiffened plate would be more 
convincing if the tests would have shown that the slab and the 
ribs are subjected to strains approximately equal to those derived 
from the analysis of the equivale nt orthotropic plate, 

It may be noted that the 


f 


spacing of */, in., 


stiffeners have, in the experiments 


while the specimens have a width varying be 


tween 6and12in, The ratio being very small, on might wonder 


whether it would be correct to assume that the concept of the 
equivalent orthotropic plate will give sufficiently reliable results 
ribs 


ilso for relatively greater spacings of the 


The writer would hestitat« apply in such a case a theory 


which presupposes an orthotropic material with different modul 


E,', E,’, E” 


ind beams of the 


to a structure which is in reality composed of plates 


same isotropic material He would prefer t« 


treat the problem more realistically as a problem of the coactior 


of plates and ribs, according to the classic methods of the theo 


of isotropic elasticity 


The writer wishes to commend the author for his, in 


ellent work \ further development of 


spects, 


mental investigations covering a wide range of spacing ! 


giving more information on the effect of support condit 


both ctions and desirable 1 


stresses 1s 


merits of the whole re 


rhis paper 
extension of pre 


theor, 


OSU and U.84 for the 


rhe il 


effect 


n are O.85 first plate, and 


of these differences in 9 upon strains and deflections wou 
less than the differences them 


be considerably proportionate 


selves For the second plate the values of 7 are U.SS 0.95. ar 
1.095, respectively. The last value is interesting, in view of the 
fact that the value of 9 for the isotropic unstiffened plate is unity 
ind this is usually regarded as the upper bound for 7 in the simple 
theories 
At any author 


rate, as the wints out, this is primarily a plate 


theory, and is not applicable when beam action is predominant 
Within this limitation it would be expected that 7 would never 
Naval 
Mem. 


Architecture 
ASMI 


Professor of University of California 


Berkeley, Calif. 
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depart far from unity. When this is so, as an approximation 
suitable for many design purposes it can be assumed equal to 
unity and solutions derived directly from isotropic-plate theory 
by making a transformation of space co-ordinates based on 
evaluation of D, and D, alone. 


C. B. Smitn.‘ It is well known that the rigidity properties of a 
rectangular plate can be considerably increased by attaching 
stiffeners to the plate perpendicular to an edge. To discuss 
theoretically the bending and buckling of such a plate is quite 
difficult in most cases. In the paper the author shows how to de- 
termine the rigidity constants for certain types of stiffened plates 
by replacing the plate-stiffener combination by an “equivalent’’ 
homogeneous orthotropic plate of constant thickness. This 
idea is not new. However, the author’s use of this idea together 
with energy criterion to determine all of the rigidity constants 
except one, is novel and leads to good results. 

It is interesting to note that the ratio a/s (the ratio of the width 
of the plate parallel to the stiffeners to the width of the space 
between adjacent stiffeners) plays an important role in the 
analysis. If this ratio is large the formulas developed for the 
various rigidity constants to be associated with the stiffened 
plate reduce to simple ones. Also, as the author points out, it is 
necessary that this ratio be fairly large in order to permit the use 
of an “equivalent’’ orthotropic plate. It seems highly probable 
then that unless this ratio is large enough to allow the use of the 
reduced formulas the orthotropic-plate theory will not apply. 
Hence it appears that the problem involving the bending and 
buckling of a stiffened plate where the ratio a/s is small (a plate 
with. say two or three stiffeners) is one that needs more discus- 
sion. Especially is this true when the stiffeners have large cross- 
sectional dimensions, as in the case of plywood plates and solid- 
wood stiffeners. 


AUTHOR’s CLOSURE 


The author is deeply indebted to the discussers for their stimu- 
lating and thoughtful remarks. 

The treatment of a stiffened plate as a problem of coaction 
of plates and ribs, as preferred by Dr. Marcus, becomes exceed- 
ingly complex as the number of stiffeners becomes large. By 
contrast, this is just the case when orthotropic-plate theory can 
be expected to give the best results. 

Timoshenko’s elastic moduli /,’, E,’, E”, G are purely physical 
constants in the case of a constant-thickness orthotropic plate 
but their effective values for a stiffened plate also would depend 
on the geometry of a repeating cross section. The constants D,, 
D,, Dy, D; have the advantage that deflections and strains may 
be determined without consideration of effective thickness of the 
equivalent orthotropic plate. The treatment of the stiffened 
plate as a wide beam, which Dr. Marcus correctly attributes to 
other authors, leads more directly to the author’s asymptotic 
value for D,, but provides no information regarding the other 
three orthotropic constants. 

The author does not believe that any difficulty will arise with 
larger stiffener spacings, provided that there is a sufficient number 
of stiffeners to satisfy the approximate homogeneity condition 
and that the deflection limitations of classical thin-plate theory 
are observed. Experimental data on bending strains were not 
available at the time of submission of this paper but have been 
reported subsequently. Good agreement with theory was 
found for the longitudinal bending strains. The transverse bend- 


* University of Florida, Gainesville, Fla. 

'“A Study of Orthogonally Stiffened Plates,” by W. H. Hopp- 
mann, 2nd, N. J. Huffington, Jr., and L. 8S. Magness, published in 
this issue, pp. 343-350. 
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ing strains in the plate between stiffeners evidence departures 
from orthotropic-plate theory which the author hopes to discuss 
in a future paper. 

With respect to Dr. Schade’s comments, it appears to the au- 
thor that there is actually greater uncertainty as to the correct 
value of the constant D, which is a measure of the Poisson cross- 
contraction effect. However, both D, and D,, influence the value 
of the torsion coefficient 7. There are two possible explanations 
for the value of 7 greater than unity. First, this value results 
from use of experimentally determined values of the rigidity con- 
stants, one of which, D,, is potentially much less accurate than 
the others, since it is based on the difference of approximately 
equal quantities. Second, the stability condition which re- 
quires that y = '/, be the upper bound for Poisson’s ratio of an 
isotropic material yields the following relation when applied to 
an orthotropic material 


(1 — Pey — Vas EE, + (1 — Mgg — Vy EE 
+ (1—y,, — %,)E,E, = 0 


This expression involves six independent constants, only three of 
which occur in the classical thin-plate problem. While this rela- 
tion alone does not set the upper bound of the Poisson’s ratios of 
an orthotropic material, it does indicate the possibility that cer- 
tain of the Poisson’s ratios may exceed 0.5 and result in a value of 
>I. 

Since the purpose of this investigation was to devise methods 
for determining the effective orthotropic constants as accu- 
rately as possible, all assumptions which would have reduced the 
number of independent orthotropic constants were avoided. The 
author agrees that in certain design applications the rigidity 
constants may have values such that the transformation men- 
tioned by Dr. Schade would be useful. However, the author 
does not believe that boundary-value problems of orthotropic- 
plate theory are sufficiently more difficult than the corresponding 
ones of isotropic-plate theory to justify any serious approxi- 
mations in this connection. 

The author agrees with Dr. Smith that orthotropic-plate 
theory may not apply to stiffened plates if the a/s ratio (ratio of 
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plate span in the direction of the stiffeners to the stiffener spac- 
ing) is too small to permit use of the reduced formulas, since in 
this event the rigidity properties are dependent on the boundary 
dimensions. However, as may be seen in Fig. 1 of this closure, 
the range of applicability of the reduced formulas is principally 
governed by the degree of precision required. In this figure the 
variation of D,/D is plotted against the ratio a/s using values 
computed from Equation [8] of the paper and compared with the 
asymptotic value obtained using Equation [10]. These results 
apply only to a plate-stiffener combination having the repeating 
cross section shown in the figure which is composed of isotropic 
materials for which Poisson’s ratio y = 0.3. 

Although the theory ideally requires that the number of stiffen- 
ers be large, it is believed that the number may become quite 
small before the validity of the theory is impaired seriously. 
The actual minimum number of stiffeners, as well as other re- 
strictions on this analytical procedure, can be determined only 
in the laboratory. Consequently, it is hoped that support can 
be obtained for a systematic experimental investigation of the 
range of applicability and the limitations of orthotropic-plate 
theory in the analysis of stiffened plates. 


Analysis of Short Thin Axisym- 
metrical Shells Under Axisymmetri- 
cal Edge Loading" 


The authors are to be congratulated on 
Their 


method should be of interest to designers of pressure vessels. 


G. D. GaLuetiy.? 
extending Geckeler’s method to axisymmetrical shells. 


In Section 5 of their paper the authors give limitations on the 
latitude angle ¢, but do not explain how they arrived at these 
limits. Presumably they made some numerical comparisons 
with more accurate theories. The writer feels it would be help- 
ful if the authors would give more detail as to how they arrived 
at these limits, with which theories they compared their ap- 
proximate method, what criterion of accuracy they were using, 
how many cases they investigated, and so on. 


Avutuors’ CLosuRE 


The authors thank Dr. Galletly for his generous comments. 
They believe, though, that the merit of the paper is due mainly 
to its consolidating existing methods and ideas into a convenient 
technique, rather than to its novelty. (There is really little in the 
paper that is truly new 

The approximations involved in arriving at Equation [6a] of 
the text are 

Ms cos ¢/rQ = 0, 


~~ 


u cot ¢g/w~0, vN,/Ne ~0..[Al] 


where u is the, meridional displacement. The first approxima- 
tion is made in the moment-equilibrium relation, the other two 
in the stress-strain relation. The last expression may be shown, 
for conical shells, to be equivalent to 


vl in/ 2X3 ~0O 


where s represents meridional distance from the apex, A the 
meridional distance of the smaller end (of the truncated conical 
The approximation involved in Relations 


[A2] 


shell) from the apex. 
[9] of the text requires the further assumption? that 
1 By G. Horvay, C 
March, 1956, issue of t 
ASME, vol. 78, pp. 68 

? Shell Development 
ASME. 


3 See reference (8 


E. Linkous, and J. 8. Born, published in the 
he JournNaL or AppLiep Mecuanics, Trans. 


79 
72. 
Company, Emeryville, Calif. Assoc. Mem. 


of the Bibliography of the paper, p. 105. 
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W/12(1 —p*)¥y ‘gtang h>3 


[A3] 
This is insured by 


A 2 2.5l [A4a] 


for the truncated cone (I refers to the smaller end), and by 


\>4l [A4b] 


for the untruncated cone (X and I now refer to the wide end). 
The foregoing restrictions appear to be quite drastic, but it also 
appears from Hetenyi’s example‘ and Galletly’s* that some of the 
errors are self-canceling and that the formulas may be used 
safely, down to g = 45-deg inclination. 
Another question concerns the distance c from the meridional 
center of the virtual center of a short, cylindrical shell, with 


linearly varying wall thickness. Letting 


7 = h/ho = 1 + az/L.... [A5] 


represent the wall-thickness variation, one obtains, by steps 
analogous to the case of radius variation (Equations [17], [18], 
[19] of the paper) that 

c = —aL/4 {A6] 
wall thickness and of 


may 


there is simultaneous increase of 


When 
radius with z, then the two effects—presumed to be small 
be superposed, and one obtains 

[A7] 


a/4 L cos ¢ 4dr... 


Bending Creep and Its Application 


to Beam Columns' 
You-Han Pao.? The authors are to be commended on the re- 
freshingly simple and interesting manner in which they have pre- 
sented the method of solution of the analytical problem. The ex- 
perimental method of determining the creep deflection at the free 
end of the beam-columns by means of an electric-indicator circuit 
is clever and seems to be free of the faults associated with many 
of the earlier experimental techniques reported in the literature. 
The authors are, of course, also to be congratulated on the agree- 
ment between theoretical results and experimental data, at least 
for three of the four cases reported. 

The writer was also interested in the fact that the values of the 
stress indexes a and n are 1.47 and 1.82, respectively, for the mag- 
nesium alloy FS1-F investigated. They are sufficiently far from 
unity so that the theory of viscoelasticity could not be used for 
this problem. In terms of viscoelasticity, Expression [5] of the 
paper describes a material with three retardation times, the values 
being zero, '/:, and infinite. Further refinement in the direction 
of considering additional relaxation times was apparently sacri- 
ficed in order to take care of the nonlinearity in stress. 


AutTuors’ CLOSURE 


The authors wish to thank the discusser for his comments an 


encouragement. 


4“*Theory of Plates and Shells," by 8. Timoshenko, McGraw-Hill 
Book Company, Ine., New York, N. Y., 1940, p. 359 

5 “Influence Coefficients for Hemispherical Shells With Small Open- 
ings at the Vertex,” by G. D. Galletly, Journnat or Appiiep Me- 
cuanics, Trans. ASME, vol. 77, 1955, pp. 20-24 

1 By L. W. Hu and N. H. Triner, published in the March, 1956, issue 
of the Journat or Apptiep Mecnanics, Trans. ASME, vol. 78, pp. 
35-42 
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High-Temperature Technology 


Hicu-TEeMPERATURE TecHNoLocy. Editor-in-Chief I. E. Campbell. 
Sponsored by The Electrochemical Society, Inc., New York, N. Y. 
John Wiley & Sons, Inc., New York, N. Y. 1956. Cloth, 6 X 9 in., 
xiv and 526 pp., illus., $15. 


RevieweD By B. H. Scuorre.p! 


HIS monograph is a collection of the recent developments and 

progress in the research in high-temperature technology. 
Presented by 35 active workers in the field, it is primarily in- 
tended to acquaint the reader with the present state of the art 
and the trend of future developments. 

The contributors have adhered very closely to the theme. 
Except for portions of the materials and methods sections, con- 
sideration is given to service at temperatures in excess of 2700 F, 
considerably higher than the temperatures normally associated 
with the so-called “high-temperature alloys.’’ Lower tempera- 
tures are discussed in these two chapters to some extent since the 
processing of materials for service at the extreme temperatures is 
done at much lower temperatures. 

The book is divided into four sections: Introductory, Ma- 
terials, Methods, and Measurement. 

The introductory section briefly outlines the evolution of 
modern refractories summarizing the outstanding developments 
and the general philosophy and importance of high-temperature 
technology, a field which has received its greatest interest and 
activity following World War II. Also included is a brief dis- 
cussion concerning the “reinforcing principle,’ one of the latest 
concepts concerning material compositions, and a short outline 
on the behavior of brittle-state materials. 

The materiais section discusses in considerable detail the vari- 
ous properties and characteristics of metals, oxides, carbon, and 
graphite, carbides, borides, silicides, nitrides, sulphides, and the 
hybrid cermets. Production methods and fabrication techniques 
are also included. 

In the metals chapter there is no discussion on the vast amount 
of data available concerning the alloys normally referred to as 
the high-temperature alloys since they are definitely inferior at 
the temperatures concerned in this book. 

Of the several metals discussed it is pointed out that four— 
tungsten, molybdenum, tantalum, and niobium—are sufficiently 
abundant and economically and physically suitable for extreme- 
Recent 
developments in the field of protective coatings indicate that a 


temperature service except under oxidizing atmospheres. 


limited number of metals or metallic alloys may be rendered use- 
ful for exposure to oxidizing conditions at temperatures in excess 
of 2700 F, and it is in this field that considerable attention is being 
focused. 

Information on the strength properties of the materials is meager 
throughout. Modulus of elasticity, compression strength, and 
fatigue strength are given for some of the oxides, carbon, and 
cermets; however, most of the properties tabulated concern 
chemical, thermal, physical, and electrical properties. 

The fundamentals, properties, and most promising composi- 
No detailed 
data are presented, however, on the newer intermetallic materials 
such as the SAP (sintered aluminum powder) and aluminum- 
aluminum oxide types. 


tions of cermets are discussed in considerable detail. 


1 Project Engineer, Lessells and Associates, Inc., Boston, Mass. 


Fluorides, oxyfluorides, oxysulphides, and phosphides are not 
included due to the small amount of data presently available 
however, these may be of interest as further developments are 
made. 

In the methods section an extensive discussion of the sintering 
mechanism is presented. Although the process is well established 
it is inserted due to its close relationship to the materials tech- 
nology. This is followed by a chapter on means of achieving high 
temperatures and the limitations of such means. Combustion- 
type furnaces are not included. Newer furnaces of the induction, 
resistor, and are-type are presented in detail with brief mention 
of the conventional means of attaining high temperatures. Two 
relatively unfamiliar furnace types also included are: the solar 
furnace and the radio-frequency torch. 

The final section is concerned with the various techniques and 
equipment for making high-temperature measurements, pyrom- 
etry, thermocouples, and the noise thermometer, which is yet 
in the development stage. The chapter on mechanical proper- 
ties illustrates the types of apparatus employed to test properties 
such as creep and hot hardness. Mechanical tests to determine 
ductile to brittle transition are not included. 

Techniques for determining physical properties are covered in 
the last chapter pointing out two special methods; the high- 
temperature microscope and the x-ray diffraction. 

Each chapter of the book is followed by a notably generous list 
of references. 

The book is an extensive study of the present state of high- 
temperature technology. It is of primary interest to the chemist, 
physicist, metallurgist, and ceramist, with particular significance 
to other scientific and engineering branches associated closely 
with the problems of high temperatures. 


Plasticity 
PROBLEME DER PLASTIZITATSTHEORIE. By William Prager. Verlag 


Birkhauser, Basel, Switzerland, 1955. Cloth, 6'/2 & 9/2 in., 
100 pp., 52 figs., Fr. 12.50 (DM 12.50). 


REVIEWED by Pau M. Nacupt® 


"THIS lucid and comprehensive presentation of numerous 

recent achievements in the theory of plasticity is based on 
a series of lectures delivered by the author at the Federal Poly- 
Institute of Zurich during November and 
Although the book is concluded with a detailed and accu- 
3 desirable to indicate briefly the 


technic December, 
1954. 
rate summary in English, it se: 
nature of the topics discussed in each of the four chapters of the 
book: (1 


dynamic and kinematic models for the rigid, perfectly plastic 


The mechanical behavior of plastic solids, employing 


and the elastic, perfectly plastic solids, as well as a discussion of 
the theories of plastic potential and generalized plastic potential 
for an elastic, perfectly plastic continuum; (2) the mechanical 
behavior of structures in the plastic range, together with the 
concepts of “load-carrying capacity’? and “shake-down’’; (3) 
methods of determining load-carrying capacity of various types 
of rigid, perfectly plastic structures (limit analysis); (4) finite 
plastic deformations, with a detailed account of the theory of 
plane plastic flow. 


? Professor of Engineering Mechanics, University of Michigan, 
Ann Arbor, Mich. Mem. ASME. 
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Various features of the theories are illustrated throughout the 
book and several useful problems are solved. This collection 
of topics in the theory of perfectly plastic solids is a welcome 
addition to the literature on plasticity. 


Mathieu Functions and Spheroidal 
Functions 


MATHIEUSCHE FUNKTIONEN UND SPHAROIDFUNKTIONEN. By Josef 
Meixner and Friedrich Wilhelm Schafke. Springer-Verlag, Berlin, 
Germany, 1954. Cloth, 6 X 9 in., xii and 414 pp., 29 figs., 
DM 49. linen, DM 62.60. 


REVIEWED BY Eric REISsNER® 


ATHIEU functions and spheroidal wave functions owe a 
4 great part of their importance to the fact that they occur 
in the solution of the so-called wave equation, written in terms of 
elliptical cylindrical co-ordinates or ellipsoid of revolution co- 
ordinates. As such they represent natural generalizations of 
trigonometric and of Bessel functions. An understanding of the 
properties of Mathieu functions and of spheroidal wave functions 
and knowledge of their numerical values allow the solution of 
many interesting problems in elasticity, hydromechanics, electro- 
magnetic theory, and wave mechanics. 

The object of the present book is a mathematically satisfactory, 
well-rounded presentation of the basic theory of these functions. 
In this way the foundations are being laid for further mathe- 
matical research and also for further applications. The book is 
divided into four chapters. The first chapter concerns itself with 
relatively more general mathematical developments concerning 
two-parameter eigenvalue problems for second-order ordinary 
differential equations. On the basis of these general results the 
authors deduce in the second and third chapters definitions, main 
properties, expansion theorems, addition theorems, series expan- 
sions, and integral formulas for Mathieu functions and spheroidal 
wave functions. The final chapter considers numerous applica- 
tions which are in part new. 

As far as the character of this book is concerned it should be 
considered as a treatise in advanced applied mathematics, more 
or less on the level of Morse and Feshbach’s important ‘‘Methods 
but perhaps with more emphasis on 
that the reader is 
familiar more important properties of Bessel and 
Legendre functions. Relatively minor emphasis is given to 
numerical methods, for which reference is made to McLachlan’s 
“Theory and Applications of Mathieu Functions.” 

Altogether, the book is an authoritative and original treatment of 
a significant subject in applied mathematics and as such will be 


of Theoretical Physics’’ 


mathematical rigor. The authors assume 


with the 


welcomed by all who are interested in progress in this field. 


Nuclear Reactors 


THERMAL Power From Nuc ear Reactors. By A. Stanley Thomp- 
son and Oliver E. Rodgers. John Wiley & Sons, Inc., New York 
N. Y., 1956. Cloth, 6 X 9 in., xiii and 229 pp.., figs., $7.25. 


LEVIEWED By A. ALI KHEerRALua‘ 


JAS A readily assimilable introduction to the study of the engi- 

neering problems of reactor design, this book has much to 

recommend it. The emphasis throughout is on basic principles 
rather than on specific applications. 

The Seylla of vague generality and the Charybdis of irrelevant 

3 Professor of Mathematics, Massachusetts Institute of Technol- 


ogy, Cambridge, Mass. 
* Lessells and Associates, Inc., Boston, Mass. 


detail have been largely avoided by the authors and, although ex- 
treme simplifications have been introduced in practically every 
section, the reader is continually apprised of the existence of dif- 
The fact 


that the latter are not pursued is quite consistent with the intro- 


ficulties and complications in a more exact treatment 


ductory character of the text. 

The chapter (5) on reactor materials is rather apologetic and 
appears to constitute a lamentation about a purported lack of 
progress in radiation-damage theory. It may be that this section 
was especially hampered by security regulations. 

Of special interest to students of mechanical engineering will be 
the chapter on shielding of reactors and the three chapters on 
thermal stress, power extraction from reactors, and thermal power 
cycles 

The book should be quite useful as a senior or initial graduate 
text in nuclear engineering Or as & Means ol onentation for new- 


comers to the nuclear-engineering field 


Introduction to Plasticity 


Ronald Press 
, ix and. 230 


By Aris Phillips. The 
Cloth, 9 6 in 


INTRODUCTION TO PLASTICITY 
Company, New York, N. Y., 1956 
pp., illus., $7. 


Reviewep By D. C. Drucker’ 


ROFESSOR J. N. Goodier in his foreword states clearly the 
need for and the scope of Professor Phillips’ introduction to 
plasticity: 

“Methods for making engineering calculations of stress and de- 
formation in metal structures loaded beyond their elastic capacity 
have in the past 30 years, and especially in the past 10, been 
brought to a stage of definiteness and simplicity which recom- 
mends them strongly to practicing engineers. They can, there- 
fore, be presented with confidence to students looking forward to 
professional practice in aeronautical, civil, and mechanical engi- 
neering. There is no longer any reason for letting the academic 
curtain fall on the subject of strength of materials without some 
excursion into plasticity, unless it be the obdurate but not per- 
manently valid consideration of the perennial tightness of under- 
graduate engineering curricula. As the subject is now developed, 
no break of level need obstruct the excursion, as the reader of this 
book will see. His preparation need be no more than what the 
present orthodox undergraduate strength of materials course 
provides. So, if he is already a practicing engineer, he is already 
equipped to satisfy for himself his curiosity as to what lies 
further, and to add to his design resources 

“The reader will be carried forward by this book to the point 
where other, intermediate and advanced, works serving the needs 
of the research student will readily draw his further attention.”’ 

The text half and half 
termed one-dimensional problems and the more complicated 


Among the topics covered are 


is divided almost between what are 


problems of combined stress 
trusses, beams and their deflections, frames, axial force plus 
bending, curved bars, stress-strain relations, torsion, and collapse 
of structures, rotating disks, tubes, and spherical shells 

Every effort has been made to simplify the presentation by 
including most of the algebra and Dy tabulating results for numer- 
ous special cases Even when such complex matters as stress- 
strain relations, uniqueness, and limit theorem proofs are dis- 
cussed, elementary mathematics and descriptive material are 
employed rather than advanced and general techniques 

Perhaps some of the advantages gained by an elementary pre- 


sentation are lost here and there in obscuring algebra. Also, the 
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less elegant approach seems to foster some misstatements. A 
few are of some importance. For example, it is not true that the 
collapse mode is unique, although the collapse or limit load is 
determined uniquely. Also, the simplest stress-strain relation 
based upon the Mises criterion does not really predict individual 
strain components very well. Hinges in structures do not neces- 
sarily form continuously and remain active; some regions may 
unload and behave elastically as loading proceeds. 

Read with the proper attitude, however, the book under re- 
view will provide a good introduction to the simpler and the 
practical aspects of plastic analysis. 


Design of Piping Systems 


Systems. By The M. W. Kellogg Com- 
pany and subsidiaries. John Wiley & Sons, Inc., New York, N. Y., 
Second Edition, 1956. Cloth, 11 8'/s in., xiv and 365 pp., 
charts, tables, and illus., $15. 


DesiGN oF P1pPInG 


REVIEWED By A. M. Wani* 

"THE present volume, the second edition of a book published 

under the same title in 1941, comprises primarily a revision and 
enlargement of the original treatise which dealt with analytical 
methods of evaluating stresses, reactions, and deflections in ir- 
regular piping systems in space. This second edition has been 
expanded to include not only such analytical methods but also 
other subjects of vital interest to the piping designer, including 
such topics as strength and failure of materials, effects of local 
loadings, branch connections, expansion joints, and vibration. 

Contributions to this volume were made by numerous individ- 
uals, most of them engineers of The M. W. Kellogg Company. 
As indicated in the preface, the objective was to supplement 
Code rules and other readily available information with specific 
mechanical-design approaches for entire piping systems and to 
provide background information of assistance in handling the 
many special situations which may occur in critical piping. 

A feature of the book is a chapter by Prof. E. Orowan dealing 
with the strength and failure of materials. This includes treat- 
ments of plastic flow, fracture, creep and fatigue, subjects which 
are becoming increasingly important in the design of modern 
piping systems operating at elevated temperatures. Other chap- 
ters of particular interest deal with the following subjects: 
Design assumptions and limits; openings, branch connections, and 
flanges; flexibility analysis by means of analytical methods in- 
cluding a discussion of the utilization of electronic computers; 
flexibility analysis by means of model testing; expansion joints; 
prevention and control of vibration effects. An extensive treat- 
ment and bibliography on the history and development of pip- 
ing flexibility and stress-analysis methods is given in an appendix. 
Lists of references given after each chapter will be helpful to 
readers who wish to broaden their knowledge of the subject. 

Summing up, it is the reviewer’s opinion that this book should 
be of great interest and value not only to piping designers but also 
to pressure-vessel designers as well. 


* Advisory Engineer, Westinghouse Research Laboratories, Pitts- 
burgh, Pa. Fellow ASME. 
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Applied Mechanics 


Se.ectep Papers ON ENGINEERING Mecuanics. A tribute to 
Theodore von Ka4rman from students and associates of the Aachen 
period. Editors: G. Gabrielli, F. N. Scheubel, and F, L. Watten- 
dorf. Butterworths Scientific Publications, London, England, 
1955. Cloth, 8'/2 X 5'/2:in., 186 pp., figs., 50s. 


Reviewed By A. Avi Kuerravya’ 


[as volume constitutes a tribute to the well-known engineer- 

scientist Theodore von Kd4rman from his students and asso- 
ciates of the period when he was director of the Aerodynamics In- 
stitute at the Technische Hochschule, Aachen. It was conceived 
by the late Dr. Bernhard G. Dirksen as an anniversary volume 
for Dr. von K&rman’s seventieth birthday, but the former’s un- 
timely death delayed publication which was finally effected with 
the aid of the three editors, G. Gabrielli, F. N. Scheubel, and F. L. 
Wattendorf. 

There are ten papers altogether including contributions from 
G. Gabrielli, R. Grammel, T. H. Troller, Frank L. Wattendorf, 
Lorenzo Poggi, F. N. Scheubel, F. Bollenrath and A. Troost, A. 
Betz, M. Hansen, and finally G. V. Lachmann. 

The topics presented cover a wide range of interests. Included 
are articles on determination of wing area and aspect ratio in air- 
craft design; theory of self-excited unsymmetrical gyroscopes; 
three-dimensional flow in turbomachinery; differences between 
“inertial’’ and “gravitational’’ mass; subsonic flow in a supersonic 
region; heat exchange in blast-furnace stoves; aircraft laminariza- 
tion; and the effect of size and shape on fatigue strength. 

There are summaries in German and Italian at the end of each 
paper. 


Spheroidal Functions 


SpHerRowaL Wave Functions Including Tables of Separation Con- 
stants and Coefficients. By J. A. Stratton, P. M. Morse, L. J 
Chu, J. D. C. Little, F. J. Corbaté. Published jointly by The 
Technology Press of M.I.T. and John Wiley & Sons, Inc., New 
York, N. Y., 1956. Cloth, 11 X 8'/2in., xiii and 613 pp., $12.50. 


REVIEWED By A, ALi KHerRALLA’ 


TT’HIS book consists principally of a set of tables of the co- 

efficients in the expansions of oblate and prolate spheroidal 
wave functions in terms of spherical Bessel functions and asso- 
ciated Legendre functions. There are 550 pages of tables. These 
are preceded by a chapter (51 pages) by L. J. Chu and J. A. Strat- 
ton in which the properties and analytical origin of the functions 
are discussed. A short introduction to the tables is provided by 
J. D.C. Little and F. J. Corbaté. 

It is hoped that the appearance of reliable numerical values for 
these functions will encourage wider application of them in engi- 
neering problems involving spheroidal symmetry. It need 
hardly be mentioned that these include among others approxima- 
tions to finite bars and disks without sharp edges. 


’ Lessells and Associates, Inc., Boston, Maas. 
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